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Abstract. We show how to color the tiles in a heirarchical tiling system so that the
resulting system is not only repetitive (i.e., has the local isomorphism property) but has
prescribed color symmetries as well.

1. Introduction

Let T be a repetitive tiling ofRn by tiles congruent to a finite number of tile types.
Here “repetitive” means that the tiling has “local-isomorphism” property in the follow-
ing sense: given any patch ofT occurring in any bounded region ofRn, it is repeated in
any other sufficiently large region. Many interesting examples of tilings are “heirarchi-
cal,” in the following sense: there are precise rules using which one can pass from any
given tiling T0 by tiles congruent to the given tile types (and matching rules. . .) to a
tiling T1 with the same set of tiles on a larger scaleτ , whereτ is a positive real number
greater than one. Furthermore, when the second tiling is superimposed on the first one,
the tiles of the new tiling are unions of tiles of the older tiling. Moreover, two congruent
tiles of T1 are decomposed into tiles ofT0 in exactly the same way. This second tiling
T1 gives rise to a tilingT2 whose tiles are similar to those ofT0 in the ratioτ 2 and
so on. . . .

∗ The second author is grateful to the URA au CNRS GAT, U.F.R. de Math´ematiques, Universit´e des
Sciences et Technologies de Lille for their hospitality during his stay when this work was done.
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In this article we consider the problem of coloring the tiles of a given heirarchical
and repetitive tiling which exhibits local permutation isomorphisms (definitions below)
and moreover color isolation and frequencies when these are prescribed.

Definition 1 (Local (G, σ,M)-Symmetry). LetG be a finite group acting on a finite
setM : σ : G×M → M (the elements ofM will be the colors). Assume that the tiles in
T are colored with the elements ofM . We say that the coloring ofT haslocal (G, σ,M)-
symmetry(or simply thatT has(G, σ,M)-symmetry) if given g ∈ G and given a patch
6 of the tiles ofT in any bounded region, there existsR > 0 such that in any disk of
radiusR one can find a copy6′ of the patch6, the only change being that the coloring
of 6′ is obtained from that of6 on applying the permutationσ(g).

Our first result is the following:

Theorem 2. Let T be a heirarchical tiling which has the local isomorphism prop-
erty. Then for any(G, σ,M) there always exists a coloring of T with local(G, σ,M)-
symmetry.

It should be pointed out that it suffices to prove the result takingG to be the full
group of permutations ofM . However, subgroupsG of Aut(M) offer more interesting
possibilities as we can demand color isolation and frequencies, to be explained presently.

We find it useful to assign an element of a finite groupH to the relative position
of a tile in a chosen higher level of the heirarchy and think of it as some sort of an
“orientation.” This is quite formal and is not motivated by any physical considerations.
This is our definition of “relative H-orientation” (Definition 4). The absolute or “global
H-orientation” (Definition 5) is the cumulative effect of applying successive relative
H -orientations following through higher and higher levels of the heirarchy. The group
G which acts as the permutation of the colors may be unrelated to the groupH involved
in the formal notion of the “H -orientation” of tiles. We can then ask for colorings ofT
with (G, σ,M)-symmetry in which:

(i) (“ color isolation”) tiles in global H -orientationh have to be colored only from
specifiedG-stable subsetsMh of M ;

(ii) (“ frequency”) among the tiles in globalH -orientationh the distribution of tiles in
color x to those in colory is in a given ratio which depends on theG-orbits ofx
andy.

(The formal definitions are given elsewhere in what follows.)
Our results assert the existence of such colorings (see Theorem 10).

2. Terminology and Results

For simplicity, we illustrate the method of coloring in the case of tilings ofR2 with the
Robinson–Penrose tilings. The reader can see that they easily generalize. We begin by
recalling to the reader the construction of the said tilings briefly following [GS].
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Fig. 1

2.1. Robinson and Penrose Tilings

One knows that by a simple technique of cutting and gluing one can pass from Robinson
tilings to Penrose tilings and vice versa. We recall the basic facts about Robinson tilings
as described on p. 540 of [GS]. One first considers two triangular prototilesL A andSA

as represented in Fig. 1.
Both prototiles have black as well as white vertices and in both prototiles edges whose

vertices have the same color are directed. (In the case ofL A the directed edge has two
black vertices while forSA the directed edge joins two white vertices.)

A tiling of type A of the plane is defined to be one for which the tiles are isomet-
ric to either L A or SA and in which colors of common vertices and the direction of
common directed edges are the same (see [GS] for a proof of the existence of such
tilings).



462 A. El Kacimi Alaoui and R. Parthasarathy

In a tiling T0 of type A one never finds twoSA-triangles with a common undirected
short edge. In other words, on the other side of an undirected short edge of anSA-triangle
one always finds anL A-triangle (of course with the colors of the vertices matching). Thus
from a tiling of typeA if we delete all the short edges that join two vertices of different
colors and have anL A and SA tile on either side we obtain a tiling of typeB, that is,
a tiling of the plane whose triangles are isometric to eitherL B or SB in Fig. 1. Again
common vertices have same color (white or black) and common directed edges point in
the same direction.

In the tiling of typeB so obtained, one never finds twoSB-triangles with a common
directed long edge. In other words, on the other side of a directed long edge of an
SB-triangle of typeB tiling one always finds anL B-triangle (with a matching directed
edge). Deleting all such edges we obtain a new tilingT1 of typeτ A, that is a tiling of
the plane by triangles isometric to eitherLτ A or Sτ A of Fig. 1. The directed long edge in
this inflated tileLτ A points to the white vertex of theSB-triangle in it. It only remains to
change the color of the vertices ofLτ A andSτ A from white (resp. black) to black (resp.
white) so thatLτ A (resp.Sτ A) becomes an inflation ofL A (resp.SA). The sides ofLτ A

and Sτ A are proportional to the corresponding sides ofL A and SA in the ratioτ to 1,
τ = (1+√5)/2. Iterating in this manner we get a sequence of tilingsTn(n = 0,1, . . .)
each of them having two prototilesLn, Sn. The sides ofLn andSn are proportional to
those ofL0 andS0 in the ratioτ n to 1.

Remark 3. To illustrate the proposed colorings, we suppose that ifα andβ are two
tiles of T0, then, for sufficiently largen, α andβ are contained in the same tile ofTn.
For a generic tiling this condition is satisfied. As pointed out in 10.5.9 on p. 568 of
[GS] there are exceptional tilings where the above condition is not satisfied. For such
exceptional tilings the colorings of the kind proposed in this article can be obtained from
another tiling where the condition is satisfied, by using the local isomorphism property
[GS, 10.5.4, p. 562].

2.2. Relative H-Orientation and Global H-Orientation of Tiles

Let H be a finite group and letp be a positive integer. Letδp,L (resp.δp,S) be a fixed
long (resp. short) tile of theTp-tiling. Let Uδp,L (resp.Uδp,S) be the set ofT0-tiles of δp,L

(resp.δp,S).

Definition 4. A relative H-orientationof tiles is just a function

9H : Uδp,L ∪ Uδp,S → H.

Given9H as above, we define9H (δ) ∈ H for any tile δ of a Tm-tiling for any
integerm as follows. (We refer to9H (δ) as the relativeH -orientation ofδ.) This tileδ
is contained in a unique tileδm+p of theTm+p-tiling. The relative position ofδ in δm+p

determines a unique elementδ′ of Uδp,L such that ifδ′ ∈ Uδp,L (resp.Uδp,S), thenδm+p

is large (resp. small) and the relative position of (δ, δm+p) is similar to (δ′, δp,L ) (resp.
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(δ′, δp,S)) (if the first picture is drawn on a suitably smaller scale, it is exactly identical
to the second picture). We set9H (δ) = 9H (δ

′).

Definition 5. Given a relativeH -orientation as above, we say that a function8H : U0→
H (U0 is the set ofT0-tiles) is aglobal H-orientationof T0-tiles, if the following property
holds: for any two distinctT0-tilesα andβ, let m be an integer such thatα andβ belong
to the same tile ofTmp (herep is the integer occurring in the definition of9H . We recall
that our tilings are not exceptional (see Remark 3)). Consider the sequence of tiles

α = α0, αp, . . . , αmp= βmp, β(m−1)p, . . . , βp, β0 = β
such thatαi p (resp.βi p) is the unique tile of theTip-tiling which containsα(i−1)p (resp.
β(i−1)p). The property we want (for a globalH -orientation) is that

9H (αmp) · · ·9H (αp) ·9H (α0) ·8H (α)
−1 = 9H (βmp) · · ·9H (βp) ·9H (β0) ·8H (β)

−1.

As we show below (Proposition 7) the image of8H is a subgroupH ′ of H . The same
proposition also shows that the globalH -orientation8H is also associated to another
relative H -orientation9(`)

H whose image isH ′. In fact,9(`)
H restricted to the subset of

long (resp. short)T0-tiles is ontoH ′. We can assume without loss of generality that
H = H ′.

Remark 6. Suppose that in some tilingT (not necessarily the Robinson-Penrose tiling)
there are only finitely many congruent classes of tiles and that the tiles congruent to any
particular tile occur in only finitely many oriented positions in the usual sense of rotations
by angles. (For example, this is the case for the Robinson-Penrose tilings, but not for
the pinwheel tiling of Radin [R1].) Then, for an appropriately chosen finite subgroup
H of the orthogonal group, a globalH -orientation8H in the sense of Definition 5 can
be given to coincide exactly with the usual sense of orientation. However, even for the
pinwheel tiling, given any finite groupH and given any relativeH -orientation9H , there
always exist globalH -orientations8H such that the equation in Definition 5 is satisfied.
For example, fix aT0-tile α0, define8H (α0) = e (the unit element ofH ), and for any
T0-tile β define

8H (β) = 9H (α0)
−1 ·9h(αp)

−1 · · ·9H (αmp)
−1 ·9H (βmp) · · ·9H (βp) ·9H (β0),

where we use the same notation as in Definition 5.

The purpose of the following proposition is to allow us to replace the relativeH -
orientation9H by a new one with additional properties but whose associated global
H -orientation remains the same. Let` be a positive integer and letδ`p,L (resp.δ`p,S) be
a fixed long (resp. short) tile of theT̀ p-tiling. LetUδ`p,L (resp.Uδ`p,S) be the set ofT0-tiles
of δ`p,L (resp.δ`p,S). Define

9
(`)
H : Uδ`p,L ∪ Uδ`p,S → H

by

9
(`)
H (β) = 9H (β(`−1)p) · · ·9H (βp) ·9H (β0),



464 A. El Kacimi Alaoui and R. Parthasarathy

whereβ0 = β is anyT0-tile in Uδ`p,L ∪ Uδ`p,S andβi p is the unique tile of theTip-tiling

which containsβ(i−1)p. Note (see Definition 4) that this allows us to define9(`)
H (δ) ∈ H

for any tileδ of a Tm-tiling for any integerm by looking at the relative position ofδ in
the uniqueTm+`p-tile which containsδ.

Proposition 7.

(i) Fix a T0-tile α0 and define a global H-orientation8H : U0→ H (U0 is the set of
T0-tiles) as in Remark6. Define8(`)

H in the same manner but replacing p(resp.
9H ) by`p (resp.9(`)

H ). Then8H = 8(`)
H .

(ii) For any integer n, let αnp be the unique Tnp-tile containingα0. Then

#(8(`)
H (Uα`p)) = #(9(`)

H (Uα`p)).

(iii) Let ` be sufficiently large so that8H (Uα`p) = the image of8H (note that such
a choice of̀ is possible since#(H) < +∞ andU0 is the union ofUα`p as `

varies). Then for any T(`+1)p-tile δ(`+1)p one has8(`+1)
H (Uδ(`+1)p) = the image of

8H .
(iv) The image of8H is a subgroup of H.
(v) Let ` be large so that8(`)

H (Uδ`p) = the image of8H for any T̀p-tile δ`p. Let k

be the order of an element g in the image of9
(`)
H . Then the image of9(k`)

H is a
subgroup of H and coincides with the image of8H .

(vi) Let`′ = 2` where` is as in(v). For any T̀ ′ p-tile δ letUL ,δ (resp. US,δ) deote the
set of long(resp. short) T0-tiles in δ. Then

9
(`′)
H (Uδ) = 9(`′)

H (UL ,δ) = 9(`′)
H (US,δ).

Proof. (i) With notation as in Definition 5, we have

8H (β) = 9H (α0)
−1 ·9H (αp)

−1 · · ·9H (αmp)
−1 ·9H (βmp) · · ·9H (βp) ·9H (β0).

Herem can be replaced by any integer as this only introduces new terms which cancel
off pairwise in the middle. Hence, the last quantity on the right side also equals

9
(`)
H (α0)

−1 ·9(`)
H (α`p)

−1 · · ·9(`)
H (αm`p)

−1 ·9(`)
H (βm`p) · · ·9(`)

H (β`p) ·9(`)
H (β0),

which is nothing but8(`)
H (β).

(ii) For a T0-tile β ∈ Uα`p we have8(`)
H (β) = g−1 ·9(`)

H (β) whereg = 9(`)
H (α0).

(iii), (iv) Let A(n) = 8H (Uαnp). Then we haveA(1) ⊂ A(2) ⊂ · · · A(n) ⊂ · · · ⊂ H .
Choosè so thatA(`) = A(`) ∪ A(`+1) ∪ · · ·. The tileα`p may be a small or large tile, but
anyT(`+1)p-tile δ contains aT̀ p-tile congruent toα`p (see Fig. 1). The proof of (iii) can
be completed easily with this observation. Write`′ = `+1 andB(n) = 9(n)

H (Uαnp). From
what we have demonstrated so farB(`

′), B(2`
′), andA(`

′) all have the same cardinality.We
claim that B(`

′) · B(`′) ⊂ B(2`
′). Let g, h ∈ B(`

′). Let γ be aT0-tile in a T̀ ′ p-tile δ whose

relativeH -orientation given by9(`′)
H is g. Let δ2`′ p be aT2`′ p-tile of the same tile type as

δ. Insideδ2`′ p let γ`′ p be aT̀ ′ p-tile whose relative position is identical to that ofγ inside



Coloring Quasicrystals with Prescribed Symmetries and Frequencies 465

δ. Next, letβ be aT0-tile insideγ`′ p such that9(`′)
H (β) = h. Then9(2`′)

H (β) = gh, which
proves our claim. WriteB for B(`

′). From the foregoing observations, we conclude that
#(B) = #(B · B). Hence, ifb, b′ ∈ B, thenb · B = b′ · B. Thus,b−1b′ · B = B for anyb,
b′ ∈ B. However, for any subsetB in any groupH , the left stabilizer{g ∈ H |g · B = B}
is a subgroup ofH and has cardinality at most equal to the cardinality ofB. Thus, taking
B = B(`

′) we conclude that{g ∈ H |g · B = B} = b−1. B for anyb ∈ B and the latter
is a subgroup ofH . In particular, since the image of8H is the same as8H (Uα`′ p) and

since,∀β ∈ Uα`′ p ,8H (β) = 9(`′)
H (α0)

−1 ·9(`′)
H (β) we conclude that the image of8H is

a subgroup ofH .
(v) By the same reasoning as was used above to showB(`

′) · B(`′) ⊂ B(2`
′), we can

also conclude thatB(`
′) · B(`′) · · · B(`)(k-times)⊂ B(k`). Since, by assumption,g ∈ B(`)

has orderk it follows thatB(k`) contains the identity. By the same reasoning as was used
in the course of the proof of (iv) it can be shown thatb−1 ·9(k`)

H (Uαk`p) is a subgroup of

H for anyb ∈ 9(k`)
H (Uαk`p). Hence, (v) follows.

(vi) Let A(n)L (resp.A(n)S ) be the image by8H of the set of long (resp. short) tiles
UL ,αnp (resp.US,αnp) in Uαnp. Then we have

A(1)L ⊂ A(2)L ⊂ · · · A(n)L ⊂ · · · ⊂ H

and

A(1)S ⊂ A(2)S ⊂ · · · A(n)S ⊂ · · · ⊂ H.

Choosè large enough so thatA(`)L andA(`)S are both maximal subsets inH . Then, similar
to (iii), we find that for anyT(`+1)p-tile δ(`+1)p one has8(`+1)

H (Uδ(`+1)p) = the image

of 8H and furthermore8(`+1)
H (UL ,δ(`+1)p) = A(`)L and also8(`+1)

H (US,δ(`+1)p) = A(`)S .

Now write B(n) = 9
(n)
H (Uαnp), B(n)L = 9

(n)
H (UL ,αnp), and B(n)S = 9

(n)
H (US,αnp). Write

`′ = ` + 1. By the same argument used in the course of the proof of (iv), we conclude
that B(`

′) · B(`′)L ⊂ B(2`
′)

L , but B(`
′)

L ⊂ B(`
′). The maximality of #(B(`

′)
L ) and #(B(`

′)) now

implies that #(B(`
′)

L ) = #(B(`
′)) = #(B(2`

′)
L ). This completes the proof of (vi) for long

tiles. Short tiles can be handled similarly.

Definition 8 (Color Isolation). When a globalH -orientation8H by elements of a
group H is given we could also consider colorings where tiles are permitted to re-
ceive only those colors allowed by their globalH -orientation. More precisely letG be
a finite group acting on a finite setM : σ : G × M → M . For eachh ∈ H let Mh be a
nonempty subset ofM stable underG. The coloring ofT0 is said to becolor isolated
if any tile in global H -orientationh has a color fromMh. When color isolation is not
prescribed we refer to the coloring as “mixed coloring.”

2.3. Mixed Coloring in the Case G= Aut(M)

The mixed coloring in the particular case whenG is the full permutation group Aut(M)of
the setM of colors, is our goal in this subsection. Thus we have a finite setM = {1, . . . , k}
andG = Sk, the group of all permutations of{1, . . . , k}; T0 is a given tiling of the plane
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as in Section 1. LetU0 be the set of all tiles ofT0. We want to describe a function
(assignment of a color to a tile)

ϕ: U0→ {1, . . . , k}.
We do this by first defining̃ϕ: U0 → Sk and then setting, forδ ∈ U0, ϕ(δ) = ϕ̃(δ) · 1
(the permutatioñϕ(δ) applied to 1).

We now begin the task of defining̃ϕ: U0 → Sk. We choose an integerp. Let δp,L

(resp.δp,S) be any large (resp. small)Tp-tile. Now fix δp,L andδp,S. Let

Uδp,L = set ofT0-tiles contained inδp,L

and

Uδp,S = set ofT0-tiles contained inδp,S.

Remark 9. Evidently, if p is large enough we can choose a function

9: Uδp,L ∪ Uδp,S → Sk

such that9(UL ,δ) = Sk = 9(US,δ) whereδ = δp,L or δp,S andUL ,δ (resp.US,δ) stands
for the set of long (resp. short)T0-tiles in δ.

For any integermand any tileδm of theTm-tiling we can define9(δm) ∈ Sk following
the method explained in Definition 4.

Fix a tileα of theT0-tiling. Choose an arbitrary elementh0 of H . Now letβ be any
tile of T0. Let m be an integer such thatα andβ belong to the same tile ofTmp. Let

α = α0, αp, . . . , αmp= βmp, . . . , βp, β0 = β
be chosen such thatαi p (resp.βi p) is the unique tile of theTip-tiling which contains
α(i−1)p (resp.β(i−1)p. We define

ϕ̃(α) = h0

and

ϕ̃(β) = h0 ·9(α0)
−1 ·9(αp)

−1 · · ·9(αmp)
−1 ·9(βmp) · · ·9(βp) ·9(β0).

With these preparations we are now ready to indicate the proof of Theorem 2 ((G, σ,M)-
symmetry for G= Aut(M)) stated in the Introduction.

We will now prove that the color assignmentϕ(β) = ϕ̃(β) · 1(β ∈ U0) has the
local (G,M)-symmetry property (see Definition 1 in the Introduction) forG = Sk,
M = {1, . . . , k}.

Let 6 be a finite patch ofT0-tiles. Letσ ∈ Sk be given. We can assume that6 is
contained in a tileδlp of theTlp-tiling for l sufficiently large. (This is possible sinceT0

is not an exceptional tiling (see Remark 3).) Letδ′(l+1)p be anyT(l+1)p-tile. We are going
to find aTlp-tile δ′lp contained inδ′(l+1)p having the same tile type (i.e., large or small)
asδlp such that the color of aT0-tile of δ′lp is related to the color of the corresponding
T0-tile of δlp via the permutationσ . It is clear that such a tileδ′lp exists because ifU ′l is
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the set of allTlp-tiles of the same tile type asδlp contained inδ′(l+1)p, by the choice of
9,9(U ′l ) = Sk.

Therefore, the color assignment given byϕ has the local (Sk, {1, . . . , k})-symmetry
property.

As we pointed out in the Introduction, in order to produce a (mixed) coloring with
(G, σ,M)-symmetry it suffices trivially to handle the case whenG is the full auto-
morphism group ofM . Thus we have found a coloring of theT0-tiles which has local
(G,M)-symmetry.

2.4. Colorings with Prescribed Isolation and Frequencies

Recall Definition 8 of “color isolation.” We now prove the existence of a coloring ofT0

with (G, σ,M)-symmetry with the additional requirement of color isolation.
More precisely, let8H : U0→ H be a globalH -orientation ofT0-tiles (U0 is the set

of T0-tiles). LetMh(h ∈ H) beG-stable subsets ofM consisting of the allowed colors
for tiles in globalH -orientationh. Let S be the set

∏
h∈H Mh. The groupG acts onS

coordinatewise. Let #(S) = k. Fix a bijection ofSwith {1, . . . , k} and proceed as in the
previous section to get a coloringϕ of U0 by elements ofSwith Aut(S)-symmetry. Let
δ ∈ U0. Let h be the globalH -orientation ofδ. We define

ϕ′: U0→ M

by ϕ′(δ) = theh-coordinate ofϕ(δ). This is an isolated coloring of the tiles ofT0 by the
colors inM and has local(G,M)-symmetry.

Finally, as we stated in the Introduction, in addition to color isolation one may also
wish to see colors in certain frequencies by prescribing the desired ratios. More precisely,
let Mh(h ∈ H) beG-stable subsets ofM as above consisting of the allowed colors for
tiles in globalH -orientationh. Let Ch,1, . . . ,Ch,N be the distinctG-orbits in Mh. (Of
course,N depends onh.) Suppose that one wants to see the colors ofCh,1, . . . ,Ch,N

in the frequency ratiosah,1, . . . ,ah,N (positive integers) among the tiles in globalH -
orientationh. (What we mean by this statement, if not already obvious, will become
clear in the statement of Theorem 10 below). LetS′h be a set which is a disjoint union
of ah,1 copies ofCh,1, ah,2 copies ofCh,2, . . . ,ah,N copies ofCh,N . Let S′ be the set∏

h∈H S′h. The groupG acts on eachS′h and hence onS′. Let #(S′) = k. Fix a bijection of
S′ with {1, . . . , k} and identify (Aut(S′), (S′)) with (Sk, {1, . . . , k}). Proceed as before
to get first a coloringϕ of U0 by elements ofS′ with Aut(S′)-symmetry. Letδ ∈ U0. Let
h be the globalH -orientation ofδ. We define

ϕ′: U0→ M

by ϕ′(δ) = theh-coordinate ofϕ(δ). (Strictly speaking, theh-coordinate ofϕ(δ) is an
element ofS′h, but the latter is mapped in an obvious way toM asS′h is a union of several
copies of subsets ofM .)

The integerp in the statement of the theorem below is a sufficiently large multiple of
the integer (with the same symbol) which appears in Definition 4 and also the one chosen
as in Remark 9 after having identified (Aut(S′), (S′)) with (Sk, {1, . . . , k}) as above.
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Theorem 10. The above coloring of T0 which is associated to a frequency data a∗ =
{(ah,1, . . . ,ah,i , . . . ,ah,N)|h ∈ H} has the following properties:

(i) It has local(G, σ,M)-symmetry.
(ii) Let α be a fixed T0-tile. Let δmp be the unique Tmp-tile which containsα. Let

h ∈ H and let Ch,i , Ch, j be two G-orbits in Mh. Letµ ∈ Ch,i . Letµ′ ∈ Ch, j .
Let Ah,µ(δmp) (resp. Ah,µ′(δmp)) be the number of T0-tiles ofδmp in global H-
orientation h and having colorµ (resp. µ′). Then Ah,µ(δmp)/Ah,µ′(δmp) tends
to ah,i /ah, j as m→+∞.

(iii) Let h, h′ ∈ H . Let Ah(δmp) (resp. Ah′(δmp)) be the number of T0-tiles ofδmp in
global H-orientation h(resp. h′). Then Ah(δmp)/Ah′(δmp) tends to1 as m→
+∞.

We have already noted that the coloring has local(G, σ,M)-symmetry. The remaining
part of the article is devoted to the proof of the other two assertions in the theorem.

3. Uniform Distribution of Colors and H-Orientations

We begin with a lemma on the group algebra of a finite group. LetS be a finite group
and letR[S] be the group algebra ofS overR. It has a natural topology as a Euclidean
space. Define a subsetK of R[S] by

K =
{∑

s∈S
ass: as ≥ 0,∀s and

∑
s∈S

as = 1

}
.

The subsetK is compact. Note thatK · K ⊂ K .
In the statement of the two lemmas which follow, part (i) can be deduced from the

Perron-Frobenius theorem (see p. 53 of [Ga], for example). This was pointed out to us by
the referee for which we are thankful. For the sake of completeness we have indicated a
proof and this also serves another purpose: our proof of part (ii) of either lemma requires
only a slight modification of the arguments in part (i).

Lemma 11.

(i) Let b = ∑
s∈S bss be an element of the group algebra ofS overR. Assume

b ∈ K and bs > 0, ∀s. If bm = ∑
s∈Sαm,s · s, thenαm,s tends to1/#(S) as

m→+∞.
(ii) Let bn =

∑
s∈S bs,ns be a sequence of elements of K. Assume thatlimn→+∞ bn =

b exists and b=∑s∈S bss where bs > 0,∀s. Let x ∈ K . Define a sequence{xn}
by

x1 = b1x, x2 = b2x1, . . . , xn = bnxn−1, . . . .

Thenlimn→+∞ xn =
∑

s∈S(1/#(S))s.

Proof. (i) Let K0 be the intersection of all the closures{bm: m≥ n}. Chooseα =∑
agg ∈ K0 such that, for everyγ = ∑ cgg ∈ K0, supg(cg − 1/#(S)) ≥ supg(ag −

1/#(S)) (sinceK0 is compact such anα exists).
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Now letα′ = bα. Writeα′ =∑a′gg. Thena′g =
∑

s∈S bs−1asg and

a′g −
1

#(S)
=
∑

s

bs−1asg−
∑

s

bs−1

(
1

#(S)

)

=
∑

s

bs−1

(
asg− 1

#(S)

)

≤
∑

s

bs−1 sup
k

(
ak − 1

#(S)

)

= sup
k

(
ak − 1

#(S)

)
with strict inequality if(ak−1/#(S))are not all equal. By the choice ofα strict inequality
is not possible. Henceak − 1/#(S) is independent ofk ∈ S. However, 1/#(S) is the
average of{ak: k ∈ S} as

∑
k ak = 1. Henceak = 1/#(S); which impliesa′g = 1/#(S),

i.e.,bα = α.
Sinceα ∈ K0 we can choose a subsequence(bni )i∈N∗ such that

lim
i→+∞

bni = α = 1

#(S)

∑
s

s.

Thus ifbni =∑bni,ss, thenbni,s > 0,∀i, s, andbni,s→ 1/#(S).
For anym let bm =∑bm,sS. Then

∑
bm+1,s · s= (

∑
bs · s)(

∑
bm,s · s). So

bm+1,s − bm+1,s′ =
∑
g∈S

bg−1(bm,gs− bm,gs′).

Hence

sup
s,s′
|bm+1,s − bm+1,s′ | ≤

(∑
g∈S

bg−1

)
sup
s,s′
|bm,s − bm,s′ |

= sup
s,s′
|bm,s − bm,s′ |.

From this inequality together with the fact that limi→+∞ bni = (1/#(S))∑s s we obtain
that limn→+∞ bn = (1/#(S))∑s s.

(ii) Let K0 be the intersection overn of all the closures of{xm: m ≥ n}. Choose
α =∑agg ∈ K0 such that, for everyγ =∑ cgg ∈ K0,

sup
g

(
cg − 1

#(S)

)
≥ sup

g

(
ag − 1

#(S)

)
. (∗)

We claim thatag = 1/#(S) for all g. Suppose that all theag are not equal. Let
τ = (sup(ag)) − inf(ag)). So τ > 0. Let ε be a small positive real number. We can
choose an integerN >> 0 such that, for alln > N and alls ∈ S, we have

bs,n ≥ inf
s
(bs)− ε
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(infs(bs) is positive by the assumption made in the statement of part (ii) of the lemma).
Write xn =

∑
s as,ns. Sincexn+1 = bn+1 · xn we have

ag,n+1− 1

#(S)
=
∑

s

bs−1,n+1

(
asg,n − 1

#(S)

)

≤ sup

(
asg,n − 1

#(S)

)
− bw−1,n+1

(
sup

s
(asg,n)− (awg,n)

)
(∀w)

≤ sup

(
asg,n − 1

#(S)

)
−
(
inf

s
(bs)− ε

)
(τ − ε) (if n >> 0)

≤ sup

(
as − 1

#(S)

)
+ ε −

(
inf

s
(bs)− ε

)
(τ − ε) (if n >> 0).

Obviously it is possible to chooseε small enough such that

(inf(bs)− ε)(τ − ε)− ε ≥ 1
2

(
inf
{
τ, inf

s
(bs)

})2
.

With such a choice ofε, we obtain

ag,n+1− 1

#(S)
≤ supas − 1

#(S)
− 1

2(inf{τ, inf(bs)})2.

Thus if a subsequence{xn1, xn2, . . . , xnj , . . .} has limit α = ∑
ass ∈ K0, then the

subsequence{x1+n1, x1+n2, . . . , x1+nj , . . .} has a limitγ =∑ css, where

sup
s

(
cs − 1

#(S)

)
< sup

s

(
as − 1

#(S)

)
.

However, this contradicts (∗). This completes the proof thatas = 1/#(S) for all s.
Now, the proof that limn→+∞ xn =

∑
s(1/#(S))s can be completed as in part (i).

The aim of the next lemma is to arrive at the same conclusion as in the previous lemma
about the limit of a more complicated sequence.

Lemma 12.

(i) Let E= (xi, j )1≤i, j≤k be a square matrix whose entries are elements of the group
algebra ofS overR (S is a finite group). Let(xi )1≤i≤k be a column vector defined
by xi =

∑k
j=1 xi, j . Assume that xi ∈ K , ∀i . Let b(0) = (b(0)i )1≤i≤k be a column

vector of elements of K. Define b(m) = Em · b(0). Then the entries of b(m) belong
to K. If, for each s∈ S, the coefficient of s in each xi, j is positive, then

lim
m→+∞b(m) = (b̄i )1≤i≤k,

where each̄bi equals the element(
∑

s∈S s)/#(S).
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(ii) Let E(n) = (xi, j (n)) be a sequence of k×k matrices whose entries are elements
of the group algebra ofS overR. Assume thatlimn→+∞ E(n) = E = (xi, j )

exists. For each n define the column vector(xi (n))1≤i≤k by xi (n) =
∑k

j=1 xi, j (n).

Assume that xi (n) ∈ K ∀i,n. Let b(0) = (b(0)i )1≤i≤k be a column vector of
elements of K. Define, inductively, b(m) = E(m)b(m−1). Then the elements of
b(m) belong to K. If, for each s∈ S, the coefficient of s in each xi, j is positive,
then

lim
n→+∞b(n) = (b̄i )1≤i≤k,

where each̄bi equals(
∑

s∈S s)/#(S).

Proof. (i) Let K0 be the intersection of all the closures{b(m): m≥ n}. ThenK0 is a
compact set ofK ×· · ·× K (k copies ofK ). We will show thatK0 consists of the single
point mentioned in the statement of the lemma.

Chooseµ = (µi )1≤i≤k ∈ K0 with the following property: For everyv = (vi )1≤i≤k ∈
K0, writing µi =

∑
ai,gg andvi =

∑
ci,gg,

sup
i,g

(
ci,g − 1

#S

)
≥ sup

i,g

(
ai,g − 1

#S

)
.

Now letµ′ = E · µ. Letµ′ = (µ′i ) and writeµ′i =
∑

a′i,gg. Thenµ′i =
∑

j xi, jµj

and writingxi, j =
∑

s xi, j,ss, one has

a′i,g =
∑
j,s

xi, j,s−1aj,sg.

Hence

a′i,g −
1

#S
=
∑
j,s

xi, j,s−1aj,sg−
∑
j,s

xi, j,s−1
1

#S

=
∑

js

xi, j,s−1

(
aj,sg− 1

#S

)

≤
∑
j,s

xi, j,s−1 sup
j,g′

(
aj,g′ − 1

#S

)
.

Sincexi, j,s > 0, ∀(i, j, s), and since
∑

j,s xi, j,s = 1 the inequality will be strict if
(aj,g′ − 1/#S) are not equal. By the choice ofµ, strict inequality is not possible. This
implies thatµ = b̄ as asserted and thatEµ = Eb̄ = b̄.

We can choose a subsequence{b(ni )}i=1,2,... such that limn→+∞ b(ni ) = b̄. For anym,
let b(m) = (b(m)j )1≤i≤k whereb(m)j =

∑
g b(m)j,g g (the sum is overg ∈ S). Then

b(m+1)
j =

∑
l

xj,l ,b
(m)
l
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and

b(m+1)
j,s =

∑
l ,g

xj,l ,g−1b(m)lg,s.

Hence

b(m+1)
j,s − b(m+1)

j,s′ =
∑
l ,g

xj,l ,g−1(b(m)l ,gs− b(m)l ,gs′).

Hence

sup
s,s′∈S

∣∣∣b(m+1)
j,s − b(m+1)

j,s′

∣∣∣ ≤ (∑
l ,g

xj,l ,g−1

)
· sup

s,s′∈S,1≤l≤k

∣∣∣b(m)l ,s − b(m)l ,s′

∣∣∣
= sup

s,s′∈S,1≤l≤k

∣∣∣b(m)l ,s − b(m)l ,s′

∣∣∣ .
From this inequality together with the fact that limi→+∞ b(ni ) = (b̄j )1≤ j≤k whereb̄j is
equal to(

∑
g∈S g)/#S it follows that limn→+∞ b(n) = (b̄j ).

(ii) The proof of this part only requires the above argument to be slightly modified in
the same way as the second part of Lemma 11.

3.1. An Application of Lemma12

We now use the above lemmas to describe some results about uniform distributions. (See
[R2] for rules which force uniform orientational distributions of the tiles in a different
sense and for a study of ergodic properties of tilings.)

Let S be a finite group and let9: Uδp,L ∪Uδp,S → S be a function as in Definition 4.
For any integerm ≥ 0 and for any tileδmp of the Tmp-tiling define9(δmp) ∈ S as in
Definition 4, by looking at the relative position of(δmp, δ(m+1)p) whereδ(m+1)p is the
unique tile ofT(m+1)p which containsδmp.

We now define two elementsb(δmp), B(δmp) ∈ R[S] of the group algebra ofS over
R as follows:b( ) is obtained by normalizingB( ) :— if B( )=∑ Ass,b =

∑
(As/A)s

whereA =∑ As. Clearlyb( ) ∈ K , whereK is the compact space defined just before
Lemma 11.B( ) is defined inductively as follows:

(i) m= 0. For a tileδ of theT0-tiling B(δ) = e, the unit element ofR[S].
(ii) SupposeB( ) has been defined for all the tiles of theTip-tiling for i < m. We

define

B(δmp) =
∑

9(δ(m−1)p) · B(δ(m−1)p), (∗)

where9(δ) is as in Definition 4 and the sum is over all the tiles of theT(m−1)p-
tiling contained inδmp.
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Remark 13. For aT0-tile δ0 of δmp, let δ0, δ1, . . . , δ(m−1)p be the sequence such that
δi p is the uniqueTip-tile which containsδ(i−1)p. Then it is easy to see that

B(δ(mp) =
∑
δ0

9(δ(m−1)p) · · · · ·9(δp) ·9(δ0),

where the sum is taken over all theT0-tiles δ0 contained inδmp.
Clearly, B(δmp) depends only onm and whetherδmp is large or small. Normalizing

this for eachm we have two elementsbm,L andbm,S of K .

Lemma 14. We have

lim
m→+∞bm,L = lim

m→+∞bm,S = 1

#(S)

∑
s∈S

s.

Proof. Let B1,L = B(δp,L) whereδp,L is a long tile ofTp. Then B1,L =
∑

δ0
9(δ0)

where the sum is over all theT0-tiles δ0 ∈ δp,L . Taking this sum separately over the
long tilesδ0,L (resp. short tilesδ0,S) we can writeB1,L = x′ + y′ wherex′ (resp.y′)
corresponds to the sum overδ0,L (resp.δ0,S).

Similarly, let B1,S = B(δp,S) whereδp,S is a short tile ofTp. ThenB1,S =
∑

δ0
9(δ0)

where the sum is over all theT0-tiles δ0 ⊂ δp,S. Taking this sum separately over the
long tilesδ0,L (resp. short tilesδ0,S) we can writeB1,S = u′ + v′ whereu′ (resp.v′)
corresponds to the sum overδ0,L (resp.δ0,S).

Define positive integers:

αL = number of longT0-tiles in a longTp-tile,

αS = number of shortT0-tiles in a longTp-tile,

βL = number of longT0-tiles in a shortTp-tile,

βS = number of shortT0-tiles in a shortTp-tile,

|δn| = number ofT0-tiles in δn.

Let δmp,L (resp.δmp,S) denote a long (resp. short)Tmp-tile. One then sees that

|δmp,L | = αL · |δ(m−1)p,L | + αS · |δ(m−1)p,S|,
|δmp,S| = βL · |δ(m−1)p,L | + βS · |δ(m−1)p,S|.

By 10.5.5 on p. 563 of [GS] one knows the following: Ifδn,L (resp.δn,S) is a long (resp.
short)Tn-tile, then the limit of|δn,L |/|δn,S|asn→+∞exists and equalsτ = (√5+1)/2
(in particular nonzero).

With this notation one sees that

bm,L = |δ(m−1)p,L |x′
|δ(m−1)p,L |αL + |δ(m−1)p,S|αS

b(m−1),L + |δ(m−1)p,S|y′
|δ(m−1)p,L |αL + |δ(m−1)p,S|αS

b(m−1),S

and

bm,S = |δ(m−1)p,L |u′
|δ(m−1)p,L |βL + |δ(m−1)p,S|βS

b(m−1),L + |δ(m−1)p,S|v′
|δ(m−1)p,L |βL + |δ(m−1)p,S|βS

b(m−1),S.



474 A. El Kacimi Alaoui and R. Parthasarathy

Thus we are exactly in the context of part (ii) of Lemma 12 (with a sequence of 2× 2
matrices) applying which the conclusion of Lemma 14 follows.

3.2. Proof of Theorem10

Let 9H : Uδp,L ∪ Uδp,S → H be a relativeH -orientation which yields the globalH -
orientation8H . Without changing8H , we can replace8H by

9
(`)
H : Uδ`p,L ∪ Uδ`p,S → H,

where` is a positive integer and9(`)
H is defined preceding Proposition 7. Choose`

sufficiently large. Now letS = Sk × H and let

9S = 9Sk×H : Uδ`p,L ∪ Uδ`p,S → Sk × H

be any map such that

(i) the H -coordinate of9Sk×H is the same as9(`)
H ;

(ii) ` is large enough so that9Sk×H is ontoSk × H and in fact the restriction of
9Sk×H to the subset of long or shortT0-tiles of bothUδlp,L andUδlp,S is onto (see
Proposition 7).

Applying Lemma 12 we conclude the following:
(i) For anyn ∈ N ands, s′ ∈ S = Sk × H , let An,s (resp.An,s′ ) be the number

of T0-tiles δ0 in δnlp such that8S(δ0) = s (resp.s′). Hereδnlp is the uniqueTnlp-tile
containing a fixedT0-tile α0 and8S is defined as in Definition 5. Then

lim
n→+∞

An,s

An,s′
= 1.

From this it follows that

lim
n→+∞

(
An,q,h

An,q′,h′

)
= 1,

whereAn,q,h (resp.An,q′,h′ ) is the number ofT0-tiles inδnlp of colorq (resp.q′) and global
H -orientationh (resp.h′). Hereq,q′ ∈ {1, . . . , k}. However, (Sk, {1, . . . , k}) is the same
as (Aut(S′), S′)). If a tile in global H -orientationh had a colors′ ∈ S′, we assigned to
that tile a color fromM by taking theh-component ofs′. (RecallS′ =∏h∈H S′h, where
S′h is a union of copies (corresponding to the frequency data) ofG-orbits in the subsets
Mh ⊂ M consisting of allowed colors for tiles in globalH -orientationh.

From this description and from the fact about the limit (asn→+∞) concluded just
before, the assertions (ii) and (iii) of the theorem are evident.
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