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Abstract. We show how to color the tiles in a heirarchical tiling system so that the
resulting system is not only repetitive (i.e., has the local isomorphism property) but has
prescribed color symmetries as well.

1. Introduction

Let T be a repetitive tiling ofR" by tiles congruent to a finite number of tile types.
Here “repetitive” means that the tiling has “local-isomorphism” property in the follow-
ing sense: given any patch ©foccurring in any bounded region Bf', it is repeated in

any other sufficiently large region. Many interesting examples of tilings are “heirarchi-
cal,” in the following sense: there are precise rules using which one can pass from any
given tiling To by tiles congruent to the given tile types (and matching rulejsto a

tiling T, with the same set of tiles on a larger scalevherer is a positive real number
greater than one. Furthermore, when the second tiling is superimposed on the first one,
the tiles of the new tiling are unions of tiles of the older tiling. Moreover, two congruent
tiles of T; are decomposed into tiles @f in exactly the same way. This second tiling

T, gives rise to a tilingT, whose tiles are similar to those @ in the ratior? and
soon....

* The second author is grateful to the URA au CNRS GAT, U.F.R. de &fattiques, Universtdes
Sciences et Technologies de Lille for their hospitality during his stay when this work was done.
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In this article we consider the problem of coloring the tiles of a given heirarchical
and repetitive tiling which exhibits local permutation isomorphisms (definitions below)
and moreover color isolation and frequencies when these are prescribed.

Definition 1 (Local (G, o, M)-Symmetry). LetG be a finite group acting on a finite
setM: o: G x M — M (the elements o will be the colors). Assume that the tiles in
T are colored with the elements bf. We say that the coloring df haslocal (G, o, M)-
symmetry(or simply thatT has(G, o, M)-symmetryif given g € G and given a patch
¥ of the tiles of T in any bounded region, there exid®s> 0 such that in any disk of
radiusR one can find a copy’ of the patchxz, the only change being that the coloring
of X’ is obtained from that oE on applying the permutation(g).

Ouir first result is the following:

Theorem 2. Let T be a heirarchical tiling which has the local isomorphism prop-
erty. Then for any(G, o, M) there always exists a coloring of T with loc@b, o, M)-
symmetry

It should be pointed out that it suffices to prove the result takingp be the full
group of permutations df1. However, subgroup& of Aut(M) offer more interesting
possibilities as we can demand color isolation and frequencies, to be explained presently.

We find it useful to assign an element of a finite gradpto the relative position
of a tile in a chosen higher level of the heirarchy and think of it as some sort of an
“orientation.” This is quite formal and is not motivated by any physical considerations.
This is our definition of felative H-orientatiofi (Definition 4). The absolute ordlobal
H-orientatiori (Definition 5) is the cumulative effect of applying successive relative
H -orientations following through higher and higher levels of the heirarchy. The group
G which acts as the permutation of the colors may be unrelated to the graumwlved
in the formal notion of the M -orientation” of tiles. We can then ask for coloringsTof
with (G, o, M)-symmetry in which:

(i) (“color isolatior?) tiles in global H-orientationh have to be colored only from
specifiedG-stable subsetsl,, of M;

(i) (“frequency) among the tiles in globaH -orientationh the distribution of tiles in
color x to those in colowy is in a given ratio which depends on tReorbits of x
andy.

(The formal definitions are given elsewhere in what follows.)
Our results assert the existence of such colorings (see Theorem 10).

2. Terminology and Results
For simplicity, we illustrate the method of coloring in the case of tiling®éfwith the

Robinson—Penrose tilings. The reader can see that they easily generalize. We begin by
recalling to the reader the construction of the said tilings briefly following [GS].
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Fig. 1

2.1. Robinson and Penrose Tilings

One knows that by a simple technique of cutting and gluing one can pass from Robinson
tilings to Penrose tilings and vice versa. We recall the basic facts about Robinson tilings
as described on p. 540 of [GS]. One first considers two triangular protatiesd Sy

as represented in Fig. 1.

Both prototiles have black as well as white vertices and in both prototiles edges whose
vertices have the same color are directed. (In the case dhe directed edge has two
black vertices while foS, the directed edge joins two white vertices.)

A tiling of type A of the plane is defined to be one for which the tiles are isomet-
ric to eitherL o or Sy and in which colors of common vertices and the direction of
common directed edges are the same (see [GS] for a proof of the existence of such
tilings).
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In a tiling Ty of type A one never finds twa-triangles with a common undirected
short edge. In other words, on the other side of an undirected short edg&ptidangle
one always finds ah a-triangle (of course with the colors of the vertices matching). Thus
from a tiling of type A if we delete all the short edges that join two vertices of different
colors and have ah 5 and Sy tile on either side we obtain a tiling of typ®, that is,

a tiling of the plane whose triangles are isometric to eithgror Sg in Fig. 1. Again
common vertices have same color (white or black) and common directed edges point in
the same direction.

In the tiling of typeB so obtained, one never finds tg-triangles with a common
directed long edge. In other words, on the other side of a directed long edge of an
Ss-triangle of typeB tiling one always finds ah g-triangle (with a matching directed
edge). Deleting all such edges we obtain a new tillpgf type t A, that is a tiling of
the plane by triangles isometric to eitHera or S; o of Fig. 1. The directed long edge in
this inflated tileL , o points to the white vertex of thgs-triangle in it. It only remains to
change the color of the vertices bf o, andS; o from white (resp. black) to black (resp.
white) so thatl, o (resp.S;a) becomes an inflation df o (resp.Sa). The sides ol 5
and S; o are proportional to the corresponding sided af and S, in the ratior to 1,

T = (14 +/5)/2. Iterating in this manner we get a sequence of tilifige = 0, 1, .. .)
each of them having two prototilds,, S,. The sides oL, and S, are proportional to
those ofLg and S, in the ratior" to 1.

Remark 3. To illustrate the proposed colorings, we suppose thatahd g are two

tiles of Ty, then, for sufficiently large, « and 8 are contained in the same tile ®f.

For a generic tiling this condition is satisfied. As pointed out in 10.5.9 on p. 568 of
[GS] there are exceptional tilings where the above condition is not satisfied. For such
exceptional tilings the colorings of the kind proposed in this article can be obtained from
another tiling where the condition is satisfied, by using the local isomorphism property
[GS, 10.5.4, p. 562].

2.2. Relative H-Orientation and Global H-Orientation of Tiles

Let H be a finite group and lgp be a positive integer. L&}, | (resp.dp,s) be a fixed
long (resp. short) tile of th&p-tiling. Let s, (respls, ) be the set offp-tiles of p, |

(resp.dp.s).
Definition 4. A relative H-orientationof tiles is just a function
‘-IJH: L{(;p»L U Z/[(gp.s — H.

Given W as above, we defind () € H for any tile § of a Ty-tiling for any
integerm as follows. (We refer taly (8) as the relativeH -orientation ofs.) This tile §
is contained in a unique til&,,, of the Ty p-tiling. The relative position 08 in §mip
determines a unique elemetitof 45, such that ifs" € Us,, (resp.Us, ), thendmp
is large (resp. small) and the relative position &fdn,-p) is similar to ¢’, 6, L) (resp.
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(&, 8p,9)) (if the first picture is drawn on a suitably smaller scale, it is exactly identical
to the second picture). We sét; (§) = WV (8').

Definition 5. Given arelativeH -orientation as above, we say that a functign: Ly —

H (U is the set offp-tiles) is aglobal H -orientationof Ty-tiles, if the following property
holds: for any two distincTp-tilesa andg, letm be an integer such thatandg belong
to the same tile of,, (herep is the integer occurring in the definition . We recall
that our tilings are not exceptional (see Remark 3)). Consider the sequence of tiles

o =0lo,05p,-~~»05mp=,3mp»,3(m—1)pa-~-,ﬂpa,30=,3

such thatvi, (resp.ip) is the unique tile of thd;,-tiling which containsx 1), (resp.
Bi-1p). The property we want (for a glob&l -orientation) is that

Wi (armp) -+ Wh(ap) - Wh (@) - P (@)™ = Wi (Bmp) - - Wh (Bp) - Wh (o) - P (B) .

As we show below (Proposition 7) the image®f; is a subgrougH’ of H. The same
proposition also shows that the glolddtorientation®y is also associated to another
relative H-orientationw;’ whose image iH’. In fact, ¥\ restricted to the subset of
long (resp. short)p-tiles is ontoH’. We can assume without loss of generality that
H=H".

Remark 6. Suppose thatin some tiling(not necessarily the Robinson-Penrose tiling)
there are only finitely many congruent classes of tiles and that the tiles congruent to any
particular tile occur in only finitely many oriented positions in the usual sense of rotations
by angles. (For example, this is the case for the Robinson-Penrose tilings, but not for
the pinwheel tiling of Radin [R1].) Then, for an appropriately chosen finite subgroup
H of the orthogonal group, a glob&l-orientation®y in the sense of Definition 5 can

be given to coincide exactly with the usual sense of orientation. However, even for the
pinwheel tiling, given any finite groupl and given any relativél -orientation¥y , there
always exist globaH -orientationsdb such that the equation in Definition 5 is satisfied.
For example, fix alp-tile «g, definedy (ag) = e (the unit element oH), and for any
To-tile B define

P (B) = Wh(@o) ™" Whiap) ™+ Wy (amp) ™ - W (Bmp) - - Wh (Bp) - Wh (o),
where we use the same notation as in Definition 5.

The purpose of the following proposition is to allow us to replace the relddive
orientationWy by a new one with additional properties but whose associated global
H-orientation remains the same. Légbe a positive integer and 184, | (resp.dp s) be

afixed long (resp. short) tile of thk,-tiling. Let s, (respifs,, ) be the set ofp-tiles
of §¢p,L (resp.dep,s). Define

l).
Wi Us,, U Us,s — H

by
W (B) = W (Bu-np) - - YH(Bp) - Y (Bo),
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wherefy = g is anyTo-tile in Us,,, U Us,, s and Bip is the unique tile of thej,-tiling
which containg; _1)p. Note (see Definition 4) that this allows us to defing’ (5) € H
for any tile§ of a Ty,-tiling for any integem by looking at the relative position @fin
the uniqueT¢p-tile which contains.

Proposition 7.

(i) Fix a To-tile g and define a global H-orientatiof®: Lo — H (U is the set of
To-tiles) as in Remarl6. Defined\! in the same manner but replacing(esp
W) by £p (resp W(). Thendy = @)

(i) Forany integer nletanp be the unique Jp-tile containingeo. Then

@Y Unyy)) = # WL Unyy)).

p

(iii) Let¢ be sufficiently large so thaby (U,,,) = the image ofby (note that such
a choice oft is possible sinc&(H) < +oo andif is the union off,,, as¢
varies. Then for any T41)p-tile 8¢¢+1)p one hasby, "™ Us,., ) = the image of
dy.

(iv) The image ofby is a subgroup of H

(v) Let¢ be large so tha@ﬁ)(u&p) = the image ofby for any Typ-tile 8. Let k
be the order of an element g in the imageldf). Then the image otlﬁ',‘“ is a
subgroup of H and coincides with the imagedof .

(vi) Let¢’ = 2¢ wherel is as in(v). For any T p-tile § letif, s (resp Uss) deote the
set of long(resp shorf) Ty-tiles ing. Then

VOU) = ULs) = v Usy).

Proof. (i) With notation as in Definition 5, we have

OH(B) = Wn(ao) ™t Whlap) ™ - Wi (amp) ™t Wh (Bmp) - - Wh (Bp) - W (o).

Herem can be replaced by any integer as this only introduces new terms which cancel
off pairwise in the middle. Hence, the last quantity on the right side also equals

V()™ W () W (mep) W B - WS (Bep) - W (Bo),

which is nothing bu@ﬁ)(ﬁ).

(ii) For aTo-tile B € U,,, we haved|} (8) = g~*- W\’ (8) whereg = ¥\ (x0).

(iii), (iv) Let A = &y (U,,,,). Then we haveA® c A® c ... AW c ... C H.
Choosée so thatA® = A® U AV y. ... The tilea,, may be a small or large tile, but
any T4y p-tile § contains alp-tile congruent tax,, (see Fig. 1). The proof of (jii) can
be completed easily with this observation. Weite= ¢+1 andB™ = ¥’ (U4, ). From
what we have demonstrated so Bif?, B, andA“’ all have the same cardinalitye
claimthat B - B®) ¢ B@, Letg,h € B“ . Lety be aTo-tile in a Ty p-tile § whose
relative H -orientation given bylf,(f') iS g. Let sy p be aTyy p-tile of the same tile type as
8. Insidedy  let y,, be aT, ,-tile whose relative position is identical to thatjinside
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5. Next, letg be aT-tile insidey, , such that (' (8) = h. Thenw**’(8) = gh, which
proves our claim. Writd3 for B¢). From the foregoing observations, we conclude that
#(B) = #(B- B). Hence, ifb, b’ € B, thenb- B = b'- B. Thus,b~*b’- B = B for anyb,
b’ € B. However, for any subsé in any groupH, the left stabilizefg € H|g- B = B}
is a subgroup oH and has cardinality at most equal to the cardinaliti3oT hus, taking
B = B“) we conclude thatg € H|g- B = B} = b~%. B for anyb € B and the latter
is a subgroup oH. In particular, since the image df, is the same a®y (s, ,) and
sinceYp € Us,,, Pn(B) = W (o)t w7 (B) we conclude that the image df, is
a subgroup oH.

(v) By the same reasoning as was used above to 86w B*) ¢ B?", we can
also conclude thaB“) . B¢ ... B©(k-times)c B*Y. Since, by assumptiog, ¢ B©
has ordek it follows thatB® contains the identity. By the same reasoning as was used
in the course of the proof of (iv) it can be shown that - w*“ 4, ) is a subgroup of
H for anyb € W{{” Uy,,). Hence, (v) follows.

(vi) Let A" (resp.AY) be the image bypy of the set of long (resp. short) tiles
UL oy, (r€SPUS 0,,) IN U, Then we have

anp

kep

AP cA? c...AM c...cH
and
AP cA? c...AD c...CH.

Choose large enough so tha” andAY’ are both maximal subsetsih. Then, similar

to (jii), we find that for anyT1)p-tile 8¢11)p one hasd{{™ Us,.,,) = the image

of @y and furthermored ("™’ Uy 5,.,,) = A’ and alsod{ (™’ Uss,,,,) = AY.

Now write B = W’ Uy,), B” = W’ UL a,), andBY = W Us,,,). Write

¢ = ¢ + 1. By the same argument used in the course of the proof of (iv), we conclude
thatB®) - B{"” c B, butB"’ c B“). The maximality of #B,"’) and #B’) now
implies that #B() = #(B®)) = #(B*""). This completes the proof of (vi) for long
tiles. Short tiles can be handled similarly. O

Definition 8 (Color Isolation). When a globaH -orientation®y by elements of a
group H is given we could also consider colorings where tiles are permitted to re-
ceive only those colors allowed by their globdtorientation. More precisely l&b be

a finite group acting on a finite sét: o: G x M — M. For eacth € H let M}, be a
nonempty subset dfl stable undeG. The coloring ofTy is said to becolor isolated

if any tile in global H-orientationh has a color fromMy. When color isolation is not
prescribed we refer to the coloring asiked coloring’

2.3. Mixed Coloring in the Case G= Aut(M)

The mixed coloring in the particular case wh@gis the full permutation group AgM) of
the setM of colors, is our goal in this subsection. Thus we have afinit®lset {1, . . ., k}
andG = &, the group of all permutations ¢1, . . ., k}; To is a given tiling of the plane
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as in Section 1. Letfy be the set of all tiles offy. We want to describe a function
(assignment of a color to a tije

0. U — {1,...,k}

We do this by first defining: Uy — &k and then setting, fa¥ € Uy, ¢(§) = ¢(S) - 1
(the permutatiop(s) applied to 1).

We now begin the task of defining i — Sx. We choose an integgg. Let §,
(resp.ép s) be any large (resp. smally-tile. Now fix §, . andsp s. Let

Us,, = setofTp-tiles contained irby, |

and

Us, s = set of To-tiles contained i s.

Remark 9. Evidently, if p is large enough we can choose a function
v UBPAL U ut‘ip,s - Gk

such that¥ (U, 5) = &y = ¥ (Uss) Wwheres = 8, or 8y s andlf s (respls;) stands
for the set of long (resp. shorty-tiles in§.

For any integem and any tileS, of the Ty -tiling we can definal (§,) € & following
the method explained in Definition 4.

Fix a tile o of the Tp-tiling. Choose an arbitrary elemelng of H. Now let 8 be any
tile of To. Letm be an integer such thatandg belong to the same tile Gfy,p. Let

a:ao,ap,...,amp:ﬂmp,...,ﬁp,ﬂozﬁ

be chosen such tha, (resp.gip) is the unique tile of thelj,-tiling which contains
ai-1p (resp.Bi—1p. We define

@(a) = hg
and

P(B) =ho- W(ag) ™ W(ap) ™ W(amp) ™ W(Bmp) - Y (Bp) - ¥(Bo).

With these preparations we are now ready to indicate the proof of Theor@na,(M)-
symmetry for G= Aut(M)) stated in the Introduction.

We will now prove that the color assignmepts) = ¢(8) - L(8 € Up) has the
local (G, M)-symmetry property (see Definition 1 in the Introduction) Br= &k,
M={1,...,k}.

Let X be a finite patch offp-tiles. Leto € &k be given. We can assume thatis
contained in a tilé, of the Tj,-tiling for | sufficiently large. (This is possible sindg
is not an exceptional tiling (see Remark 3).) B@;Dp be anyT,1)p-tile. We are going
to find aTp-tile 5/, contained inaglﬂ)p having the same tile type (i.e., large or small)
asdp such that the color of do-tile of 47, is related to the color of the corresponding
To-tile of &, via the permutatio. It is clear that such a til§/, exists because Ifj is
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the set of allTjp-tiles of the same tile type &, contained inj;, by the choice of

+hp
U, WU) = 6.

Therefore, the color assignment givendas the local®y, {1, .. ., k})-symmetry
property.

As we pointed out in the Introduction, in order to produce a (mixed) coloring with
(G, o, M)-symmetry it suffices trivially to handle the case wh@énis the full auto-
morphism group oM. Thus we have found a coloring of tfig-tiles which has local
(G, M)-symmetry.

2.4. Colorings with Prescribed Isolation and Frequencies

Recall Definition 8 of “color isolation.” We now prove the existence of a coloringof
with (G, o, M)-symmetry with the additional requirement of color isolation.

More precisely, letby: Uy — H be a globalH -orientation ofTy-tiles (4 is the set
of Tp-tiles). LetM(h € H) be G-stable subsets dfl consisting of the allowed colors
for tiles in globalH-orientationh. Let S be the se{[,,.,; Mh. The groupG acts onS
coordinatewise. Let@) = k. Fix a bijection ofSwith {1, ..., k} and proceed as in the
previous section to get a coloringof U by elements ofs with Aut(S)-symmetry. Let
8 € Up. Leth be the globaH -orientation ofs. We define

(p,: Uy —> M

by ¢’(§) = theh-coordinate ofp(8). This is an isolated coloring of the tiles & by the
colors inM and has localG, M)-symmetry.

Finally, as we stated in the Introduction, in addition to color isolation one may also
wish to see colors in certain frequencies by prescribing the desired ratios. More precisely,
let Mp(h € H) be G-stable subsets dfl as above consisting of the allowed colors for
tiles in globalH -orientationh. Let Cy, 1, ..., Cy n be the distinctG-orbits in My. (Of
course,N depends orin.) Suppose that one wants to see the color€yf, ..., Chn
in the frequency ratiosy 1, ..., an.n (positive integers) among the tiles in glokdt
orientationh. (What we mean by this statement, if not already obvious, will become
clear in the statement of Theorem 10 below). Bgte a set which is a disjoint union
of a, 1 copies ofCp 1, an 2 copies ofCy », ..., ann copies ofCh n. Let S be the set
[Then S, The groupG acts on eacls, and hence o8 Let#S) = k. Fix a bijection of
S with {1, ..., k} and identify (AutS), (S)) with (&, {1, ..., k}). Proceed as before
to get first a coloring of Uy by elements o8 with Aut(S)-symmetry. Lets € Up. Let
h be the globaH -orientation ofs. We define

gD/I U —> M

by ¢’'(8) = theh-coordinate ofp(§). (Strictly speaking, thé-coordinate ofp(8) is an
element ofS,, but the latter is mapped in an obvious wayMaasS, is a union of several
copies of subsets d¥l.)

The integem in the statement of the theorem below is a sufficiently large multiple of
the integer (with the same symbol) which appears in Definition 4 and also the one chosen
as in Remark 9 after having identified (A8, (S)) with (&, {1, ..., k}) as above.
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Theorem 10. The above coloring ofglwhich is associated to a frequency data-a
{(@n.1,-.-,8ni,-..,ann)|Nh € H} has the following properties

() It haslocal(G, o, M)-symmetry

(i) Leto be a fixed {-tile. Let §mp be the unique Jp-tile which containsx. Let
h € H and let G,;, Cn,j be two G-orbits in M. Letiw € Cp. Letu’ € Cp ;.
Let Ay, (8mp) (resp An . (8mp)) be the number ofgFtiles of 6mp in global H-
orientation h and having colog (resp w’). Then A, (8mp)/ An, . (6mp) tends
to an i /an,j as mM— +o00.

(i) Leth h" e H.Let A,(8mp) (resp Ay (8mp)) be the number ofgHtiles of §mp in
global H-orientation h(resp h'). Then A(8mp)/ An (8mp) tends tol as m —
—+00.

We have already noted that the coloring has 16Galo, M)-symmetry. The remaining
part of the article is devoted to the proof of the other two assertions in the theorem.

3. Uniform Distribution of Colors and H-Orientations

We begin with a lemma on the group algebra of a finite group.&.&e a finite group
and letR[&] be the group algebra @ overR. It has a natural topology as a Euclidean
space. Define a subsktof R[&] by

K=1) as a>0Vsandy as=1¢.
seS se&
The subseK is compact. Note thal - K cC K.

In the statement of the two lemmas which follow, part (i) can be deduced from the
Perron-Frobenius theorem (see p. 53 of [Ga], for example). This was pointed out to us by
the referee for which we are thankful. For the sake of completeness we have indicated a
proof and this also serves another purpose: our proof of part (ii) of either lemma requires
only a slight modification of the arguments in part (i).

Lemma 11.

(i) Letb= Y. sbss be an element of the group algebra®fover R. Assume
beKandh > 0,Vs. If b™ = } s oms - S, thenam s tends tol/#(S) as
m — +0o0.

(i) Leth, =) . s bsns beasequence of elements oft§sume thatmn_, 1o by =
b exists and b= ) "._s bss where b > 0,Vs. Let x € K. Define a sequende,}
by

X1 =biX, Xo=DbpX1, ..., Xqn=DbnXn_1,....
Thenlim,_, 4o Xn = Y s (L/#(S))s.

Proof. (i) Let Ky be the intersection of all the closurés,: m > n}. Choosex =
> agg € Ko such that, for every = > cyg € Ko, sup(cg — 1/#(6)) > sup,(ag —
1/#(©)) (sinceKy is compact such ad exists).
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Now leta” = ba. Write e’ =} ayg. Thenag = 3 s bs1a59 and

#(6) st’lasg Zb #(6))

A
&
0
c
©

—
2
|
B3
<!
—

|
=
°
—/
2
|
X
ol
N—
N

with strictinequality if(ax — 1/#(&)) are not all equal. By the choice @ftrict inequality
is not possible. Henca, — 1/#(&) is independent ok € &. However, J#(©) is the
average ofag: k € G} as) ", ax = 1. Hencea, = 1/#(S); which implie%léJ = 1/#(6),
i.e.,ba = a.

Sincea € Ko we can choose a subsequefio®); .+ such that

H n __ _
Sm bt =e=28

Thus ifb™ =" by s, thenby, s > 0, Vi, s, andby,, s — 1/#(6).
For anymletb™ = " by, SS Then) bmiis-s=O_bs-5) O bms-S). So

bm+l,s - bm+1,s’ = Z bgfl(bm,gs - bm,gs)~
ges

Hence

suplbmi1s — bmias| < (Z by- ) Sup|bm,s — bm.s |

S8 ges
= Sup|bm,s - bm,s’|~
s,s
From this inequality together with the fact that Jim, . b" = (1/#(&)) ), swe obtain

that lim,_ 1.0 b" = (1/#(5)) D ¢ s.
(ii) Let Kq be the intersection over of all the closures ofx,: m > n}. Choose
a =Y agg € Ko such that, for every = )" cy4g € Ko,

su (c 1 ) ( 1 ) -
P %9~ e P\%~ %o

We claim thatay = 1/#(6) for all g. Suppose that all thayg are not equal. Let
T = (Supag)) — inf(ag)). Sot > 0. Lete be a small positive real number. We can
choose an integeM >> 0 such that, for alh > N and alls € &, we have

bs,n > irsﬁ(bs) —¢&
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(infs(bs) is positive by the assumption made in the statement of part (ii) of the lemma).

Write Xn = ) ¢ 85nS. SiNCeXn+1 = Bny1 - Xn We have

1 1
Agn+l — % = zs:bs*l,m-l (asgn — %>

1
< Sup<asg,n - %) - burl,n+l <5§|gasgn) - (awg,n)> Mw)
< sup(aSgn — F;)) — (irgf(bs) — 5) (t —¢) (if n >> 0)

1 . .
p(aS - %> +&— (Ir;f(bs) - e) (t —¢) (if n>> 0).
Obviously it is possible to choogesmall enough such that
2
(inf(bs) — &)(r — &) — & > (inf {r, igf(bs)}) .
With such a choice of, we obtain

1 2
agnil — #(6) < supas — e (inf{z, inf(bs)})>.

Thus if a subsequencin,, Xn,; - - -, Xn, ...} has limita = > ass € Ky, then the
subsequenciXyin,, X1iny, - - - » X14n;» - - -} has alimity = > css, where

1 1
su - — - —
p<05 #(6)) sp<as #(6))
However, this contradicts}. This completes the proof that = 1/#(S) for all s.
Now, the proof that lim_, 1o Xn = > _(1/#(&))s can be completed as in part (i1

The aim of the next lemmadis to arrive at the same conclusion as in the previous lemma

about the limit of a more complicated sequence.

Lemma 12.

(i) Let E= (X j)1<i j<k be asquare matrix whose entries are elements of the group

algebra of& overR (& is afinite group). Let(x; )1<i <k be a column vector defined
by x = Z] L %.j- Assume thatixe K, Vi. Let B9 = (b®)1i -« be a column

vector of elements of KDefine B™ = E™ . b®. Then the entries of ® belong
to K. If, for each se &, the coefficient of s in each xis positive then

lim b(m) = (b|)1<|<k,

m—+o00

where eactb; equals the elemertd__o 5)/#(S).
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(i) Let E(n) = (x;,j(n)) be a sequence ofk k matrices whose entries are elements
of the group algebra 0& overR. Assume thalimp_, . E(N) = E = (X))
exists For each n define the column vectar(n))1<i <k by % (n) = Z};l Xi.j (n).
Assume thatxn) € K Vi, n. Let b® = (b?);_- be a column vector of
elements of KDefing inductively b™ = E(m)b™-Y. Then the elements of
b™ belong to K If, for each se &, the coefficient of s in each xis positive
then

lim b( ) = (bl)l<l<k»

nN— 400

where eactb; equals(} . s S)/#(S).

Proof. (i) Let Kq be the intersection of all the closurd™: m > n}. ThenKj is a
compactsetoK x --- x K (k copies ofK). We will show thatky consists of the single
point mentioned in the statement of the lemma.

Chooseu = (ui)1<i<k € Ko with the following property: For every = (vi)1<i<k €
Ko, writing ui = > & gg andvi = )_ G 40,

1 1
sup(Gg——) =suplag—— ).
i,gp< 1,9 #6) i7gp( N¢) #6)

Now lety’ = E - u. Letu' = (uj) and writep; = > & 49. Thenui = > Xi ju;
and writingx; j = > ¢ X j.sS, one has

q g= in,quflajﬁsg.
i.s
Hence

1 1
Ag— = = ) Xiisi@sg— ) Xijsiz=
9 S st: st,: #S

1

= Z Xi,jst | &.sg — S

is

3 x sup(a L )
i,j,s7t S 1.9 7 L= |-

— I #S

Sincex; js > 0, ¥(, j,s), and sinceZ Xi j,s = 1 the inequality will be strict if
(85, — 1/#6) are not equal. By the ch0|ce af, strict inequality is not possible. This
implies thaty = b as asserted and thBw = Eb = b.

We can choose a subsequefio@’};_; » . such that limy_, ., b™ = b. For anym,
letb™ = (b™),; « whereb™ = ¥"_ b"V'g (the sum is oveg € &). Then

b(m+l) Z X1, bl(m)

IA
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and
(m+1) ) (m)
bj,s = Z Xl,|,g’1blg,5'
l.g
Hence
(m+1) (m+1) (m)
bj,s bj s ZXI l.g~ 1(by gs
Hence
(m+1) (m+1) (m) (m)
sup |b; — by ‘ =< ZXj,Lg—l - sup b —Bbg
s,5€6 l.g s,8€6,1<I<k

= sup (BT -0

5,5€6,1<I<k

From this inequality together with the fact that Jig,o, ™ = (b;)1<j<k Whereb; is
equal to(Y_ . 9)/#6 it follows that lim,_, o, b™ = (b)).

(ii) The proof of this part only requires the above argument to be slightly modified in
the same way as the second part of Lemma 11. O

3.1. An Application of Lemmaz2

We now use the above lemmas to describe some results about uniform distributions. (See
[R2] for rules which force uniform orientational distributions of the tiles in a different
sense and for a study of ergodic properties of tilings.)

Let & be a finite group and leb: Us,, UlUs, s — & be a function as in Definition 4.
For any integem > 0 and for any tile3yp of the Ty, p-tiling define ¥ (ymp) € & as in
Definition 4, by looking at the relative position @mp, 8m+1)p) Wheresdmi)p is the
unique tile ofTimy1)p Which containg$pp,.

We now define two elementgémp), B(6mp) € R[S] of the group algebra ofs over
R as follows:b( ) is obtained by normalizin®() :—if B() =Y Ass, b =) (As/A)s
whereA = " As. Clearlyb() € K, whereK is the compact space defined just before
Lemma 11.B() is defined inductively as follows:

(i) m= 0. For atiles of the Tp-tiling B(8) = e, the unit element oR[S].
(i) SupposeB( ) has been defined for all the tiles of tfig-tiling for i < m. We
define

B(Smp) = Y ¥(Sm-1p) - BGm-1p), ()

whereW (8) is as in Definition 4 and the sum is over all the tiles of Tag_1)p-
tiling contained indmp.
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Remark 13. For aTo-tile 8o Of Smp, let o, 81, ..., dm-1)p be the sequence such that
8ip is the uniqueT;p-tile which contains _1),. Then it is easy to see that

B(mp = Z W (m-1p) - -+ W(8p) - Y (do),
8o

where the sum is taken over all tfig-tiles 5o contained imyp.
Clearly, B(6mp) depends only om and whethesn is large or small. Normalizing
this for eachm we have two elements,, | andbp s of K.

Lemma 14. We have

1

li =i = — .
A B = M, Bns = 25 D

Proof. Let By = B(8p,) whereé, is a long tile of T,. ThenBy = 280 W (8p)
where the sum is over all th&-tiles 6o € &, L. Taking this sum separately over the
long tilesdp . (resp. short tilesy s) we can writeB; | = x' + Yy wherex’ (resp.y’)
corresponds to the sum owv&y (resp.do.s).

Similarly, let By s = B(8p,s) whered, sis a short tile ofT,. ThenBy s = ZSO W (80)
where the sum is over all th&-tiles §o C 8, s. Taking this sum separately over the
long tilesdo, . (resp. short tilesy s) we can writeB; s = U’ + v whereu’ (resp.v’)
corresponds to the sum ov&y. (resp.do.s).

Define positive integers:

o = number of longTo-tiles in a longT,-tile,
as = number of shorfp-tiles in a longT,-tile,

BL
Bs = number of shorfo-tiles in a shorfT,-tile,

number of longTo-tiles in a shorfTp-tile,

|8n] = number ofTy-tiles ingp,.
Letdmp L (resp.dmps) denote a long (resp. shoif)p-tile. One then sees that
[dmpLl = oL [§m-pp,L| + s [8m-1)p,sl.
[8mpsl = BL - 1dm-pp,L| + Bs - [6m-1)p,sl-

By 10.5.5 on p. 563 of [GS] one knows the followingsk . (resp.dn.s) is a long (resp.
short)Ty-tile, then the limitofién || /|8n,s| asn — +oo exists and equals= (v/5+1)/2
(in particular nonzero).

With this notation one sees that

[8m—1)p,L X’ [8m-1)p,slY
bmL = : Dm_1y.L + - bm-1),s
[6m-pyp,LloL + [§m-1)p,slas ' [6m-pp.LloL + [dm-1)p,slas
and
[8m—1yp,L U [8m—1)p,slV’
bm,s P Bm_1).L + P bm-1).s

~ 18m-np.LIBL + 18m-1p.slBs [6m-1)p,LIBL + [6m-1)p,slBs
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Thus we are exactly in the context of part (ii) of Lemma 12 (with a sequencexo? 2
matrices) applying which the conclusion of Lemma 14 follows. O

3.2. Proof of Theorenl 0

Let Wy: Us,, UUs,s — H be a relativeH-orientation which yields the globd -
orientation® . Without changingby, we can replacey by

0).
Wi Us,, Uls, s — H,

where is a positive integer and'}’ is defined preceding Proposition 7. Chodse
sufficiently large. Now leS = & x H and let

\IIG = \IIGkXH: u5zp,L ngms - Gk x H

be any map such that

(i) the H-coordinate oV, . iS the same aw,(_f);

(i) ¢ is large enough so thalte, .1 is ontoSy x H and in fact the restriction of
Ve, xH to the subset of long or shofp-tiles of boths;,, andiss, ¢ is onto (see
Proposition 7).

Applying Lemma 12 we conclude the following:

(i) Foranyn € Nands, s’ € 6 = &k x H, let Ays (resp.A,s) be the number
of To-tiles g in 8n1p such thatds(8p) = s (resp.s’). Herednp is the uniqueTyp-tile
containing a fixedlp-tile ag and® s is defined as in Definition 5. Then

From this it follows that

whereAn g n (resp.An ¢ i) is the number ofg-tiles inéy,, of colorq (respg’) and global
H-orientatiorh (resp.h’). Hereq, g’ € {1, ..., k}. However, 5y, {1, ..., k}) isthe same
as (Aut@), S)). If a tile in global H-orientationh had a colois’ € S, we assigned to
that tile a color fromM by taking theh-component of'. (RecallS = [, S,, where
S, is a union of copies (corresponding to the frequency dat&-ofbits in the subsets
My C M consisting of allowed colors for tiles in globel-orientationh.

From this description and from the fact about the limitifas- +o00) concluded just
before, the assertions (ii) and (iii) of the theorem are evident. O
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