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Abstract

We consider the heat equation in a polygonal domain Q of the
plane in weighted LP-Sobolev spaces

Ou—Au=nh, inQx|—mmnl,
u=0, on 09 X [—m, 7], (0.1)
u(-,—m) =u(-,m), in Q.
Here h belongs to LP(—m,m; LF (1)), where LE(Q) = {v € Lj, (D) :
rhv € LP(Q)}, with a real parameter p and r(z) the distance from
x to the set of corners of 2. We give sufficient conditions on pu, p
and ) that guarantee that problem (0.1) has a unique solution u €
LP(—m,m; L1 (£2)) that admits a decomposition into a regular part in
weighted LP-Sobolev spaces and an explicit singular part.
The classical Fourier transform techniques do not allow to handle
such a general case. Hence we use the theory of sums of operators.

Keywords: heat equation, singular behavior, nonsmooth domains.
AMS Subject Classification: 35K15, 35B65.



1 Introduction

This paper is the second one of a large program of research devoted to the
study of (nonlinear) heat equation in nonsmooth domains in weighted LP-
Sobolev spaces. Our final goal requires precise information about the solution
of the linear heat equation

Ou—Au=h, inQx]|—mn|
u =0, on 0§ X [—m, 7], (1.1)
u(-,—m) =u(-,m), in

in weighted LP-Sobolev spaces. In particular its decomposition into a regular
part and an explicit singular part is needed. Although this theory is well de-
veloped in weighted L2-Sobolev spaces [13, 16, 15, 4] or in LP-Sobolev spaces
[14], to our best knowledge such a result does not exist in the framework
of weighted LP-Sobolev spaces. The first class of papers are based on the
Fourier analysis, while the second one uses the theory of sums of operators.
For maximal regularity type results in weighted LP-Sobolev spaces, we refer
to [6, 19, 23, 20, 22]; here different techniques like estimates of the Green
function, the theory of sum of operators or blowing up can be used.

According to the approach of [14], the study of the linear heat equation in
non-hilbertian Sobolev spaces can be performed with the help of the theory
of sums of operators. Hence the goal of this paper is to make this analysis in
LP(—m,m; LE(§2)) for a large range of values of 1 and p. Our results extend
the ones from [13, 14] to the L7 (Q) setting.

This theory also requires, in a first step, to obtain uniform estimates of
the solution of the Helmholtz equation

—Au+zu=g in ,

u =0, on 0f2, (1.2)

where z is a complex number. This was performed in the companion paper
8].

For the sake of simplicity we have restricted ourselves to two-dimensional
domains 2. The results of this paper can be easily extended to the case of
domains with conical points.

The paper is organized as follows: In section 2 we recall some results on
the sums of operators in Banach spaces of Da Prato-Grisvard [6] and of Dore-
Venni [9]; we also state some basic results from [8] used later on. In section 3



we apply the approach of Da Prato-Grisvard to obtain a decomposition but
with non-optimal regularity informations. Section 4 is devoted to the proof
of the regularity of (0; — A)S, where S is the singular part of the solution
obtained before. The use of the approach of Dore-Venni and the results of
section 4 allows to get the optimal regularity result obtained in section 5.

In the whole paper the notation a < b means the existence of a positive
constant C', which is independent of the quantities a, b (and eventually the
above parameter z) under consideration such that a < Cb.

2 Preliminary results

Results on the sums of operators in Banach spaces, such as the result of G. Da
Prato and P. Grisvard [6] and of G. Dore and A. Venni [9], can be fruitfully
used to prove the singular behaviour of elliptic problems in non-Hilbertian
Sobolev spaces as in [14]. Let us recall these results.

Fix a complex Banach space F and a pair of closed linear densely defined
operators A : D(A) C E— E and B : D(B) C E — E. Hence we can define
their sum

L:D(L):=DA)NDB)CE—E:z— Lx:= Ax + Bx.

For an operator C' we denote by o(C) and p(C) respectively its spectrum
and its resolvent set.

2.1 First strategy

Assumptions on A and B:
(Hy) There exist M >0, R >0, 04 €]0,7], 5 €0, 7] such that

O+ 0 >,
Sa={N||A| >R, |arg\| < 04} C p(—A),
Sp:={N| |\ = R, |arg \| < 0p} C p(—DB),

and, for all A € Sy and all u € Sp,

_ M _ M
(A +AT) 1H§W’ (B + ) 1H§m;

(H2) o(~A) No(B) = 0;



(H3) The resolvent of A and B commute, i.e., for every A\ € p(—A) and every
€ p(=B),
A+ XD Y B+ul) ' =B+ul) " (A+ X))
Theorem 2.1. [6] Under assumptions (Hy), (Hs) and (Hs), the operator L

has an invertible closure.

Definition 2.1. The closure of L is defined by v € D(L) and Lz = v if there
exists a sequence gxn)n C D(L), which satisfies x,, — = and Lx, — y.
A solution of Lx =y is called a strong solution of Lz = y.

The inverse of L is obtained as the integral

(L)™' = i (A+XI)"Y NI — B) td\,

207 ol

where 7 is a path which separates o(—A) and ¢(B) and joins coe™" to coei®

where 0, is chosen so that m — 0p < 0, < 04.

2.2 Second strategy

Assumptions on A, B and E:
(Hy) E is a UM.D. space;
(Hs) | — 00,0] C p(A) N p(B) and there exists M > 0 such that, for every

t >0,
M
A+t < — B+t < —;
[A+en ) < (B +¢D7 <
This allows to define the complex power of A and B by setting, for R(z) < 0,
. oo
AF = —Sm(m)/ (A +t 1) 'dt,
T 0

This definition can be extended to R(z) = 0 by taking limits when they exist.

(Hg) For every s € R, the complex power A* and B* exist and are bounded
operators. In addition there exist K > 0, 74 > 0, 7g > 0 such that

TA+Tp < T,
and, for all s € R,
HAzs” S Kelslm, HstH S K6|S|TB.

Theorem 2.2. [9] Under assumptions (Hs), (Hy), (Hs) and (Hg), the op-
erator L is invertible.



2.3 Results on the Helmholtz equation

In this paper, we work with a polygonal domain Q of R? with a Lipschitz
boundary 052, in the following sense.

Definition 2.2. Let Q be a bounded domain of R?. We say that Q is a
polygonal domain if its boundary is the union of a finite number of line
segments T, j € {1,...,J} (T; being supposed to be open). Hence we do
not assume that 2 is a Lipschitz domain, that is we include the presence of
cracks.

Denote by S;,j = 1,---,J the vertices of €2 enumerated clockwise.
Without loss of generality we may assume that B(S;, 1) N does not contain
any other vertex of €). For j€{1,2,---,J}, let ¢; be the interior angle of
(2 at the vertex S;, A, and (r;,6;) the polar coordinates centered at .S;
such that

B(S;,1)NQ ={(rjcosb;,r;sinb;) |0 <r; <1,0<6; <} =D

For ji = (u;)]=;, we define the spaces Lh(Q) = {f € L},.(Q) | wf €
LP(Q)} with

J
7=1

where () is the distance from x to the vertex S; and n; € D(R?) are such
that
nj=1in D;(1/2), n; =00n Q\ D;(1),

where D;(r) is the truncated cone D;(r) = QN B(S;,r).
The space L7;(€2) is a Banach space for the norm

||f||L§(Q) = (/Q |f(x)]P wP(x) dx)l/p.

kip () is defined as the closure of

C5 () ={veC™(Q) | S; & supp v}

with respect to the norm

1/p
||u||vfyp(m:< /|D7 )P wP () (Ivl—k)p(x)dx) )
# ly|<k



We use the following notation for the semi-norm

1/p
wwmr(zlymmwwmw%mmm).
g IvI=k
In H}(Q) we will denote the norms in the following way

ufy = [ IVl and Juldy = [ VUl + u).

For /i and 7, we write fi > 7 in case, for all j € {1,...,J}, u; > ;.

Let us finish this subsection by stating two theorems obtained in [8] that
concern uniform regularity results for the Helmholtz equation in weighted
Sobolev spaces.

Theorem 2.3. [8] Let R > 0, p > 2 and Q be a bounded polygonal domain
Of Rz. Denote \ = (/\j)lﬁjSJ'

Let [i > —\ satisfies, for all j =1,...,J,
4p — 1)AF — pu5p* > 0 '

and, for all k € Z* and all j € {1,2,--- | J}, 2 — ]% — p; # k.
Then, there exists 04 €5, 7| such that, for all g € L%(Q), all z € T USy,

with
7t ={2€C|R(2) >0}, Sa={2€C||z| >R and |argz| < l4},

the problem
—Au+zu=g, mn €,
u =0, on 0f),

has a unique solution uw € Hy(Q). Moreover this solution is in D(A, ;) =
{u e Hy(Q) | Au € L(Q)} and admits the decomposition

J
u=ug+ Yy 1 > cx (2) Py (rv/z)e V2 o sin(X0),  (2.3)

. / 2 .
j=1 0<)\j<2—5—uj
SkEN,/\gzk)\j



Lv—1

T (3

with ug € V;’p(Q), CA;,(Z) € C and Pj,/\;(s) = > % with iy > 2 — pij —
i=0 v

2

» A o N |

Moreover, the following inequalities are satisfied
(a) |uR|V;’p(Q) + |uR|VF}f’1(Q) + ”uRHLg_Q(Q) N \|9HL§(Q);'

(b) |uR|V;’p(Q) + 2] |uR|Vﬁl‘p(Q) + [zl lurllre) < gl

J 1Mt
(c) > > lex () (142777 77) S 19llz2)-

. ’ 2 X
7=1 0<>‘j<2_;_l‘1
HkEN,)\}:k)\j

Theorem 2.4. [8] Under the assumptions of Theorem 2.3, D(Apz) C L5 ()
and we have

(a) If z € C satisfies R(z) > 0 then R(2) ||u||L§(Q) < ||g||Lg(Q);

(b) If z € C satisfies |arg z| < 0, then (1 + |Z|)||U||L§(Q) < ||9||L§(Q)-

Theorem 2.3 can be rephrased as follows. The operator (—A+ 2 1)~! can
be decomposed as

(—A+=D"=RE+X>n Y Tv()edv.  (24)

._ 2 )
j=1 O<)\;<27;7,LLJ
ENN 2k

where we use the linear and continuous operators

R(z) : L;(Q) — Vﬂ?’p(Q) 1 g UR,
TA;(z) : LZ(Q) —C:gr cA;(z) = <TA;,(2),g)

and the function ?ﬁ)\;,z(r, 0) = Pjx, (ry/z)e "V i sin(A;60). Recall that

(T (2) @ ¥x.2)(9) = (T (2), 9) ¥ o
Moreover, for all z € 77 U S4, we have

“R(Z)HL’;(Q)HV‘YQW(Q) + |Z|1/2HR(Z)HLE(Q)HV‘;“’(Q) + RGNz @)—rn@) S 1,
(2.5)

and
1

“T/\;(Z)”(LE(Q))’ S N (2.6)
1+ |23z




3 Application of the first strategy

Let us assume in the future that the assumptions of Theorem 2.3 are satisfied.
Consider the problem (1.1) with h € LP(I; L3(Q2)) with I =] — m,7[. In
that case, h admits the decomposition

h(z,t) = gi(z) + g(x,t) with, for a.e. x € Q, /Tr g(x,t)dt =0,

g1 € L) and g € LP(I; L;(€2)). To obtain such a decomposition, we just

have to define |
g1(x) = —/ h(z,s)ds.
21 J-n
Hence u is a solution of (1.1) if and only if u(z,t) = u(z) + v(z,t) with @
solution of

—Au gl(x)7 in Q7
u =0, on 0f), (3.1)

and v(z,t) solution of

o — Av = g(z,t), inQx]|—m x|,
v =0, on 09 X [—m, ],
v(-,—m) =v(-,7), in Q, (3.2)

/7r v(z,t)dt =0, forall z € Q.

—T

By [18] and as in [8], @ admits the decomposition

J
u=1ug+ Y n; > Cx 1 sin(\;0) (3.3)
j=1 0N <2=2—y; ’
IKEN X, =k

. _ 2,
with ag € V3 (Q),
HERHv;vP(Q) S HQIHLE(Q) and |5/\;.| S HngLg(Q).

Hence we concentrate on (3.2).

We shall apply the First Strategy (Theorem 2.1) on the space
E={he P(I;I5(Q))| for ac. x€Q, /_W h(z,t) dt = 0}.

8



In the future, we will use the index m to denote the fact that the functions
h of the space satisfy, for a.e. z € (), / h(z,t)dt = 0. In that way

E =L (I; L;(Q)).

We consider the operators

A:D(A)CE— E:uw— —Au, with
D(A) = L3,(I; D(Ay ) where D(A, ) = {u € Hy(Q)[Au € LE(Q)},

and
By:D(By) CE — E:uw Ou, with
D(By) = Wy, (I; LE(2))

={u€ E|dwu e LP(I; L(Q)),u(-, —7) = u(-,7)}.

Proposition 3.1. Under the assumptions of Theorem 2.3, the operator A+
By has an inverse closure i.e., for all g € L (I; Lg(ﬂ)), there exists a unique
strong solution v € L} (I; L7 () of (A+ Bo)v = g i.e. there exists (vn)n C
D(A) N D(By) such that v, — v and Av, + Bov, — g.

Moreover we have

v = 1/(A +21)" Y21 — By) 'gdz, (3.4)

271

with v : R — C defined for example by

v(s) = |s|e7 G for s <0,
= |5| 6i(g+5)7 fO’I" s > 0,

with § €]0,04 — 5[ and 04 given by Theorem 2.3.

Proof. Observe that by Theorem 2.4, we have D(A) C E and, for all A > 0,

_ 1
A+ AD7 < 5.

By [21, Thm I-4.2], this implies that —A is dissipative. As FE is reflexive
and R(I + A) = E, we have by [21, Thm I[-4.6] that D(A) is dense in E.
Hence by Lumer-Phillips and Hille-Yosida Theorems, A is closed. It is easy
to observe also that o(—A) = {—v; | £ € N} where (), is the strictly
increasing sequence of eigenvalues of —A in H} (). In particular v; > 0 and
kh_{& Vi = +00.



Concerning By it is easy to observe that D(By) is a dense subset of F and
that By is closed. Moreover a simple calculation proves that o(By) = iZ*
and therefore p(—B) D {A € C | A > 0}. Let us show that for all 0p < 7,
there exists M > 0 such that, for all p € S, = {p € C | |arg(p)| < b5},
|(Bo+pI) | < % To this aim, it is enough to prove that if u is a solution

f
’ Dol 1) + pu(, 1) = f(1), in Qx| — 7]

u(ﬂ, —m) = u(-,m), in (3.5)
u(z,t)dt =0,

then
| ||UHLP(I;L§(Q)) S ||f||LP(I;L§(Q))-

Multiplying the equation in (3.5) by v := wP|u[P"2u and integrating, we
obtain

/ /7r Oyuv dtdx + ,u/ /7T wP |ulP dtde = / /7r w? f|ulP 2udtdr.  (3.6)
QJ—m QJ—7 QJ—n
Observe that, by periodicity,

//7T 8tuvdtdx:—//7r Oy udtder.
QJ—n QJ—7m

Moreover by [2], we have

//7T Oywu v dtdr
QJ—m

. —2 7
:_]3// wp|u|p_2uamdtdl,_1’7// wP|ulP~ 47 yu dtda
2Ja)—x 2 QJ-m

T -9 ™
= _Q/ / v Oyu dtdxr — L/ / wP|ulP~*1 Oyu dtde,
2JoJ)—x 2 QJ—m

12)(/Q/:v@tudtd:v—I—/ﬂ/:vﬁtudtdx> = 0.

Hence taking the real part of (3.6) gives

1.e.

R(p) HUHLP(I;LI‘;(Q)) < HfHLp(I;Lg(Q))-

As |arg(p)| < 0p < §, we have ()| < R(p) and hence

1] ||U||LP(I;L§(Q)) S ||f||Lp(1;Lg(Q))- (3.7)

We conclude that (H;) is satisfied with 04 given by Theorem 2.3 and 0 =
5 —0p with 0 <dp <0 <0y — 7.

10



It remains to verify (Hj3). This can be easily deduced from the fact that
the variables are separate in these two operators.

Hence we can apply Theorem 2.1 to conclude. [
Remark 3.1 Observe that, multiplying the equation
u = f — pu,
by |O;ulP~20,u, integrating and using the inequality (3.7), we obtain also
(U [ul) lullzo ez S I llesne)- (3.8)
As it is clear that, for each t, we have
(A2 )R] = (—A+ 2 1) ((t)),
we can use the decomposition (2.4) and rewrite (3.4) as

J
v =URr+ Z nj Z oy, (3.9)

j=1 0</\;.<2f§fpj

FKEN, N =k\;
with
onlt) = — [ BT - Bo) g
) 271 J i
o (1) = 5 [ (Ty(2), (21 = Bo) ) g o) (3.10)

1 /
/ (Ta (2), (21 = By)~'g) Py (ry/z)e ™ 1 sin(X0) dz.
27rz " J

Proposition 3.2. Under the assumptions of Theorem 2.3, let us denote
o; = 1—7 MH . Forall s €0, min(1—0;,1/p)[, for allg € W35P(I, LE(2)),

there exist Qn, € WS+JJ’p(I) and E,\; such that vy, defined by (3.10) can be
written as

Uy, = (EAQ *t ) i sin(\;0) = (/Tr E,\; (@,7) g (t = 7)dr) r sin(Aj0).

—T

Moreover we have

v (t :7/ Ty (), (2] — Bo)'g) d,
Ey (x,1) Z e”“tP (rVik) e "V,
keZ*

11



where we used the notations introduced at the end of Section 2, and the

operator
Uy - Wi (1, L3(Q) — Wiri?(1) - g = G

18 continuous.

Remark 3.2 Observe that, by the domain of summation in (3.9), we have
o; > 0 and the condition p; > —A\; implies that o; < 1.

Proof. First observe that vy € LP([—m, m]; L7(€2)) and hence we can take its
partial Fourier series in t.
Step 1: For all f € LZ.(Q), the application C — C : 2z +— <T,\3_(z),f> is

holomorphic on A := {z € C | |arg(z)| < 04} and continuous on A. In fact
the problem

—Au+zu=f, in Q,
{ u =0, on 0f), (3.11)
is equivalent to
—Au=f—zu, in
{ u =0, on 0f2. (3.12)

By [18] as in [8], we know that the solution w of this second problem admits
the decomposition

J
.
u=ur+ Yy n; > dy 1 sin(\;6)
J
j=1 0<A§<27%7uj
IKEN, X, =k

with
dy = dy (f — zu) = /Q(f — zu)wy,

and wy independent of z. Moreover we have
J

(T (=), ) = dyy (f — 2u).

Hence it remains to consider the regularity of u with respect to z.

Let us consider the operator
S:C— LILG(), LE(Q) : 2= (A + 27

Observe that
Si)f=S(z+h)f=-=hS(z)S(z+h) f

12



and hence

<T>\; (Z + h’)7 f

~

(T3 (2). 1)

</w,\/ —(z+h)S(z+h)f /wX —25(= f))
(/w,\/S S(z+h)f —h/wAg_ z+h)f)
—l/wa@)( h) f = [ ws S+ n)f.

Q

\Hv

By Theorem 2.4 we have C' > 0 such that, for all f € L7(Q2), z € A and for
h € C small enough,

15(z+h)f =S flln = [AIS(2) S(z+h) flleze
Ch]

< p
= (1~|—|z|)(1+|z~|—h|)||f||Lﬁ(Q)
Hence we conclude that, for z € A,
(Tx,(z+h), f) = (T (2
lim h :—z/wx —/QwA;S(z f

and, for all f € L2(Q), the application C — C : 2 — (T (2), f) is holomor-
phic on A. In a Slmllar way, we prove the continuity of this application on

A

Step 2: The Fourier series coefficient in t of Uy, (x,t) satisfies

By definition of the Fourier series in ¢t and applying Fubini’s theorem we
obtain

17)\;,(1’,/{) :/:reiktv/\;(g;,t) dt = 1/<TA3(Z) g(-, k)

271 J z — ik

>¢X 2(7)dz

For R > k, let us consider the domain Dg bounded by v, g : [—1,1] = C
defined by 7v1r(s) = Re'279¢ and 4oz = —7|_ppg and, for € > 0 its
subdomain Dpg,, bounded by v1 r and 72 g 1= —7|[_R,R] + €.

As, for € > 0, the function

= (Ty(2), 5, k) ) ;.- ()

13



is holomorphic in an open domain containing Dg . then, by the Cauchy for-

<TA;(ik>=§('>k)>?/},\;,m( )

mula,
1 QL)
s o, < (22 >”’A’ ) dz
As this fonction of € is continuous for € € [0, ¢y| and constant, we deduce
1 9(, k) g9, k)
— T / / d T ’ /
o | (10 20 oy wyas < MERICLARINEPS
Iy, (Zk') 9(-, )> Uy ik ().
Let us prove that
. g(u ) 7 _
i [ (1. 80 iy oo

Am<n¢¢§@2>%w@m&

and
9(, k) .
T / = — l
L< )\j(z) 2 —1 k>w’\ () dz Ao
Observe that by Holder’s inequality, we have
= /wp |/ “W g, t) dtP da

||§(',k‘)||zz§(sz)

< /wp(x)[ lg(x, )P dtdo S HQHLp LLE(9))"

Hence by (2.6) we have

T)\/, zZ ,A -,]f ~
(T (2),4(-k)) o)

z — ik
22203
Z ’ —ry/z L
N 2] — || P (rv/z)e f| |7“)\7 Sln(A}9)| 91l 2o (z:22.(2))
with 3% — (1 — 1) = —g; < 0. This implies

Ty (z),q(-,k)) -
By atm) 5

J
/71,3 z — ik
1 1 o _
[ PR (0 sl

\/T
< {3 r Re’(2+5)9||7n]81n( 19

~ R J
14




from which we deduce that
Tyv(2),q(-,k)) -
< 52,1 )> Uy, () dz = 0.

i
RiIEOO Y1,R Z — ik
The argument to prove
g(’? k) n / g(a k) 7
T / / = — 1 T ’ ’
/7 < Aj (2), z —1k wkﬁz(l’) dz Ril—ir-loo Ya.8 A (2), z — 1k w)‘j’z(x) dz,

is similar. Step 2 is then proved.
Step 3: The operator Uy : WP (I; L(Q)) — WiroP(I) : g v Q; with

- 1 1
() = 5 L (Ty (2). (21 — By)"'g) d=
is continuous. By the results of [11], as 0 < s < 1/p, we know that
00 (o d
Wer(IH) = {g € B | [~ 1 Bo(Bo — pe 50D gl L < o0}
0 P
We have a similar characterization of W ?(I) by considering the operator
N:D(N)CE1—>E1:uI—>3tu
with
Ey = L7,(1),
D(N)={ue E | Ou e LP(I), u(—m) = u(m)}.

Hence
if s+ 0; < 1/p then
ST0; > ST0 — T
W1 = {g€ By | [T MINN +71) gl ) T < oo},

5+Uj P

W27r,m
Claim 1: For 7 > 0, we have
[ (=), Bol=1 = Bo)™'g)
7

if s +0; > 1/p then
* SO0 - T
() ={g € B | [ T PIN(N +7 1) gl T < oo,

dz
z24+T7

N(N + T])_l(j)\; =5
15

(3.13)



First observe that
1
N(N +71) gy = 2—7”/ (Tx(2), Bo(Bo +71) "\ (I — Bo)'g) dz. (3.14)
v

Let us take the Fourier coefficients in ¢ of

1
5 [ (T (2), Bo(Bo + 71)7 (21 = Bo)~'g) d=.
211 0% 7

By Cauchy theorem, we obtain

271m' /7 <T”'(Z)’ (ik + TZ)]ZZ —int k)> dz = — (T (ik).4(. 1)) zkz—li T

J

In the same way, if we take the Fourier coefficients in ¢ of

dz
z—l—T’

1L<TA§(2)730(ZI — Bo)flg>

211

by Cauchy theorem, we obtain

1 1k dz
I Ty, al- k
27ri/7< (@) TRt )> a7

= 5 [ (B o o~ e TR s

oM T+ikz—ik_7+ikz+7
(g gk a

= 1\zZ . z
2mi L\ T ik 2 — ik

= — (T, (ik), (-, })) T —Zfzk

as <T ,\;(2), i(;’j)> is holomorphic on the right of ~.
As the Fourier coefficients of the two functions coincide, the two functions

are equal.

Claim 2: For 0 < s < min(1 — 0;,1/p), the operator Uy : WiP(I; L7 (Q)) —
WETTP(]) 2 g Gy, is continuous. As 0 < s <1/p, for g € WP (15 L3 ()
we have

|1 Bo(By — pe' 2 1) gl p = n(p),
with p
o0 s p
/ p*In(p)|P — < oo,
0 p

16



By (3.13), denoting 6y = § + J, we have

1 ftoo , . e dp
1~ o , 10, 6 o -1 o
N(N—l—T[) Q= 7271_2,/0 <T>\j(pe 0),BO</06 of Bo) g> peito _1_5
1 4o , : e "dp
. T, —i0) B ~or _ BV lg\—
o /O < N (p@ )7 0<p€ 0) g> pe—zﬁo + T’
and hence
T(5+9)P || N (N + T[)_lff/\; HIZP(I) »
| 1 oo , . eod
_ _(s+o)p , 10 o1 _ -1 7p
=T J /_7r 727”/0 <T,\j<p€ 0)7B0<p6 of BO) g> IOSZHO +r
1 +o0o . . e_ieodp P
S Ty (pe= ), By(pe T — By)lg) ———| dt.
27”./0 < ,\j(/)e ), Bo(pe 0) g> pe—ifo 1 7

+o0o +o0
Using the inequality H/o fller o S/O || flle (1), we have
of (i o T ~1,\|P 1/p
< oo /+ (/ (T (pe™), Bo(pe™ 1 — Bo)~'g) dt) i
0 -7
I/p \P

oot 7
.\ p
4r(stop)p / (/ dt) dp
0 -7

As the two terms behave in the same way, let us consider only the first term
of the sum. We have, using (2.6),
P /p \P
dt) dp

7‘(5+aj)p /+OO /7r <T)‘;' (pewo), BOKPQZ'OO] — Bo)ilg>
o Vs pe® 7

+oof pm [ wi+N, 1 ) p 1/p d P
< F(s+oy)p / / 5| Bo( pei?o [ — B) 1 e
ST ( . ( . lp 7 || Bo(pe 0) 9||L§(Q) pei® 1 7]

s+0; too Hj-’_)\;* L % — dp g
St ([ Bl = B o

Mo +7]
+oo  Hj+A 1 p
(s+0;)p </0 P 5 J_H;n(p).dp>
) p

T(s+aj)pHN(N + T[)_ldA; HiP(I)
P

(T3, (pe™™), By(pe™™1 — By)™'g)
pe T

17



pi+N, .
Asoj=—"52+1~— % we obtain

(s+0:)p 1a yp 400 . 7510 |p| s+0;) p
N D gl S ([ A0 e
p
too o \(T/p)Tidp
= / P U(P)W*
0 e + 2| p
This is a multiplicative convolution and we have, by Young inequality, that
QA; e Wetoir(J) if
+00 stoj
[T
o e +¢] ¢
which is true as 0 < s +0; < 1.
Conclusion. By Step 2, we have

o (k) = = (T (ik),§(-,k)) Dr ()

- <TA’~(ik)v§<‘ak>> Pj,A;O”\/%) —rVik LA sm()\;ﬁ). (3.15)

Let Qx, (t) = 9 / T,\/ (21— By)™ >dz. Applying again the Cauchy
theorem as above we see that its Fourier series coefficient in ¢ is given by

iglh) = g [ (Tl 200 @ = (g in.ac.).

Moreover the function EA/ x,t) Z e’ktP A/ r\/_ k)e —mVik i such that, for
all r > 0, E,\g_ (r,-) € L*(—m, ) an]:ieiven E,\;_ (r,-) € C°°([—m,7]). Hence we
deduce from (3.15) that
vy, (x,t) = (EAQ_ sk (j,\;) i sin(\;6),
which allows to conclude. [
Let us go back to the problem (1.1).

Proposition 3.3. Under the assumptions of Theorem 2.8, let o; =1 — 1 —

L;r/\; Then, for all s €10, min(1 — oy, 1/p)[ and for all h € W*P(I, L7(9)),

the problem (1.1) has a unique strong solution u with

J
u=up+tom; Y, uy
j=1 0</\;<2—%—uj
KEN, N =k\;

18



and, with the notations of Propositions 3.1, 8.2 and of (3.3),

un(@t) = —— [ R()(=1 - Bo)~\(h — 21 [ (.5 ds) dz + n()

271 ¥ ﬂ/- o
ux, (z,t) = (EA;. i q,\g_) 7 sin(\;6)

with qy; € WstaiP([) and Ey, verifying
w0 = )+ o
1 ™
_ / -l b , =
_ 2m/<TA( ), (z] Bo) ! (h %/_wh(,s)ds)>d1z+%,
E)\;_(x,t) EX (x,1) +7 > e p X (rv/ik) eIk 4 —

keZ* 2m
Moreover, the operator
U:W*P(I, Lz(Q)) — WoHoP(I) . ho— Qv
18 continuous.
Proof. By the previous results it is enough to prove that

(Ex; *t qx;) i sin(\0) = ox (2, 1) + Cx;-

Observe that, as / c],\;(s) ds = 0 and / E,\;, (r,t —s)ds =0, we have

(B wan)@t) = [ Bylrnt—s)o

= / EN’A;(r,t—s ~,\;_ s)ds + cy
= (E,\; i q)\;.)(x7t + oy,
= U&(:C,t) —|—5)\;.

The result follows.
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In the next result we extend Proposition 3.3 to h € LP(I, L5(9)).

Theorem 3.4. Under the assumptions of Theorem 2.3, let 0 = 1—%—@.

Then, for allh € LP(1, LZ.(Q)), the problem (1.1) has a unique strong solution

u with
J

u:uR—i—ZT]j Z UA;

-_ / 2
7=1 0<)\j<2757,u]
EkGN,A;:k)\j

and, with the notations of Propositions 3.1, 3.2 and of (3.3),
1 1 =
ur(z,t) = — [ R(2) (21— Bo)~*(h — ?/ h(-,s)ds)dz + ap(z)

271 ¥ T J—m

ux: (:L’, t) = (E)\; *¢ Q)\;_) i Sin(/\gﬂ)
with qx € WeiP(I) and E)\;, verifying
)

v, (t) = an(

_ ,/7<T;< ), <21_Bo)1(h—21ﬂ/” h(.,s)ds)>dz+@9,

—Tr

1
(, 7_Zelktp>\, 7"\/_) —rf+

kezr 2m
Moreover the mapping LP(I, L;(Q)) — WP(I) - h qx; 18 continuous.

Proof. We already know by Proposition 3.3 that, for 0 < s < min(1—o;,1/p),
the operator U which maps & to gy is continuous from W=r(/ ; L(Q)) to

Wetoib(I). We prove that U is also continuous from W*=H(I; L%(Q)) to
We=1t92(]) which allows to conclude by interpolation.
Claim 1: For 0 < s < min(1 — 0;,1/p), the operator U : W P([; L2 () —
W92 (1) 2 s qx; is continuous. We have

0

he W (1 LY(Q)) < Sho, by € WL LE(S)), h=ho + 5l

Hence we define
U W hP(1; LE(Q)) — We 7P ()
by

0
Uh = Uho—i—a—Uhl,

where h = hg + 2hy with hg, by € W*P(I; LZ(€2)).
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Let us show thaﬁt U is~we11 definegi. Assume that h admits a second
decomposition h = hg + %hl with hg, hy € W*P(I; L%(Q)) In that case we
have

0 ~
a(hl - h1)7

and hence w := hy — hy € WP (I, L¥(Q)). As w € WP (I LE(Q))
we have that D,w = M — w' in WP(I; LE(2)) as 7 — 0. As
U WP(I; L (Q)) — WeP(1) is linear and continuous we have

ho — ho =

D.Uw=UD,w — Uw' as 7 — 0,

from which we deduce that Uw is derivable and

and hence, if hg + %hl = ﬁo + %Bl, we have

- o - o -
U(h,() - ho) - U(a(hl - hl)) - aU(hl - hl)
which means 5 9
Uh0+ &Uhl - Uh0+ aUhl

i.e. U is well defined.

It remains to prove that U is continuous. We have for h = hg + %hl with
ho, by € W*P(I; L7(S2)),

HUhHWS*l*f’j’P([) ||Uh0||ws+<fjﬁp(1) + HUhIHWSJr“jﬂP([)

<
S Mhollweraszniy + Iallwer iz @)
S Pllwsere@ne),

which proves the Claim.

Claim 2: LP(I; L%(Q)) — (W*P(I; LL(Q)), W12 (I; L%(R))),,. By Fubini’s

theorem, we have
WHP(L, LE(Q)) = Ly(Q, WHP(I)),

as well as

Wo P(1, L5(Q)) = LA(Q, Wy (1)),

21



and then by duality
s—1, _ s—1,
WETHP(LL Lp(Q)) = Lp(Q, Wm(1)).

Hence we may write
(WP, Ly(2)), WM (L LE()))s,p = (L (2, WHP()), LE(Q, WD)
and applying [25, Theorem 1.18.4, p.128], we deduce that

(WHP(L, Ly(2)), WP (1L LE()))s,p = L (92, (WP (D), W*H(1)) ).
Hence by [10, Thm 6.2], we obtain

(WHP(L, Ly (), WP (LL L (), = Ly (92, BYP (D).

As Taibleson’s results [24] yield LP(I) < B%?(I), we have shown that

Ly(Q, LP (1)) < Ly(Q, B (1)) = (W*P(1, Li(Q)), W™ (1, LE(Q)))s,p-
We conclude by Fubini’s theorem that

LP(I, L5(2)) = L(Q, LP(1)).

Conclusion. By interpolation the application

U (W13 L)), W (1 L))
> (WO (1), W 5(1) s gy

1s continuous.

As, for o; € N,
(W32s2(1), W H552(1), = B2(1) = Woso(1),
and, by Remark 3.2, g; €0, 1], we have a continuous operator
U (1 L) — WoP(D) s s gy,

and the result follows. O]
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. 0
4 Regularity of Qv — (5 — A>(77JUA})
In order to consider the regularity of ug we observe that upg satisfies

J
dpur +up — Aug =h—_ Y. (Olmjuny) — Alnjuy)) + ur

s / 2 X
j=1 0<)\j<2—;—,uj
HkEN,)\gzk)\j

Hence we need informations on the regularity of 8,5(77]4%) — A(nju,\;). This
is the aim of this section.

Lemma 4.1. The kernel H defined on R™ x [—m, 7] by

H(r,t) =3 Vike ™Vik ekt = 5™ Hy () et (4.1)

k€EZ keZ

admits the decomposition

H(r,t) = Hy(r,t) + Ha(r, 1), (4.2)
with
|H1(T7 t)| 5 ]-7 (43)
and )
Hy(r,t)| < ——rr. 4.4
| 2(7", >| ~ (7’2—|—|t|)3/2 ( )
Moreover, forl € N,
al+l

WH(T, t) = Hl(l)(r, t) —+ Hé”(?", t),

with H{l) and Hél) satisfying
B (0] $1 (45)

and
HO(r,0)] S (1] + 7). (46)

Proof. Let us define the function

EO(r 1) Zelrm h (4.7)
r,t) = —e" )
Y iz Vik
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We verify that EZ(JO) € L*(R x [—m,m]) as, using Parseval identity,

+o0 ’6—\r|m,2 +oo 27"\/Ecos(7r/4)
[y "
T k£0 ’k| >0 |k7|
+oo e85 cos (m/4)
= 2/ ds
= kP2
1 +oo
= 2 AR / e s < fo0.
i IF] 0

Considering the finite sum for |k| < K and passing to the limit as K — +o0,
we can take the Fourier transform in r of E}()O) using the fact that the Fourier

transform is an isometry and E\*) € L*(R x [—,@]). This gives

EV(60) = ¥ e ()™

k0
As, for k # 0,
ViR = [

[T

_‘r|ﬁ —i€r g — /+oo
0

z{r +ez§r)d —

0

e " ike—iﬁfr d’l“—|—/ e’ ike—zf'r dr
—00

2Vik

&4k’
we obtain .
EO( ) =23 ——¢ikt 4.8
Plen =23 oy (48)
Let E be the elementary solution of the heat equation in R? i.e.
M(t) _»
E(r,t)= e 4, 4.9
)= o (1.9
where
M) = 1, ift>0,
= 0, ift<O.

Then we have that the Fourier transform of E in r is given by

= Mi(t) /OJFOo e’% cos(ér) dr = M(t)e’g%.

n +oo T —ifr
E(éa /—47_‘_ / S < d?” - \/ﬁ
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Consider now the function Ry(r,t) which has as Fourier transform in r the

function ,
6_5 (t"’_ﬂ-) 1

Rol&:1) = ~ 2sinh(£27) * 282

With these notations we have

(E— Ry)(E,t) = 7256““

kEZ

/ e +OM(t)et) ekt g — / e~ .
9 sinh(€27) c e 2e2r

Hence we have, for k # 0,

1f e
B = 2{Slnh(£2)/ e~ (E2+ik)t dt—|—2/ —(ik+€2) dt}
— —&in
_ 1 { e (67(§2+ik)7r (S +z‘k)7r> + 2(€f(£2+ik)7f — 1)}

with

2(&2 +ik) | sinh(&2m)
1
24k’
and, in the same way,
By = 0.
Hence, we obtain
- 1 1 -
E—Ry)(E ) =—Y ——¢kt, 4.10
(B Ro)6.0) = 5. 3 e (4.10)

By (4.8) and (4.10), we deduce that
EI(JO) (57 t) = 47T(E'<€7 t) - Eo(f, t))

and hence
EI(,O) (ryt) = 4w (E(r,t) — Ro(r,t)).

Now observe that

0? — :
57 E( rt) = Y Vike IrVikgikt _ 260(r) > e
k#0 k;éo
= H(rl. 1) — 26(r)(Y ¢

— H(lr].8) — 260(r) (260 (8) — 1)
= H(|r[,t) — 4mdo(r)do(t) + 200(r).
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In the same way, we have

0? o o

o2 (E Ro)(T t) ﬁE(T t) mRo(r t)
and, denoting R(f, t) = —%, we obtain
32 ~ ~ 1

(f t) = _§2R0(£7t> = _52(R<£7t) 262 )

= CREH 5 = ~CRED) — 5 5(6)

2R 1 ~
= W(fat) - §5o(§)~

82

Hence we deduce
2

H(|rl, 1) — 4x80(r)So(t) = 2 EO(r, ) — 250(r)

s PR 1
= 471'%(7’, t) 47'['( 87’2 (T, t) — %
and therefore, for r > 0,
O*F R
Hr, )—47TW(T t) — 4w 5 —5 (1)
This suggests to decompose H(r,t) for r > 0 in the following way
O’R 0’E
H= Hl + H2 with Hl —477'? and H2 = 47TW
For H; we have
£2€_£Q(t+7r)

Hy(&,t) = 4m€2R(€,t) = —QWW.

Hence
Hi(r,t) = f/ e H (€ ) e
oo | & )
- __ eiré —&2(t+m) 4
/ sinh(&%m )e ¢
As t+ 7 > 0 we have e~ < 1 and hence
1 [t 1
Hy(r, 1) < — / , / dr,
(1)) < 7)o sinh(€27) ) - 7r\/_ % smh x2) v
+oo x2

26
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Now let us consider the estimate (4.4). We have chosen

O’F
Hy =4n——
and hence we have,
M(t 1 r? 2
HQ(T, t) = —277'\/(%) t73/2 (5 — %) e 4,
This implies
21 2|

t
Hy(r,t)| <2 - — —

NG

Recall that for all x > 0 we have
1—zle™ < (1+ x)_3/2

and hence
r? )

—3/2 -3/2 2\—3/2
2\, .
|Hy(r,t)| St (1+t < (t+7r7)

The result concerning the derivatives can be deduced easily by similar
considerations. For what concerns Hl(l), we just have to observe that

OV H, (r,t) too o (i€)3H >
H—(l) + 1\ / iré —&2(t+m) d
v () ort+l o € sinh(§27r)e ¢

and hence, as above,

H (r, 1)) S 1.

On the other hand, by recurrence, we can prove that, for some a; € R,

OV H, (1) 1) O*HE(r,t)

() _ _
Hy'(rt) = pE = 47 5341
33 3412
M(t) 1 2|3 =2
= 2 ()76_5 Zair?ﬂ—l—i
ﬁ \/7_f i=0 3
341 341

= 21——=

[%3-] o\ i
M) 1 e |lE 2\
WAV ;“ t)

and we conclude as above. ]
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Theorem 4.2. Under the assumptions of Theorem 3.4 and recalling that

oj=1-1— “’ , the mapping gy — (&

: A)(njuA;_) is continuous from
WaiP(I) into Lp([ LP(Q))
Proof. Recall that, by Remark 3.2, 0 < 0; < 1.

Case 1: Py =1 t.e. No+py — 1+ % > 0. Let us take the Fourier series in
tof f=mnj(2— A)uy,. We obtain

fo = ) (3= Auxg) = () (kT — Ay
= —c)\;(z’k) (2)\;-+1)\/_ke_“/7 A5~ sm()\;Q)nj(r),
with ey (ik) = (T, (ik), 3, k)) = —dy (k).

Let us consider the kernel H given by Lemma 4.1 i.e.

Z \/_kefr ik zkt Z H zkt.

keZ keZ

Hence, we have
fo= (Hwqy) (2N + 1) 75 sin(N0) n;(r)
= (2N + 1) P sin (V) () /_ H(r,s) qu (t — 5) ds.

As e
%/_ﬂH(r,s)ds:Ho(r):(),

we have
f=0@N+1) Pl sin(\;0) n;(r) /jr H(r,s)[qv (t = s) = qn (t)] ds. (4.12)
By (4.2) we define f = f; + fo with

fi= (2N 4 1) 75 sin(X0) 1y (r) / " H(r5) g, (t — 5) — gy (£)] ds.

—T

Step 1: Study of fi. By (4.3) we have

Al 5 700 [ la (= s) = ax (0)]ds
P4l (5)] ds + 2 o, ()]}
P57 () Ll sy + o, (8)]3-
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This implies that

™ 1 )
/ /|f1(56,t)|pr“jp'r’drdt < (/ =D+ gy
-7 JQ i
PWH(]/\;H%/"J"P(I) "‘/_W\QA;.(t)\pdt]

1
S Hq%”%ﬂ’jypg)/o r = Dptuip+1 g,

1 i
The integral / pRs=DPHp L g converges if (Ao = 1) + py + % > 0 which is

0
the condition to have P; N = 1.

Step 2: Study of fo. By (4.4), we have

, gy (t = s) — g (1)]
A—1 j j
|fol, t)| S () /4 (r2 + |s[)3/2 ds

from which we deduce

([ inGopa)” i
S [ 1) oy (= ) — ay (0P d0)F ds

By the assumption gy, € Wr (I) we have

drdy < ||q)\;-||€v"jap(1) < 0. (4.14)

/ |C]A;. (z) — q,\;(y)|p

|z — y[I+osp

Making the change of variables (z,y) = (t — s,t), (4.14) becomes

/ lan, (& = s) — qx ()7

i dsdt < Hq,\g_Hgvaj,p(I).

Denoting

™ A/vt—S— thp 1/p
“(S>:</ g (¢ = 5) — qx (1) dt) |

- s

this estimates is equivalent to

[ Ik(s)1rds < llax, ey (4.15)
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Going back to (4.13), we obtain

’r_ T _ 3 1 o
2 Miwiy S 75 () [ (2 + 1) sl () s,
which implies

/7r / | fo(z, t)[PrHP rdrdOdt
—m JQ

1 T p
e MG I M
0 - ls|) r
(4.16)
Observe that, by definition of o},
PG 1HR)+ (7" +s))~3 |S|aj+1 N1+ 2 »|s|oit 1»(%_'_1)—%
BN
= (% ~1tp;)+2 7 s flf@—%(% + 1)*%
2 (>\.—1+u])+7 2 3
= (m . 2 m —|— 1) 2
,,,2
= k(33)
where
(= 14pj)+2 3
k(r)=7—""7 " (r+1)2.
With these notations, (4.16) becomes
r? ds. dr
olnsgian < [, (R sl (s) TP (4.17)

Making the change of variables r’ = 72, (4.17) becomes

1l S /01</” <|">\ i <>,d|>‘“”
S LRl R T

Let us define
k(s) = k(s), if s €]0, 7],

= 0, otherwise.

In that case



where *,, denotes the multiplicative convolution. Now observe that, by
(4.15), we have

o0 ds
[T RS = [T ds = [P ds < o By

It remains to verify that k € L'(0, c0; %) i.e.
0o A —142 s dr
/ P p(r+1)_%—<oo.
0 r

This is true as, by the summation domain N} + j1; + % < 2 and as Pj’,\;_ =1,
N+ — 142> 0.

Case 2: deg(Pj,,\;_) = lj’,\;_ — 1> 1. In that case, we have
fr = n;(r) (ikI— Ay g = cx(ik) ik e ik P sin(X;0) 1;(r) P P(rVik) (4.18)
with P a polynomial function of degree L, N~ 2 and [, X such that
L +A§+uj—2+§ > 0. (4.19)

Let us introduce the kernel

H(l)(r, t) _ Z(ik>1+l/2 e’ ik 6ikt’
kez

where [ =0, 1, ...lj)\;, — 2. We see that

al+l
0 —
Y= |
By Lemma 4.1, we have
7O =g+ g (4.20)

with " and HY" satisfying (4.5) and (4.6).

In the same way as before, we define
£O = 5t sin(V0) s (r) /_ HO(r,5) gy, (t = 5) = ax (8)) ds.
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and we have
Ljx =2

1SS QA 170D, (4.21)

1=0
with

0t =5 () [ THO ) o (= 5) = ay (D] ds. (4.22)

Hence we have, as in the first case,

T 1 )
/ / LAY ) roor rdret S ’|Q>\;‘|W“j'p(l)/ pRg P gy
—m JQ 0
where the last integral converges as X+ p; + 1+ = > 0 which is true as 0; <

and [ > 0.

In the same way as before, we have

1 , ) o
Hf2 HLPILP ))5/0 p N1 )p+2 (/_ (7" + s |) (2+% ’ |» o+ ]+1/{/(3) |s|> o
1 d
S [ s (R ()P
0

with
A/j+z+uj 1
EO() =u™ =7 To(u+ 1)/,
We conclude observing that, as 0 < 0; < 1, we have

/Ook()(u)du<oo
0 u

Conclusions. Now observe that

0 0 on; Oux.
(57 = D)) = (5 — Duy, =250 —= —uy; A,

with % and An; equals to zero on D;(1/2) U (2\ D;(1)). Hence it is easy
to deduce that

0 877~ duy,
ni( 5 = Duy, = 8—; o~y An; € LP(1, L2()),
which concludes the proof. O]
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5 Application of the second strategy

Now we are able to consider the regularity of ug and to prove our main result.

Theorem 5.1. Letp > 2, (2 be a bounded polygonal domain of R? and denote
A= (Nigj<s
Let [i satisfies, for all j =1,...,J,

2p—2
—)\j < g < Tp

Ap— 1A — p2p* >0
and, for allk € Z* and allj e{1,2,---,J}, 2—2—uj # kX and pj+kN; # 1.

Let 0; = “7+/\J +1 =7, then, for every h € LP(I; L}(RQ)), there eists a
unique solutzon u € Lp([ Lp( )) of

Ou — Au = h(x,t), in Qx| —m x|,
u=0, on 0 X [—m, 7],
u(-,—m) =u(-,m), in .

Moreover u admits the decomposition
J

u=up+y m; >, uy,

j=1 0<A;<2727uj

FKEN, N =k,
with
ur € LP(L; V() N WP (1; LE(Y)
and
Uy, = (EA; *i q)\;_)r’\j sin(\;0)
where
ax; € WP(I)
and

1

E)\/ x, t Z elktp T\/_) 27
7

keZ*

Proof. Recall that, in the notations of the end of Section 2, we define

R(z): Lg(Q) — V;’p(ﬂ) g — UR
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where ug is the regular part of the solution of

—Au+zu=g, in €,
u =0, on 0,

and, for all z € 77 U Sy,

HR(Z)HLg(Q)_»v;vP(Q) + (1 +1z)) HR(Z)’|L§(Q)—>L§(Q) S L

Hence by interpolation we have (see for example [1, Thm 7.22]), for all § €
[0,1,

R < !

| ('Z)||L§(Q)H(L§(Q),Vﬁ2’p(0))g S~ T4 2)i?

In that case, by Theorem 3.4 and Remark 3.1

lurll Lo, (Lp( ) V2P(9))g)

_ I _
< H2m / R(z) (21 — Bo)~'(h —2*/ h(s,-) ds)dz +URHLp(z;(Lg(Q),v;’P(Q))g)

wJ—7

_ 1 /=
<o / IRG) (21— Bo) ™ (h = o= [ h(s, ) d5) | orumapzrann 42

wJ—7
+ ||1_LR||Lp(1;(Lg(Q),V§*”(Q))9)
1 1 L

S | ———ll(z 1 = By) ™! _7/” .
S or ) oG L = B =5 [ R d9lloragion d=

+||71R||LP([;(L§(Q), 2P(9)))
1

1
S %LW,‘h|‘LP(I;L§(Q)) dz+ K HhHLP(I;Lg(Q))

Hence, for all 6 € [0, 1],
up € LP(I; (LE(€), VP (2))o),

with the estimate
[urll o L@V (@)) S K(O)[2ll o ricr), (5.1)

for some positive constant K () that may depend on 6 but not on h.

Let us show that
ur € LP(I; VEP(Q)) N Wyl (15 LE(Q)).
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First observe that ug is a strong solution of

J
8tuR+uR—AuR:h—Z Z (8t—A)(77ju,\;_)+uR = hR

._ 2 )
j=1 0<)\9<2757u7
FLENN 2k

with, by the previous results, hp € LP(I; L5(€2)).

Then we apply the second strategy with

E = LP(I; L;(Q)),
and
A:DA)CE—E:u— —Au, with D(A)=L(I;D(Ayz)),

B:D(B)CE— E:uw— du+u, with D(B)=Wy"(I;L(Q)).
The assumptions (H3) and (Hs) can be verified as previously. The assump-
tion (H,) is satisfied by all L7;(€2) spaces (see for example [3]). It remains

to verify (Hg). To this aim we will apply the following result of Coifman -
Weiss (see [5] or for example [3]).

If — A 1s the infinitesimal generator of a strongly continuous contraction semi-
group in E which preserves the positivity then there exists K > 0 such that,
for all s € R,

|4 < K (1 +[s]) e2h.

For what concerns the operator A, we already know (see [8, proof of
Corollary 2.14]) that —A generates a Cj semigroup of contractions 7'(t). It
remains to prove that T'(t) preserves the positivity.

Let f € L¥(Q) with f > 0, A € [0, +oo[ and u € Hy(f2) be the solution of

vw € HL(Q), /w-wm/ uw:/fw (5.2)
Q Q Q
As f is real, the solution u is real. Let us decompose u = u™ — u~ with

u™ = max(u,0) and u~ = max(—u,0). Hence we have u*, u~ € H}(Q2) and
by (5.2) applied with w = u~, we obtain

/Q|Vu’]2+)\/ﬂlu’\2:—/gfu’§0.

Hence v~ =0 and u > 0.
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By [21, Cor I-3.5] we have that if —A is the generator of 7'(¢) then, for
all f e E,

T(t)f _ Aanolo et()\z()JJrA)_lf)\I)f
_ /\hj{.lo e Me t>\2()\I+A)*1f
_ —tA t)‘z —k
= lime Z (A + A)"f.

A—00 k>0

By what we prove just before we have (A\]+ A)~'f > 0 and hence T'(¢) f > 0.
We then deduce that the semi-group preserves the positivity. Hence, there
exists K > 0 such that, for all s € R,

||Ais|’LP(I;L§(Q)) < K(1+|s])ezll.

As —A is symmetric on the Hilbert space L*(I, L*(f2)), we have also (see for

example [3, p. 164]) '

HAZSHLQ(I,LQ(Q)) < 1.
Hence under the assumptions of Theorem 2.3, for 6 €]0, 1] close enough to
1 in such a way that 7/ = § and ¢ = 275?’1979) satisfy the assumptions of

Theorem 2.3, we have, by [25, 1.18.7/Th 4],

HAZSHL2 I1,12(Q)) ”AiSHiQ(I,Lg(Q))

HAisl‘LP(I,LZ(Q))
K7 (1+ |s])? e”3l.

<
<

Hence, for all such 6, for all € > 0 there exists K(e,60) > 0 such that
|‘Ai5HLP(I,L§(Q)) < K(e,0) e t+ls|
from which we deduce the existence of 74 < 7 such that
||Ais||LP(I,LZ(Q)) = 0(e™ ).

For what concerns B, observe that o(—B) = {—(ki + 1) | k € Z} and
hence o(—B) N [0, +o0c0[= (). Moreover we have seen that RT C p(—B) and,

for all A € RT,
1

A+ 1

and hence, as in [8, proof of Corollary 2.14], we see that —B is the generator
of a Cy semigroup S(t) of contraction.

1AM +B) 7 < —
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Let us show that S(t) preserves the positivity. Consider the solution
u € D(B) of
u+u+u=f>0,
u(=m) = u(m),

then

w(z,t) = (B+AI)7Lf

e (N (r—s)
B /—7r 6(1+)‘)7T — 6—(1+)\)7rf(

t
—i—/ e~ UFNE=S) £(5 5)ds > 0.

— (1)t

x,s)ds e

As above we deduce that S(t) preserves the positivity. By the previous result
of Coifman-Weiss, there exists K > 0 such that, for all s € R,

1B < K (1+[s]) e3P,
Hence we obtain 74 < 7/2 and 75 € |7/2,m — T4[ such that
|A%[| = 0(e™ ),
137 = 0(e™).

As all the assumptions of the second strategy are satisfied, we have the
existence of wp € Wy (I; L)) N LP(I; D(Ap ) solution of

Ow+w— Aw = hg, in Qx| —m 7
w =0, on 0 X [—m, 7,
w(-,—m) =w(-,m), in Q.

Claim: wr = ug and hence

ug € Wy (I; LE(Q)) N LP(I; D(A, ) 0 LP (15 (LE(), VP(2))g).

i fi
It is easy to observe that ug is a strong solution of

Oup +up — Aur = h
7
- > (Or(mjun) — Alnjuy,)) +ug, in Qx 1,

j=1 0<N;<2—2—p; (5.3)
FKEN,N,=k); )
ur =0, on 0f) x I,
ug(s, —m) = ugr(-, ), in Q.
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In fact, by Theorem 3.4, we know that u is a strong solution of

Ou—Au=~h, inQxI,
u =0, on 0 x I,
u(-, —m) =u(-,m), in Q,

i.e., for every n € N, there exist u,, € D(A) N D(B) and h,, € E such that
(A+ B)u, = hy,, u, — u and h,, — h in E. Moreover, as in Section 3, for
every n, we have the decomposition

J
Up, = Up,R T Z Uk Z ’me)\;.

S / 2 X
j=1 0<)\j<2757u]
EkGN,A;:k)\]-

By Theorems 3.4 and 4.2, we have
at(njun,xg,) - A(T/jun,)\;.) - at(ﬁjU,\;.) - A(njmg)-

By the estimate (5.1) we see that u, p — ug in E.

Now observe that wg is a strong solution of (5.3) as w, r = wg are such
that w, p € D(A) N D(B) and w, g — wg.

Hence applying the first strategy to (5.3) with

E =171, Lj())
A:D(A):=L"(I;D(A, ;) CE — E:uw— —Au,
B:D(B) = Wy"(I;L5(Q)) C E — E :uw— du+u,

we have by uniqueness of the strong solution that wr = ur and hence

ur € Wai (I3 L () 0 LP(1; DAy ) 0 LP (L5 (LR (92), V" (2)o).

Vi
Claim: D(Ap,) N (L5(Q), VP (Q))e € ViP(Q).
If w e D(A,,) then, by [18] as in [8], u admits the decomposition

J
u=uy+ Y n; > Cx, 7 sin(\;0).
j=1 0</\;.<2—%—uj
IKEN,N =k,
Recall that by [7] we have that

2P(Q) — W2P(Q) s u— wu

I
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as well as
LE(Q) — LP(Q) tu — wu

are continuous. Hence, if u € (L3(Q), 5”)(9))9 we have wu € (LP(Q), W22(Q)),.
By [1] we know (LP(Q2), W?P(2)), = W?%P(Q) and in particular r*iu €
W20r(D;).

By [12] we have
if py + A > 20 — %, then r#itA sin(\0) € W2*?(D;),
if 1+ X; <20 — 2 and pu; + \; & N, then 77 sin(X;0) ¢ W27 (D;).

As pj+ N, <2 — %, for 6 close to 1, we have i; + X < 20 — % and hence

u:ulevjp(g). O
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