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Abstract

We consider a stabilization problem for abstract second order evolution equations
with boundary feedback laws with a delay and distributed structural damping. We
prove an exponential stability result under a suitable condition between the internal
damping and the boundary laws. The proof of the main result is based on an identity
with multipliers that allows to obtain a uniform decay estimate for a suitable energy
functional. Some concrete examples are detailed. Some counterexamples suggest that
this condition is optimal.
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1 Introduction

Delay effects arise in many applications and practical problems. On the other hand,
it is well-known that an arbitrarily small time delay may destabilize a system which is
naturally stable (see e.g. [11], [8], [10]). Here, we consider a damped second order evolution
equation with a time delay in the boundary condition.



Let 2 C IR" be an open bounded set with a smooth boundary I'. We assume that '
is divided into two parts I'y and 'y, i.e. T = Ty U Ty, with Ty N T = 0 and measly # 0.
Note that the condition Iy N T; = () is only made in order to simplify the presentation,
hence our analysis can be performed without this assumption in a similar manner.

For ¢ = 0 and 1, we consider in €2 two strongly elliptic operators A; of order 2m; with
a positive integer my and m; = 1 of the form

Ai= Y (=)D (0l D"),

laf,|8|<m;
where ag?ﬂ = a/(@i)a are in C*(£2) and such that
Y ay(2)6” > ail¢P™ VEER, z e Q.

la|=|B|=m;

for some positive constant «;. Accordingly we can introduce the natural bilinear form

a;(u,v) = Z /Qa(i’)ﬂDo‘u DPvdx,Yu,v € H™(Q).

(0%
laf,|8]<mi

On I' we further fix a Dirichlet system {Dq;}72% ! of order mg with the terminology
of [25] (in particular Dy; is an operator of order j) and without loss of generality we can
assume that Dy is equal to the identity operator Id. We also take Dqg = Id. According

to section 2.4 of [25], there exists a system {Tj;}7%y ! with smooth coefficients such that

the order of T}; is equal to 2m; — 1 — 7 and such that the next Green formula holds:

m;—1

a;(u,v) = /QAZ-uvdx - Z /FTijuDijvdF Yu € H*i(Q), v e H™(Q). (1.1)
=0

In this domain €2, we consider the initial boundary value problem

uy + Agu + Ajuy =0 in Q x (0, +00)

Doju=0 on T'yx(0,400) Vj=0,---,myg—1

To;u=0 on I'yx(0,400) Vj=1,---,mpg—1

pug(x,t) + kug(z,t — 1) = Toou(x, t) + Tour(z,t) on I'y x (0,400)
uw(z,0) = ug(x) and w(x,0) =uy(z) in

u(z,t) = fo(x,t) in Ty x (—7,0),

e N N N N
—_ = = e e
N O Ot = W N
— e e N N N

where 7 > 0 is the time delay, i is a nonnegative real numbers, £ is a real number and
the initial datum (ug, u1, fo) belongs to a suitable space.

In the case p > 0, (1.5) is a so—called dynamic boundary condition. Dynamic bound-
ary conditions arise in many physical applications, in particular they occur in elastic
models. For instance, these conditions appear in modeling dynamic vibrations of linear
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viscoelastic rods and beams which have attached tip masses at their free ends. See [2, 6, 27|
and the references therein for more details.

We are interested in giving an exponential stability result for such a problem under
a suitable relation between the operator A; and the coefficient k.

Note that the above system is exponentially stable in absence of time delay, that is if
7 =0 (see e.g. [29]). Then, we will investigate the robustness of the boundary feedbacks
with respect to (small) time delays.

We will show that, in both cases ;= 0 and g > 0, under the condition

1> |k|Cp, (1.8)

where C'p is a sort of Poincaré constant related to the operator A; and described below,
the energy of the solution of system (1.2)—(1.7) satisfies a uniform exponential decay
estimate. This holds for every delays 7 > 0.

Our result applies to several models, in particular wave equation and Kirchoff system
with Kelvin-Voight damping (see section 4).

In a previous paper [30] we addressed the problem to contrast the destabilizing effect
of a time delay in the boundary feedback considering the system

ug(x,t) — Au(z,t) =0 in Q x (0,4+00) (1.9)

u(z,t) =0 on Iy x (0,+00) (1.10)

%(m,t} = —kyu(z,t) — kauy(x,t —7) on Ty x (0,400), (1.11)
v

with ki, ko positive constants and initial data in suitable spaces. We proved that under
the condition

the system (1.9)—(1.11) is exponentially stable. This was obtained by introducing a suit-
able energy functional and by using appropriate observability inequalities. Condition
(1.12) is optimal in order to have stability of the above model. Indeed, if 0 < k; < Ky
there are unstable solutions, namely solutions whose energy is not decaying to zero.

Analogous problem in one dimension was proposed by Xu, Yung, Li [36] and solved
through a careful spectral analysis.

Here, our aim is to contrast the effect of a boundary delay damping with an interior
damping. The general idea is that if the dissipative law Aju; in (1.2) is strong enough with
respect to the boundary one with a delay, then the system will be exponentially stable.
On the contrary, we will show, in dimension n = 1, that if this condition (1.8) is not
satisfied then the system becomes unstable. We expect that similar phenomena occur in
dimension n > 2 but we were not able to obtain positive results (except in tensor product
situations, like a square for instance).

An opposite problem, namely the wave equation with interior delay damping and
dissipative not delayed boundary condition, has been studied in [1].

The paper is organized as follows. The second section deals with the well-posedness
of the problem obtained by using semigroup theory. Here we need to distinguish the case



i > 0 to the case = 0. In section 3, we prove the exponential stability of the delayed
system (1.2)—(1.7) by introducing a suitable energy functional. In section 4 we illustrate
some concrete examples of our abstract model: the damped wave equation and the Kirchoff
model. Finally section 5 is devoted to some instability examples in dimension one.

2 Well-posedness of the problems

In this section we will give well-posedness results for problem (1.2)—(1.7) using semigroup
theory. We have to distinguish the two cases u =0 and p > 0.
We assume that ag is strongly elliptic on

Vi={ue H™(Q): Doju=0o0nTI4Vj=0,---,mg— 1}, (2.1)
namely we suppose that there exists a positive constant 3y such that
ao(u,u) > ﬁ0||u||§{mo(m YueV. (2.2)
Similarly we suppose that there exists a positive constant [3; such that
ar(,0) > Gillulldne, Vu € HE,(9), (23)

where, as usual,

Hi, () ={ueH(Q) : u=0 on Iy}

From this estimate and a trace result, we deduce that the next Poincaré estimate
holds: there exists a positive constant C'p such that

/ [v]*dl’ < Cpay(v,v), Vv € H{ (Q). (2.4)
IS}
In the sequel Cp is defined as the smallest positive constant such that (2.4) holds.

2.1 The case =0

In that case system (1.2)—(1.7) enters in the abstract framework developed in [31]. Indeed
using the notations from that paper, it suffices to take H = L?*(2), V given by (2.1),
A = Ay, Bf = /A that maps H}, (Q) into H (looking at A; as a positive self-adjoint
operator from H into itself) so that

BB = A,

maps H{ (€) into its dual. But since V' is continuously and densely embedded into H}, (€2),
By Bf = A; also maps V into V’. For B} we take the trace operator up to a multiplicative
factor, namely

BV — LAy : u — Vkyu,

where ~; is the trace operator on I';y.



With these notations, we now show that (1.2)—(1.7) is equivalent to the system (1.2)
of [31], namely

i(t) + Au(t) + ByBiu(t) + BoBsu(t —7) =0 in V', t >0
u(0) = up, 4(0) = uy, (2.5)
Bsu(t—71)= fot—7), 0<t<T.

Indeed if u is solution of this last problem then we have

Taking first test function ¢ € D(2), we find that (1.2) holds in the distributional sense.
Coming back to (2.6) and using (1.1) (in a weak form), we find that (1.3)—(1.5) hold (with

p=0).
Now in order to apply the existence result from Theorem 2.1 of [31] we need to check
the assumption (2.5) from that paper that reads in our setting as follows

30<ag <1, YueV, |Bsullisq,) < aolBiullis - (2.7)

From the definition of B} and Bj this is equivalent to

J0<ap <1, VueV, |kl [ |uf < aoai(u,u). (2.8)
It

In view of the definition (2.4) this is finally equivalent to
|k|Cp < 1. (2.9)

Note that this condition is slightly weaker than (1.8).

At this stage we can apply Theorem 2.1 of [31] and obtain the next existence result,
Theorem 2.1 below. Before stating it, in order to write it in a compact form, like in [30]
we introduce the auxiliary unknown

2(x, p,t) = w(x,t —7p), x€ly, pe(0,1), t>0. (2.10)

Then if we denote
U= (u,ut,z)T,

problem (1.2)—(1.7) is equivalent to

{ U’ = AU, (2.11)

U(0) = (uo, u1, fol-, — T))T ;

where the operator A is defined by

U v
Al v | = —(Aou+ A) |,
z —T_lzp



with domain

D(A) = { (0,0,2)T € V x V x LAy HY(0,1))
Toju=0onTly,7=1,---,my—1, (2.12)
A(ﬂ,é"’AfU"‘BQZ(',l) GLQ(Q), U:Z(',O) on Fl }

This operator is well defined on the Hilbert space
H:=V x L*(Q) x L*(T'; x (0,1)). (2.13)
From Theorem 2.1 of [31] follows the well-posedness result:

Theorem 2.1 Assume that (2.9) holds. Then for any initial datum Uy € H there exists
a unique (weak) solution U € C(]0,+00), H) of problem (2.11). Moreover, if Uy € D(A),
then

U € C([0, +00), D(A)) N C*([0,+00), ),

that s called a strong solution.

2.2 The case >0

As before we use the auxiliary unknown (2.10) hence problem (1.2)—(1.7) is equivalent to

ug(z,t) + Agu(z, t) + Ayug(z,t) =0 in Q x (0,400), (2.14)
T2z, pt) + 2,(x, p,t) =0 in T’y x (0,1) x (0, +00), (2.15)
Dyju=0 on TI'yx(0,400) Vj=0,---,mp—1, (2.16)
Toju(z,t) =0 on Iy x(0,400) Vj=1,---,mg—1, (2.17)
ug(w,t) = pH(—kz(x, 1,t) + Toou(a, t) + Thous(x,t)) on Ty x (0, +00), (2.18)
2(x,0,t) = u(z,t) on Iy x (0,00), (2.19)
u(z,0) =ug(x) and wu(x,0) =wuy(z) in €, (2.20)
2(x,p,0) = fo(x,—pr) in Ty x(0,1). (2.21)

The difference with the previous subsection is here to use
U = (u,u, yug, 2)"

as vectorial unknown where, as above, v; is the trace operator on I'y. Then the previous
problem is formally equivalent to

U= T
T (Utautt,’hutt,zt) ]
= (u, —Aou — Ayug, p= ' (=k2(-, 1) + Toou + Trows), =77 2,)

Therefore, problem (2.14)-(2.21) can be rewritten as

{ U =AU,
U(O) = (u07u1771u17f0('7 - T))T7

6
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where the operator A; is defined by

u v

A v - —ﬁou — A
U1 % (—k‘Z(, 1) + T()()U + T1011>
2 —77 1z,

with domain

D(A) = { (u,0,00,2)7 €V x V x LX) x L2(Ty; HY(0,1))

Toju=0o0onTy,j=1---,mg—1,

Aou + A1U € LQ(Q), (223)
Toou + Thov € Lz(Fl), TV =V = Z(,O) on I’y },
defined as an unbounded operator in the Hilbert space H; defined by
Hy =V x L*(Q) x L*(['y) x L*(T; x (0,1)). (2.24)

Assuming that (2.9) holds we will show that 4; generates a Cy semigroup on H;. From
(2.9) there exists a positive real number ¢ satisfying

§

2
M<>< oIk (2.25)

Hence we define on the Hilbert space H; the inner product

U
v
U1

z

N

1

> = ao(u,ﬂ)jt/ﬂv(x)ﬂ(x)dx (2.26)

Sy R

H

+p /F1 vl(:c)@l(x)dl“—il-ﬁ/rl /01 z(x, p)Z(x, p)dpdl .

Theorem 2.2 Assume that (2.9) holds. Then for any initial datum Uy € H; there exists
a unique (weak) solution U € C([0,4+00), H1) of problem (2.22). Moreover, if Uy € D(A;),
then

U € C([0,+00), D(A;)) N C([0, +00), Hy),

that is called a strong solution.

Proof. Take U = (u,v,v1,2)T € D(A;). Then

AU, Uy = ao(v,u) — /Q o(@) (Agu(z) + Ayo(x))da
+ /1“ (Toou + Thov — kz(z,1)) v(z)dl — 771 /F /0 2,(x, p)z(x, p)dpdl.
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So, by Lemmas 2.3 and 2.4 below (generalization of Green’s formula (1.1)) and using the
definition of D(A;) we obtain

(AU, Uy, = —a1(v,0) — k/r z(x, Dv(x)dl — = (z,1) — v*(x))dT. (2.27)

Fl

Using the Cauchy—Schwarz and the Young inequalities we find

(AU, Uy, < —ay(v,0) + (@ + 25_7)/ 2(x)dl + (“;‘ 2%) /F1 22(z,1)dl. (2.28)

Using the definition (2.4) of Cp, we deduce that

(AU, Uy, < ( 1+ Cp(% Z)) ai(v,v) + (@ — %) / 2*(z,1)dT. (2.29)

Now, observing that from (2.25),

ML &y <o

B =

we obtain (A4,U, U)y, < 0, which means that the operator A; is dissipative.
Now, we will show that A\I—A; is surjective for a fixed A > 0. Given (f, g, g1, h)T € Hj,
we seek a U = (u, v, vy, 2)T € D(A;) solution of

u f
w-An| Y =17 |,

U1 g1

z h

that is, verifying

Au—v=fin (),

A+ Agu + Ajv = g in ),

Moy + pt(kz(+, 1) — Toou — Tygv) = g1 on 'y,
A2+ 71z, =honTy x(0,1).

(2.30)

Suppose that we have found u with the appropriate regularity. Then we have
vi=Au— fin (2.31)

as well as
vy =70 =2(2,0) = — fonl} (2.32)

and, as in the proof of Theorem 2.1 of [30], we find z in the form

p
2(z,p) = Mu(z)e ™" — f(x)e ™7 + Te_’\’”/ h(z,0)e*do on Ty x (0,1), (2.33)
0



and, in particular,
2(z,1) = Au(z)e ™ + z(z), =z €Ty, (2.34)

with zg € L*(T';) defined by

1

2o(x) = —f(x)e™ + Te_’\T/ h(z,0)e*do, = €T). (2.35)
0
By (2.31), (2.32), the function u verifies

Nu+ Agu+ MNAju=g+\f+ A fin Q, (2.36)

with the boundary condition (at least formally):
pN*u — Toou — ATyou = pu(gy + Af) — kz(-,1) = Tiof on T4. (2.37)

Multiplying the equation (2.36) by w € V and integrating in €2, we find
>\2/uwd:c—i— < Agu,w > 4+ < Aju,w >= /(g+)\f)wda:'+ <Aif,w> VYwelV.
) Q

Hence a formal application of Green’s formula (1.1) leads to
A / ww dz + ag(u, w) + Aaq (u, w) + / (Toou + NTou)w dl' = /(g + A )wdzx
Q r Q

+6L1(f, w) +/ Tlofw i’ Yw e V.

I

By taking into account (2.37) we get

AQ/uwdx+a0(u,w)+)\a1(u,w):/(g+)\f)wd93+a1(f,w)
Q Q

+/ [1(gr + M) — kz(-,1) — p)\’uJwdl Yw € V.
I
Finally using (2.34) we arrive at

ao(u, w) + Aay (u, w) + )\2/

uw dx + / [ANee™Tu + pA?ujw dT (2.38)
Q N1

=/{2(9+Af)wdx+a1(f,w)+/ [1(g1 + \f) — kzlwdl Yw € V.

I
As the left-hand side of (2.38) is coercive on V, and the right-hand side defines
a continuous linear form on V., the Lax—Milgram lemma guarantees the existence and
uniqueness of a solution u € V' of (2.38). Once we have obtained u € V', we define v by

(2.31) and z by (2.33). We can notice that v belongs to V since u and f are in V, while
z belongs to L*(T'y; H'(0,1) by the regularity of g, the fact that u,v € V and a trace
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theorem. In particular z(-,1) belongs to L?(T';). With these choices, we can equivalently
rewrite (2.38) as follows:

ao(u, w) + a1 (v, w) + /\/

vwdx:/gwda: (2.39)
0 0

-|-/F (g1 — Av) — kz(-, D]wdl’ Yw € V.

If we consider w € D(2) in (2.39), we see that u, v solve in D'(Q)
Aou+ Av + v = g, (2.40)

which is nothing else than the second identity of (2.30). Note that this identity also
guarantees that

Agu+ Ay =g — e L*(Q).
It then remains to check the natural boundary conditions, namely the third identity of
(2.30) and
Toju=0o0nTly, Vj=1,---,mog— 1L (2.41)

For that purpose, we distinguish the case my = 1 or mg > 2:
i) If my > 2, we notice that A;v belongs to L*(€) because v belongs to H?(Q2) (V being
included into H%()) and therefore u € FE(Ag; L*()) (with the notations introduced
below). Then in that case we apply Lemma 2.3 below for the first term of the right-hand
side of (2.39), while we can directly apply (1.1) to the second term of the right-hand side
of (2.39). This yields

mo—1

/Aouwda:— Z (To;w; Dojw) +/A1vv da:—/ Tiovwdl
Q Q Ty

=0
—I—)\/vwd:p:/gwdx—i—/ w(gr — v —kz(-, 1) wdl Yw e V.
Q Q r

Due to (2.40), this is equivalent to

mo—1

— Z (To;u; Dojw) — / Tipvwdl’ = / (g1 — M) — kz(-, D]wdl’ Yw e V.
= I, r

This proves that the third identity of (2.30) and (2.41) are satisfied because the mapping
mo—1

w— (Dojw)j:O

is continuous and surjective from V" into [ P Emo=i=12(T),
ii) If mg = 1, we directly apply Lemma 2.4 below to the pair (u,v). This yields

/(Ao + Ay uw dx — (Toou + Tiov; w) + )x/
0

dex:/gwdx
Q Q

+/F (gr — M) — kz(-, D]wdl' Yw € V.
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Due to (2.40), this is now equivalent to
—(Toou + Thov; w) = / (g1 — ) — kz(-, D]wdl’ Yw € V.
ry

This proves that the third identity of (2.30) holds (while (2.41) is meaningless).
The well-posedness result follows from the Lumer-Phillips theorem. [ ]

Let us now recall the next technical results proved in Theorem 4.2 of [25] (see also
Theorems 2.3 and 3.2 of [26]).

Lemma 2.3 Let us set
E(Ay; L2(Q)) = {u € H™(Q) : Agu € L*(Q)}.

Then for any u € E(Ag; L2(Q)) and any j = 0,...,mo— 1, Tyju belongs to H™ I~/
and the next Green’s formula holds

mo—1

ao(u, w) = / Aguwdz — > (Toju; Dojw)  Vw € H™(S),
Q

J=0

where (To;u; Dojw) means the duality bracket between H™ =YY = H-mo+i+1/2(T)
and H™~I=1/2(T).

In a similar manner we now prove the next technical results.
Lemma 2.4 Assume that mg = my = 1. Let us set
E(Ag, A; L*(Q)) = {(u,v) € H'(Q)? : Agu + Ajv € L*(Q)},
which is a Hilbert space for the norm
I % = By + Nl + Aot + Avlage
Then for any (u,v) € E(Ay, Ar; L2(Q)), Toou + Tiov belongs to H=Y2(T')" and the next

Green’s formula holds

ao(u, w) + a1 (v, w) = /(Aou + A )wdr — (Toou + Tyov;w)r  Yw € HY(Q),  (2.42)
0

where (-;-)r means the duality bracket between H~/?(T') and HY/*(T).

Proof. We follows the lines of the proof of Theorem 1.5.3.10 of [13]. In a first step we prove
that D(Q)? is dense in E(Ay, Ay; L?(Q)). For that purpose we fix an extension operator
P from H'(Q) into H'(R™). Thus for every continuous linear form [ on E (A, Ay; L*(Q)),
there exist fo, fi € H}(R") and g € L?*(2) such that

l(u,v) = (fo; Pu) + (f1; Pv) + /Q(Aou + Aw)gdr  V(u,v) € E(Ag, A; L*(Q)). (2.43)
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Moreover since [ depends only on u and v in €2 and not on Pu and Pv in Q¢ we deduce
that supp fo C Q and supp fi C Q.

The density result will be proved if we can show that any [ that vanishes on D()?
is identically equal to 0. Hence consider [ such that

l(u,0) =0 ¥ (u,0) € D)2

From the previous considerations this is equivalent to have

orU) + (fis V) + / (AU + AV)gde =0 ¥ (U,V) € DR,

n

where § means the extension of g by zero outside Q and for i = 1,2, A; is an extension
of A; in Q° that keeps the same properties than A;. But this is equivalent to (recall that
A7 = A)

Agg = —fo and A1g = —f1 in H'(R™).

Consequently due to the ellipticity assumption we get that g belongs to H!(R") or equiv-
alently g belongs to Hy(f2). Using these informations in (2.43) we get

I(u,v) = —(Agg; Pu) — (A1§; Pv) + /Q(Aou + Aw)gdr  V(u,v) € E(Ag, Ar; L*(Q)).

Now we take a sequence g, € D(2) such that
gn — g in H}(Q) as n — oo.

Then for (u,v) € E(Ay, Ar; L*(Q)),

l[(u,v) = lim (— (Aogn; Pu) — (A1gn; Pv) +/

n—oo 9]

(Agu + A1v) gy, d:v) .
But since g, is smooth we may write

(Agu + Ayv)g, de = — / Aognudx
Q Q

— / Aigpvdx + /(Aou + Ayv)g, dx =0,
Q Q

by an application of Green’s formula. These two identities show that [ is zero on E( A, Ay; L*(Q)).
With the density result in hands, we consider the mapping

T D(Q)2 — L2(F) : (U,’U) — Toou + Tlo'U.

Fix for a moment (u,v) € D(Q)% Then by Green’s formula for any w € H'(€), we
have

/FT(u, vwdl = /Q(Agu + Ayv)w dx — ap(u, w) — ai (v, w). (2.44)

12



Therefore by Cauchy-Schwarz’s inequality we obtain
| [ T vpwdr] < Clwo)lelolmo,

for some positive constant C' that does not depend on u,v,w. This shows that T'(u,v)
belongs to H~/2(T") because the trace operator

w—>w|p

is continuous and surjective from H'($2) onto H'/?(T").

Since D(Q)? is dense in E(Ay, A;; L2(Q)), we can extend T by density to the whole of
E(Ag, Ay; L*(2)). Finally we obtain (2.42) by passing to the limit in the standard Green’s
formula (2.44), the left-hand side being transformed into a duality bracket after the limit
process. N

3 Stability result

In this section, we will prove an exponential stability result for problem (1.2)—(1.7)
under the assumption (1.8).
Fix a positive constant « such that

a> |kl and aCp < 2— |k|Cp. (3.1)

Note that such a « exists due to the assumption (1.8). Now, let us introduce the energy
of the system

E(t) = %(/Q w2 (2, t)dz + ao(u, w)) + g/r w2(x, t)dl

o [t
+—/ / ui(z, s)dlds,
2 t—7 JI'1

which is the standard energy for wave type equation plus an integral term due to the
presence of a time delay and, in the case u > 0, a term due to the dynamical boundary
condition.

(3.2)

Proposition 3.1 Assume (1.8). For any strong solution of problem (1.2) — (1.7) the en-
ergy is decreasing and there exists a positive constant C' such that

E'(t) < -C {al(ut,ut) + /r1 uf(z,t — T)dF} : (3.3)
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Proof. Differentiating (3.2) we obtain

E'(t) = / g dr + ag(u, uy) + %/ u(x,t)dl
Q 1]

_2/ ul(x,t — 7)dl +,u/ w(z, t)ug(z, t)dl.
2 Fl 1—‘1
Using (1.2) and taking into account the regularity of u, we get
E'(t)=— / u(Aou + Aruy) dx + ag(u, ug) + %/ u?(x,t)dl
Q I

-2 uf(z,t —7)dl + ,u/ ug(z, t)ug(x, t)dl.
2 I Iy

Applying Lemmas 2.3 and 2.4 and using the boundary condition (1.4), we obtain
«
E'(t) = —ay (ug, ug) + (Toou + Thous; ug)r, + 5/ u?(x,t)dl’
I
—g/ uf(z,t — T)dF—l—,u/ u(x, t)ug (x, t)dl.
2 Jr, r
By the feedback law (1.5), we arrive at
E'(t) = —aq (g, up) — k/ w (@, t)uy(z, t — 7)dl
I
—i—g/ ul(x,t)dl — g/ ul(z,t —7)dl.
2 Jr, 2 Jr,
Then, from Cauchy-Schwarz inequality,

E'(t) = —ay (uy, uy) / t)dl' + — L / ur(z,t — 7)dl
r r (3.4)

a
+§/Fl ut(x,t)df—§/ u?(z,t

I't

and so

E'(t) < - (1 - |k‘;a0p> ay(ug, ug) — &_Q‘k‘ ul(x,t — 7)dl,
Iy

where in this estimate we have used the Poincaré’s estimate (2.4). Since the constant «
satisfies (3.1), estimate (3.3) is proved. W

Proposition 3.2 Assume (1.8). There exists a time T > 0 such that for all times T > T
there exists a positive constant Cy (depending on T) for which

E(T) < C, /OT {al(ut,ut) + /F 2z, )dr} dt, (3.5)

for any strong solution u of problem (1.2) — (1.7).
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Proof. Multiplying equation (1.2) by u and integrating in space and time, we have

T
/ /(utt + Aou + Ajug)udxdt = 0.
0o Ja

So, integrating by parts, i.e., using Lemmas 2.3 and 2.4, we obtain

Uﬂ e } / | witzde + / ao(u, u)dt o

+/ al( dt+/ <T00U+T10Ut, >F1dt:0,
0 0

where we used also the boundary conditions (1.3), (1.4).
From (3.6) using the boundary condition (1.5) we have

/Tao(u u)dt = _U“t ] / /ut t)dxdt
/ /F ) (e (t +kut(t—7))dfdt—/0 st ).

Then, integrating by parts in time,

/Ta(uu)dt {/ut()()dx]T—u[/ u(t)u } //ut t)dadt
cu [ sariras— [ [ wente ~ryar - /m(ut,u)dt )

Since (2.3) guarantees that a;(u,v) is an inner product on Hf, (€2) by Cauchy-Schwarz
inequality we obtain

(3.7)

lay (ug, u)| < al(ut,ut)l/zal(u,u)lﬂ.

Now by the continuity of a; and (2.2) we find a constant C' > 0 such that
a1 (ug, w)| < Cay(ug, ue)ag(u, u)'/?,

and finally by Young’s inequality we obtain
1
lay (ug, w)| < C%ay (ug, ug) + Zao(u,u). (3.9)

On the other hand using a trace result there exists C'; > 0 such that
1/2
Iy I
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Hence using again (2.2) and Young’s inequality we get

1
\/ tyuy(t — 7)dl| < 02/ uf(t — 7)dl + Zao(u,u). (3.10)

Iy

From (3.8), (3.9), (3.10) and (2.2) and (2.4) we deduce the following inequality:

1/0 ao(u, u)dt < C(E(T) + E(0 ))+C/O ar(ug, ug)dt

2
+C/ / w2 (t — r)dldt,

for suitable positive constants C, C. In the following we will denote by C' any suitable pos-
itive constant, while C' is the constant in (3.11). Note that the constant C' is independent
of T.

By adding %fOT Jquidrdt and & fOT fF1 u?dl'dt to both sides of (3.11) and using once
more (2.2), we obtain

(3.11)

/OT Es(t)dt + g /OT /F w2(t)dTdt < C(E(T) + E(0))

+C’/OT {al(ut,ut)nt/r uf(t_T)dF} dt. (3.12)

where Eg(-) denotes the standard energy for our system, that is Eg(t) := ;5 fQ 2dx +
ao(u, u).
Now observe that, for T" > 7, we have

T ot T /T
/ / / ul(z, s)dldsdt < / / / ul(x, s)dldsdt
0 t—r JI' —7 JI
T+T T+T
/ / / u?(z,s — 7)dldsdt < T/ / u?(z T)dl'dt
Fl l_‘1

Adding %fOT ftt_T Jr, ui(x,5)dTdsdt to both sides of (3.12) and using the above esti-
mate we deduce

/OTE(t)dt < C(E(T) + E(0)) + C/OT+T {al(ut, w) + /Fl up(t — r)dr} dt.  (3.13)

From (3.4), using a trace result and (2.3), we have

E0) < E(T —i—C’/{ (g, uy) /uf(t—T)dF}dt,
1N

and so, using this estimate in (3.13) and the fact that the energy F(-) is decreasing,

TE(T) < /OT E(t)dt < 2CE(T) + C’/OTH {al(ut,ut) +/F ul(t — T)dF} dt. (3.14)
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Therefore, we can estimate
B B T+t
(T —2C)E(T+71)<(T-20)E(T) < O/ {al(ut,ut) +/ ul(t — T)dF} dt .
0 r

Since the constant C' is independent of T (while C' depends on T'), then for T suffi-
ciently large estimate (3.5) is proved. W

Theorem 3.3 Assume (1.8). For any strong solution of problem (1.2) — (1.7)
E(t) < C1E(0)e ", t>0,
with constants C, Cy independent of the initial data.

Proof. From (3.3), we have

E(T) — E(0) < —O/OT {al(ut, ug) + /F ul(z,t — T)dr} dt,

or equivalently

/OT {al(ut, w) + /F Wzt — T)dr} dt < C~L(E(0) — E(T)). (3.15)

By (3.15) and the estimate (3.5), we obtain

E(T) < Co/o {al(ut,ut) —i—/F ui(z,t — T)dF} < CoCHE(0) — BE(T)),
then
E(T) < CE(0),

with C' < 1. This easily implies the exponential stability estimate, since our system (1.2)—
(1.7) is invariant by translation and the energy FE(-) is decreasing. W

Remark 3.4 Analogous arguments apply if we have more than one delay term in the
boundary feedback, that is if condition (1.5) is substituted by

pug(z, t) + Z kiug(z,t — 1) = Toou(x, t) + Thous(x,t) on I'y x (0, 400),

i=1

with 7;,2 = 1,...,r, positive parameters and real numbers k;,7 = 1,...,r,. In this case,
the right energy for our problem is

1 1 m ~a; [
B(t ::—/u2x,tdx+—a u,u +—/ up (@, t)dl" + —Z/ /uz%sdfdsa
(t) =3 g t(@,t)de + Sai(u,u) + 3 . i(z,1) 2.5 )i i(z,5)
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with suitable positive constants «;,i = 1,...,r. Indeed, if

1> CPXT: | kil
=1

choosing «; such that
a; > |kil, i=1,...,r, and Cchvi < 2—C’p2|kzi|,

we can prove that the energy is exponentially decaying to zero.

4 Some examples

4.1 The damped wave equation

As a first example we can take Ag = —A and A; = —aA with associated forms
ao(u,v) = / Vu-Vodzr, ay(u,v) = aap(u,v),
Q

where a is a fixed positive parameter. In that case V = Hf () and (2.2) and (2.3) hold
by the Poincaré-Friedrichs inequality.
With that choice (1.1) holds with

0 0
TOQU = __U Twu = —a—u,

ov ov

ou
where v(x) denotes the outer unit normal vector to the point z € I' and Em is the normal
v

derivative.
In this situation problem (1.2)—(1.7) reduces to

u(x,t) — Au(z,t) — aAu(z,t) =0 in Q x (0,+00) (4.1)

u(z,t) =0 on Ty x (0,400) (4.2)

pug(x,t) + g (x,t) = —agazit (x,t) — kug(x,t —7) on Ty x (0,400) (4.3)

u(z,0) =ug(x) and w(x,0) =uy(z) in (4.4)

u(z,t) = fo(x,t) in Ty x (—7,0). (4.5)

For = 0, the above model, with boundary condition on I'y,

ou

g(x,t) = —kuy(x,t —7) on T x (0,+00), (4.6)

instead of (4.3), has been introduced and investigated in [9]. It can be shown that system
(4.1), (4.2), (4.6) with initial data in suitable spaces is exponentially stable if 7 = 0,
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that is in absence of delay. We refer also to [3, 20, 21, 23, 17, 18, 19, 24, 37] for the
more studied case a = 0. However, the feedback law (4.6) is not stable with respect to
small time delays. Indeed, by direct eigenvalue calculations, in [9] it is proved that for any
a,k > 0 and any arbitrarily small delay, system (4.1), (4.2), (4.6) admits solutions whose
energy is not decaying to zero. Hence, it is important to look for feedback laws which are
robust with respect to (small) time delays.

The 1-d version of the above model with ;1 = 0 in the boundary condition (4.3) has
been considered by Morgiil [29] who proposed a class of dynamic boundary controllers to
solve the stability robustness problem.

In the case of dynamic boundary condition, that is g > 0 in (4.3), the above model
without delay (e.g. 7 = 0) has been proposed in one dimension by Pellicer and Sola—
Morales [32] as an alternative model for the classical spring-mass damper system. It is
well-known that in absence of delay the system is exponentially stable. Then, we are inter-
ested in conditions ensuring the robustness with respect to small delays in the boundary
feedback.

For this purpose, note that (2.4) may be rephrased as follows

lv?dl’ < %a/ Vou-Vodz, Yv e Hy (Q), (4.7)
Q

I

where Cp is the smallest positive constant such that

lv|?dll < C/ Vou-Vudz, Yv e Hp ()
r 0

holds. This means that Cp = % and (1.8) is equivalent to
a > kép . (48)

Therefore, Theorem 3.3 implies exponential stability of system (4.1)—(4.5) under the as-
sumption (4.8). Some counterexamples when this condition is not satisfied are illustrated
In section 9.

4.2 The damped Kirchoff model

Here we reduce to the one-dimensional or two-dimensional case, i.e. we let {2 C IR", with
n = 1 or 2. As operator Ay we take the biharmonic operator

AO - AQ,

with associated bilinear form

ao(u,v) :/u"v”das, (4.9)
Q

in dimension 1, while in dimension 2, we take

Pud*v 0% d*u 0?u %
= AulAv — (1 — 1 -2 4.1
ao(u; V) /Q { ubv = (1-7) (8:52 0y? * 0x? Jy? 0x0y 8x8y) }d:z;dy, (4.10)
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where v is the so—called Poisson coefficient, that depends on the constitutive material of
the plate 2 and is a real parameter that belongs to (—1 ) As operator Dy;, j = 0,1, we
take

0

DOO = JId and D01 = a—
14

With that choice, we have

9]
V:{ueHQ(Q):u:a—Z:OOnFO},

and (2.2) holds still by the Poincaré-Friedrichs inequality.
With this choice, we know that (1.1) holds for i = 0 with

a 1
Toou = Nu = Y ., Tohuw=—Mu=—u"
ov
in dimension 1, while
Tt = Nu = 22% 4 (1 - 5) Pu_ M 7Au+ (1 ~)82“
u=Nu= — V) u=—Mu=—vAu — V) —.
00 v ovorz ™ L2

in dimension 2.
We make the same choice as before for the operator A; and the form a;.
For that choice, problem (1.2)—(1.7) reduces to

wy (z,1) + A%u(x,t) — aAuy(z,t) =0 in Q x (0,+00) (4.11)
u(z,t) = g (x,t) =0 on Ty x (0,+00) (4.12)
Mu(z,t) =0 on Iy x (0,+00) (4.13)
pug(z,t) = Nu(z, t) — a%(z t) — kuy(x,t —7) on I'y x (0,400) (4.14)

u(z,0) = ug(x) and w(x,0) =uy(z) in (4.15)
w(z,t) = fo(x,t) in Ty x (—7,0). (4.16)

This system with @ = ¢ = 7 = 0 has been studied in section 9.4 of [18] where it is
proved that the system is exponentially stable under some standard geometrical conditions
on I'g and I'y (for the use of two feedbacks, we refer to [22, 33, 15]). According to [8, 10],
instability phenomena occur when a = =0 and 7 > 0.

The system with a = 7 = 0 is extensively studied in the literature and corresponds to
some SCOLE models, where some exponential or polynomial stability results are proved
in [4, 5, 6, 7, 27, 28, 34, 35] (for nonlinear problems, see for instance [12, 14]). As in the
previous section, the term aAwu; with a > 0 is introduced in order to restitute a stability
result independently of the delay.

Since the operator A; has not changed with respect to the previous subsection, The-
orem 3.3 implies exponential stability of system (4.11)—(4.16) under the assumption (4.8).
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5 Some instability examples

In this section we will give some instability examples, in dimension one, for problem
(4.1)—(4.5) if a is close enough to zero and hence if condition (4.8) is no more valid.

For that purpose, let us consider the spectral problem for the system (4.1)—(4.5).
Namely we look for a solution u of this system in the form

u(z,t) = eMp(z), X eC.
Then, ¢ has to be a solution of the eigenvalue problem

MNp—(1+a\)Ap=0 in Q,
=0 on Ty, (5.1)
(1+aN)2 + (uN2+kAe™)p =0 on T

5.1 The case =20

Take Q2 = (0,1), 'y = {0} and I'; = {1}. For the sake of simplicity, we fix k = 1. In that
situation, the constant Cp = 1. Indeed by the identity,

valid for all v € Hf, (), we obtain by Cauchy-Schwarz’s inequality that
1
o(OF < [0 do,vo € (@),
0

which shows that (2.4) holds with C'» < 1. But the choice v(x) = z implies that Cp = 1
because in that case the above inequality becomes an equality.
Now with the above choices, the eigenvalue problem (5.1) reduces to find A € C and
¢ € H*(0,1) solution of
Np—(1+aN)g”"=0 in (0,1),
(0) =0, (5:2)
(14 aN)¢'(1) + Ae (1) = 0.
Hence for RA > 0 and X # 0, ¢ takes the form

AT
vV1+aA

for some constant «. The boundary condition at 1 is then equivalent to

a (\/ 1 + aX cosh(

o(x) = cusinh( )

) + e~ sinh(

A LD_O
V14 aA VitaN/
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Therefore any non zero eigenvalue A of problem (5.2) such that A > 0 is a solution of
the equation
A e T A
+ sinh(——=) = 0. 5.3
\/1+a)\> V14 a\ (\/l—l—a)\) (53)

This characteristic equation is similar to the equation (3.15) of [9] but unfortunately
the analysis performs in that paper to find solutions A with a non negative real part cannot
be adapted to our situation. Nevertheless some numerical results presented in Figures 2
to 4 for different values of 7 show that the equation (5.3) has indeed solution A such that
RA > 0 if a is small enough. For 7 = 6, Figure 2 shows even that for all a € [0, 1], there
exists a solution A such that RA > 0 and therefore the system is not stable for 7 = 6.

In order to obtain analytic results we use a perturbation argument. Indeed using
Theorem 5.1 below, we know that if the equation (5.3) with a = 0 has a solution Ay such
that Ao > 0, then the equation (5.3) has a solution A, such that R\, > 0 if a > 0 is
small enough. Hence we are reduced to study the equation (5.3) with @ = 0, namely

cosh(

cosh A 4+ e ™7 sinh A = 0. (5.4)
In a first attempt we look at 7 in the form
T = 2n,
with n € N. In that case, (5.4) becomes

(e +e ) e (e —e?) =0.

2X

Hence by setting y = e™**, we find the polynomial equation

Yt — "t —y—1=0. (5.5)

Now setting p(y) = y"™ — y™ — y — 1, we notice that p(0) = —1 and p(—1) = 2 if n is
odd. Hence for n odd, we deduce that p has a root yg € (—1,0) and coming back to A, we
find a solution A\ of (5.4) given by

—2X\¢ = In(—yp) £ i,

or equivalently

1 T
Ao = ) In(—yo) + iy

Since yo € (—1,0), In(—yp) is negative and therefore the real part of A\, is positive. Figures
1 and 2 show the real part of the roots of (5.3) for the values 7 = 2 and 7 = 6 respectively
and for a € (0,2). Red lines correspond to real roots, while blue lines give the real part
of complex roots. These figures confirm the above considerations.

To get similar results for small values of delays, we now take 7 in the form

T=—,
n
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Re(})

0.
0.
Figure 1: The case 7 = 2 and a € [0, 2]
0.2} ™
0.1

0} =
0.1
0.2
0.3}
-0.4
_O. 5 .

0 0.5 1 15

a

Figure 2: The case 7 = 6 and a € [0, 2]
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with n € IN odd. In that case, (5.4) becomes
(e* +e )+ e_%(eA —e ) =0.

Hence by setting y = e_%, we find again the polynomial equation (5.5). Therefore we
find a solution ¢ of (5.4) given by
2o

e In(—yo) % i,

or equivalently

n T
Ao = —§ln(—y0) + i

Since In(—yp) is negative and the real part of )\ is positive. Figures 3 and 4 show the
real part of the roots of (5.3) for the values 7 = 0.4 and 7 = 2/3 respectively and for
a € (0,2). As before these figures confirm the above considerations.

In summary we have shown that there exist arbitrarily small or large delays for which
the system (4.1)—(4.5) in 1d becomes unstable if a is too small.

Note also that we can repeat the above argument with the substitution y = e™m,
m € IN, for both sequences 7 = % and 7 = 2n obtaining, for m,n odd, for arbitrarily

small or large delays, solutions with arbitrarily large real part (cfr. [9]).

22

Figure 3: The case 7 = 0.4 and a € [0, 2]

5.2 A perturbation result

In the previous section we have seen that we need to show that the eigenvalues of problem
(5.1) approach the ones corresponding to a = 0 as a > 0 but going to zero. This is a natural
perturbation result that we shall show by using some classical perturbation results from
Kato. For that purpose, we notice that ¢ is a solution of (5.1) if and only if the vector

U= (¢, Mg, e )"

belongs to D(A) and satisfies
AU = \U.
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Figure 4: The case 7 = 2/3 and a € [0, 2]

Hence we only need to study the dependence of the eigenvalue of the operator A with
respect to a. For convenience we need to specify the dependency of A with respect to a,
that is denoted by A,.

We now state and proof the following result.

Theorem 5.1 The operator A, tends to Aqy in the generalized sense of Kato (cf. [16,
section IV.2.6]) or equivalently

A—A)t— (A= Ay in norm as a — 0,Y\ € p(Ap).

Consequently if Ay is an eigenvalue of Ay of algebraic multiplicity k, then for all € > 0,
there ezists o, > 0 such that for all a € (0,0.), A, has k eigenvalues in the open ball
B()\O, 6) .

Proof. Fix a positive real number . By Theorem 2.1 for all F := (f,g,h)T € H, there
exists a unique U, = (g, Va, 24)T € D(A,) solution of

Uq f
MN—-—A)| va | =19
Zg h

According to the proof of Theorem 2.2, they are given by

p
2o, p) = Mg ()™ — f(2)e ™ + Te_’\’”/ h(z,0)e’™do on Ty x (0,1), (5.6)
0

A 1

Ya =1 + T + )\af’ (5.7)
1 a

Y= T e 1+Aaf’ (5:8)

where s, € Hp () is the unique solution of

1+ Aa

bo(Sq, w) = /Q(g + o )\af)wdx - /1“1( ha e f + kz)wdl Vw € Hp (). (5.9)

25



with

)\2
_ . r.
ba(s,w) /Q(l n )\asw+Vs Vw)dz + /F1 T’ swd
Since \2 i
— 2 2 —AT 2 T
ba(s, 5) /Q(l s Vs + /F T

we deduce that there exists ag > 0 small enough and a positive constant aq (independent
of a) such that for all a € [0, ag], one has

ba(s, ) > aolllslay + sl32,)) Vs € HE(Q). (5.10)

For the remainder of the proof a is arbitrary in [0, ag], and Gy > 0 is a positive
constant independent of a (that may depend on \) and that varies from place to place.
The identity (5.9), the estimate (5.10) and Cauchy-Schwarz’s inequality yield

Isallzr ) + lIsallz2ay) < Boll Fll#, (5.11)

where || - || is the natural norm of H, i.e.,

0,2 = [ (IVal@) +o(oPyde + | | / (e, p)dpdr

Now for an arbitrary w € H[ (€2), by (5.9) and the definition of b,, we may write

bo(sa — So,w) = bya(Sa,w) — bo(S0, w) + (by — ba)(Sa, w) (5.12)
Na kaA
= d AT dr 1
1+Aa/ﬂf“}“"+1+me L (5.13)
Aa ka)?
Jwd [ s,wdr. 5.14
+ 1+)\a/93wx+1+/\ae /1“18w (5.14)

Taking w = s, — so and using (5.10), we obtain for all a € [0, ao:
Isa = sollm(@) + [Isa = soll2wy) < abo(llflloe + lfllz2y) + sallo + [1sallz2ry))-
Hence (5.11) and a trace theorem yield
[0 = sollmr(0) + [[Sa — sollz2wy) < aBol| F| - (5.15)

Now using (5.7), we have

Na A\a
a <A a a :
o = wollose < Al = sollos + o= lsallos + sl
By (5.15) and (5.11) we deduce that
[va = vollo. < afol| Flw,- (5.16)
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Similarly using (5.8), (5.15) and (5.11) we get
|ta — w0l a1y < abol| F |- (5.17)
Finally thanks to (5.6) we have
120 = 20l 20y x(0,1)) < Bollua — uollr2(ry)
and by a trace theorem and (5.17), we deduce that
120 = 20l L2(r1 % (0.1)) < aBoll F'[[ 24 (5.18)
The estimates (5.16), (5.17) and (5.18) show that
1A = Aa) 7 F = (A = Ao) ' Fllsey < afol| Fllse,.
which implies that
A=A — (A= Ay) " in norm as a — 0.

The reminder of the statements of the Theorem follow from Theorems IV.2.25 and IV.3.16
of [16]. N

5.3 The case >0

In the case p > 0, with the above choices, the eigenvalue problem (5.1) reduces to find
A €C and ¢ € H?(0,1) solution of

Np—(1+aN)p”"=0 in (0,1),
p(0) =0, (5.19)
(1+aX)@' (1) + (Xe ™ + X2u)p(1) = 0.

Hence for RA > 0 and A # 0, ¢ takes the form

AT )
V1i+al’

for some constant «. The boundary condition at 1 is then equivalent to

@(x) = asinh(

A —A\T 2 : A
a()\\/ 1+a) cosh(m) + (Ae™T 4+ Ap) smh(\/ﬁ))

Hence any non zero eigenvalue A of problem (5.19) such that A > 0 is a solution of the
equation

=0.

cosh( A )+ e M Sinh(L) =0. (5.20)
Vitad  V1+a V1+ad
We rewrite (5.20) as
FA)+G(\) =0, (5.21)
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where

A e A
P = o =) v M
GO = —2 ().

S
vV1+aA ' V1+a

We know from the previous analysis that, for small a and for arbitrarily small (large)
delays, the equation F(\) = 0 admits a solution \ with positive real part. Now, consider
aball BC {\€C : Re\ > 0} centered at A\ and that does not contain other zeroes of F.
Then, we have

|IF(A\)|>e>0 V A€ 0B, (5.22)

and
A

G| <
GO < s N

A :
S1
XedB | \/1 + a)

nh( ), YAeadB. (5.23)

So, for p sufficiently small,
G <[F(N)I, VAeB,

and therefore, from Rouché’s Theorem the equation (5.21) has a zero in the ball B.
In conclusion, we have also found unstable solutions of problem (4.1)-(4.5), if a > 0
and p > 0 are small.
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