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Abstract

We consider a two-dimensional singularly perturbed transmission problem with two
different diffusion coefficients, in a domain with smooth (analytic) boundary. The so-
lution will contain boundary layers only in the part of the domain where the diffusion
coefficient is high and interface layers along the interface. Utilizing existing and newly
derived regularity results for the exact solution, we design a robust Ap finite element
method for its approximation. Under the assumption of analytic input data, we show
that the method converges at an exponential rate, provided the mesh and polynomial de-
gree distribution are chosen appropriately. Numerical results illustrating our theoretical
findings are also included.
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1 Introduction

The approximation of singularly perturbed problems has retained the attention of many
authors in recent years. Let us mention [5, 9, 10, 11, 13, 14] and the references quoted there.
However, in all references quoted no analysis is carried out for differential operators with
piecewise constant or piecewise smooth coefficients. On the other hand, in many real life
applications, the differential operators have such piecewise coefficients that may have a very
large discrepancy. In that case, the solution of the problem will contain boundary layers near
the exterior boundary (as usual) but will also contain interface layers along the interface where
the coefficients have a large jump. We refer to [4] for the description of this phenomenon in one
and two dimensions and to [12] for several numerical methods for the robust approximation
of such problems in one-dimension.

The goal of the present paper is to extend certain results from [12] to two-dimensions. In
particular, we consider a singularly perturbed transmission problem in a domain with analytic
boundary. Under the assumption of the data also being analytic, we provide an asymptotic
expansion for the solution (in the style of [6]) that provides the necessary information for the
design of a robust finite element method that converges at an exponential rate as the degree
p of the approximating polynomials is increased. The expansion of the solution includes
an outer (smooth) part, an inner (boundary layer) part, an interface layer and a (smooth)
remainder. The regularity of each compoment is studied and known results from [8] allow
us to treat the outer and inner parts, as well as the remainder (defined on one part of the
domain). The results obtained for the regularity of the interface layer (and the remainder
defined on the other part of the domain) are new and in line with those reported in [12] for
the one-dimensional analog of our model problem. Our work closely follows what was done
in [7] but also includes the additional analysis for the interface layer.

The paper is organized as follows: In Section 2 we present the singularly perturbed problem
and describe the typical phenomena. Section 3 is devoted to the expansion of the solution of
our model problem into the parts mentioned above (i.e. outer, inner, interface and remainder).
The regularity of each component is also described in that section. Section 4 gives the
main approximation result and in Section 5 we show the results of numerical computations
illustrating our theoretical findings. We end with some conclusions in Section 6.

Throughout the paper the spaces H*(2), with s > 0, are the standard Sobolev spaces on
the domain 2 C R?, with norm || - ||so and semi-norm | - | . The space Hg () is defined,
as usual, by H}(Q2) := {v € HY(Q) : v|yq = 0}. LP(Q), p > 1, are the usual Lebesgue spaces
with norm || - [jop0 (we drop the index p for p = 2). Finally, the notation A < B means
the existence of a positive constant C, which is independent of the quantities A and B under
consideration and of the parameter ¢, such that A < CB.



2 The model problem

Let Q. and ©Q_ be smooth domains in R?, with respective boundaries 92, and 9f)_, such
that 02, N 0N = ¥; an example is shown in Figure 1 below. We assume that 0f) is an
analytic curve, i.e. 024 and ¥ are analytic curves. Moreover, we assume that 0Q,\X, as well
as Y are connected. We will write 2 = 2, UQ_, and for any function u defined on ) we will
denote by uy (resp. u_) the restriction of u to 2 (resp. Q_) and we will write u = (uy,u_).

Figure 1: Example of the domains €2, and €2_.

We consider the following singularly perturbed transmission problem: Find u® = (ui, u® )
such that

(1) —EQAui +ul = fyinQy,
(2) —AuZ +ut = f_inQ_,
(3) us. = 0ondN\3,
(4) u? = 0ondN_\X,
(5) us — ut 0on X,
ous.  Ou®
27+ =
(6) 5 5 h on X,

where A denotes the Laplacian operator, ¢ € (0,1] is a given parameter, fi,h are given
smooth functions and v denotes the outward normal vector along 3 oriented outside €2,. The
formal limit problem of (1)—(6), as ¢ — 0, is

u?r = f+inQy,
—Au® +u’ = f inQ_,
u) = 0ondN\X,
0
0

u. = 0ondN_\X,
u(}r —u. = 0on,
o 0
—% = hon X.



Since, in general, f; does not satisfy the boundary conditions f; = % on 9Q.;\X and
f+ =u® on %, we expect that the solution u® will contain boundary layers along 99\ and

an interface layer along 3.

We assume that the data of our problem is analytic and satisfies

(7) vaf:l:Hoqu < Cfify];‘ip' v p=0,1,2 ..,

for some positive constants Cy, , 7, , Ch, ), where Vy denotes the tangential derivative along
Y. The following theorem gives bounds on the derivatives of the solution to (1)—(6) that are
explicit in terms of the order of differentiation as well as the singular perturbation parameter
€.

Theorem 1 Let u® = (ui,u®) be the solution to (1)—(6) with the data satysfying (7), (8).
Then there are constants C, K > 0 depending only of the data such that
9) &7||Do‘ufr + HDo‘ui < CeK max{|a|,€’1}‘a| Va=1,2,..

loo. oo

Proof. This follows from the local estimates

elus l2,8,,na, + U ]2,B,yn0. < 0(5_1”f+HO,B;OﬂQ+

Hlf-llo,prgno- + 1l Byyns +ellud |l py nay + (U218, 00-),

for all sufficiently small balls B,, C B, centred at zp € ¥ (proved by a local change of
variables and some reflexions to reduce the transmission problem into a Dirichlet problem
and a Neumann one in half-balls) and the use of Morrey-Nirenberg techniques (see Theorem
2.1 in [7] or Theorems 5.2.2 and 5.3.8 in [3]). W

It should be noted that (9) gives sufficient information for the approximation to u in the
so-called asymptotic case, i.e. when the degree p of the approximating polynomials satisfies
p > O(e71). For the pre-asymptotic case, i.e. when p < O(e '), we will need the regularity
results provided in the next section.

3 Expansion of the solution

The solution of (1)—(6) may be decomposed as

(10) ut =w" + XpLUpL T XU T



where w® denotes the outer (smooth) part, u3; denotes the boundary layer along 09\,
u7;, denotes the interface layer along > and r° denotes the remainder. The functions x gz ,X11.
denote smooth cut-off functions (see equations (17), (18) ahead) in order to account for the
fact that the aforementioned components do not have support in the entire domain €.

In order to define the inner (boundary layer) expansion we introduce boundary fitted co-
ordinates as follows: Let (X(0),Y(0)),0 € [0, L] be an analytic L—periodic parametrization
of 0, \X (by arc length), such that the normal vector (—Y’(0), X'(#)) always points into the
domain Q. Let k. () denote the curvature of 02, \¥ and denote by Ty, the one-dimensional
torus of length L. By the analyticity of 02 we have that the functions X, Y and k are analytic.
We also let p, > 0 be a fixed constant satisfying

1
(11) 0<py <

||’f+||Loo([o,L)) ‘
Then the mapping ¢ : [0, po] X T, — Q. given by
(12) Ui (p,0) — (X(0) — pY(0),Y(0) + pX'(0))

is real analytic on [0, py] x Tr. The function ¢» maps the rectangle (0, p,) x [0, L) onto a
half-tubular neighborhood Q% of 99\, which may be described as

(13) Q) ={z—pn,:2€90,\%,0<p<py},

with z = 2(0) = (X (0),Y(0)) and n, the outward unit normal at z € 90, \X.

The interface layer will also be defined in a neighborhood of the interface . Quite
analogously, let (Xx(0),Y=(0)),60 € [0, Ly] be an analytic Ly—periodic parametrization of ¥
(as above), let kx(0) denote the curvature of ¥ and denote by T, the one-dimensional torus
of length Ly,. With py, > 0 a fixed constant satisfying

1
(14) 0<pg <7
1E5 ]| 2 (0, s:))
we define, analogously to (13),
(15) O ={z—png:2€3,0<p<ps},

with z = 2(0) = (Xx(0), Y=(0)) and ny, the outward unit normal at z € X.

The smooth cut-off functions x gy, x;;, appearing in (10) are defined as follows: Let py, py
be given satisfying

(16) 0<pr<py, 0<py<pg



and let xp5;, X 7, be defined on Q via

[ 1 for 0 <dist(x,00,\%) < py
(17) Xpr(7) = { 0 for dist(x, 00, \X) > (py +py)/2
[ 1 for 0 <dist(z,X) < p,
(18) Xie(T) = { 0 for dist(x,2) > (py + py)/2

The above will be utilized in sections 3.2 and 3.3 ahead.

3.1 Construction and regularity of the outer part

We begin by constructing the outer part w® in (10). To this end, we expand the solution

ut = (U‘i, ut ) as a formal series in powers of ¢,
(19) ul =ug +euf +*uy + ...

and insert it in the differential equations (1)—(6), equating like powers of €. This allows us to
get expressions for the functions uf, 7=0,1,2,.... In particular, for u;“ we obtain

(20) ug = [, ug; = AP ud =0, j=1,2,...

where A® denotes the iterated Laplacian. For u, we obtain

(21) —Aug +uy, = f-inQ_,
(22) uy, = 0on 0N_\X%,
(23) aaﬂ — —hon¥.
v
For j > 1 we find u,; ; = 0 and
(24) —Auy; +uy; = 0in Q,
(25) Uy; = 0on N \%,
Oy duz;
(26) W = T on %

Note that u,; is not explicitly known but is solution of a Dirichlet-Neumann problem in €2_.
Due to the analyticity assumption, u,; is analytic as well (see equation (34) ahead).

Using the above, we can define the outer expansion as
M

(27) wE = wi, = E 62]u§tj,
7=0

6



where M is the order of the expansion (i.e. the number of terms that we will include) and
will ultimately be taken to be proportional to 1/e (cf. [5], [7]). It is not difficult to see that

(28) (—e2Auf; +wjy) — fr = A £,
and

Moreover, we have the following theorem.
Theorem 2 Let wi; be defined by (27). Then there exist positive constants Ky and C de-
pending only on the data of the problem, such that if e M is sufficiently small then

(30) | Dw K'la‘|a|! VaeN:,

E\"—J||OO7Q+ 'S’
(31) Jwnlyq S CHEL.

Proof. From Theorem 2.2 of [8] we have that
D05l oq, S KL alt (14 @MeRa)™) Va e N,

soif 2MeKy < 1 we get (30) . In order to establish (31), we first consider u, , which satisfies
the Dirichlet-Neumann problem (21)—(23). Since the data of this problem are analytic, we
have that u, is also analytic [3], and moreover

45 |, < CH7URIV E € Ny,

Next, we consider uy;, j = 0,1,..., defined by (24)—(26), with again the data being analytic.
Casting (24)—(26) into a variational formulation, allows us to write

+
_2 8U2j72 - <
[ ugs | = Uaj
illo_ Ov j o~
b

+
Quy;_y

ov

HUQJ'HLQ, )
0,2

which, using (20), gives

+
Oug; o

ov

0(A%f.)

5 SIVE

0,2

@ el s <|

00,0y
0,5

From [3] we have that there exists C' € Rt such that
33 1 - < Ck+1 - 1
(33) Tl |zl < ZE

(=1

Ougj

ov

+ |z |
Dy

Lo-

£+

N|=



and we note that (see eq. (26)),
2

_ + |2 2 £ )12
‘% _ |28 :HM S [a% 7
v pbn ov 1y v iy "
DN ALSSTEE Sl LT

la|<t+1 Q. |a|<e+1

Hence, (33) becomes (with the aid of (7) and (32))

1
i @ile = O Z > DAY Fill g, + 187 Fillo s

=1 |a|<t+1

A

Ch Z D A (] 4 25)! 4 4% (2))!

(=1 " |a|<f+1

AN

k
Ck+12£272+2j (g + 2j)!

(=1

CFHLE2 (2 ,Z,ka] (5 + 2])

=1
CEHH(2))! (L4 7) "2 9
Cr (27
for a suitable C'1,7v; > 0. This shows that u,; are analytic andVj=0,1,..

(34) |ug; |, o S CFTRN(2))Y k€N

AN
Eal

AR

Thus, from the definition of w;, we have

M M
[wiilie = D fuyliq. S CITRY ¥ (25)Y

Jj=0 J=0

M M

S CITRY S M)V AT S OFF Ry (2e M)
j=0 7=

< CRHLEL

[

provided 2eM~, < 1 (so that the above sum can be estimated by a converging geometric
series). Estimate (31) follows. W

Remark 1 The above theorem gives bounds on the smooth (outer) part of the solution to
(1)-(6) under the assumption that eM is sufficiently small. In the complementary case, the
asymptotic expansion loses its meaning.



3.2 Construction and regularity of the boundary layers along 0, \X

Boundary layers are introduced in order to account for the fact that the function w}, does not
satisfy the boundary condition on 9, \¥ (cf. (28)). These are precisely the ones constructed
and analyzed in [8], so we will only outline the procedure and quote the relevant results from
[8]. The boundary layer correction ug; of wj; is defined as the solution of

(35) Loup, = 0in Q4
(36) up, = —wi on 00\,

where L. is defined as
(37) Lou = —e?Au + u.
With k. (0) the curvature of 0Q\X we set

1

oi(p,0) = m;

and we have (see, e.g. [1])

Au(p,0) = Oou — k. (0)04(p, 0)pu+ 07 (p, 0)Fju + p! (0)0”, (p, 0)Dyu.
Introducing the stretched variable p = p/e, the operator L. becomes
(38) L.= —8% +1d + g4 (0)0 4 (ep, 0)05 — €207 (ep, 0) — °pr!, (0) 0> (D, 0)Dp.

Expanding the above in power series of €, we can formally write
(39) L= <L
=0
where the operators L; have the form (see equations (2.12)—(2.14) in [8])
(40) Lo=—0+1d, Ly =—p""a{ 105 — p' 2ay 205 — ' 2al 20y, i > 1,

and the coefficients a;'» are given by

(M) ai =~ a0 0y = (4 ) 0] 0 = T e g 0), i e,

(42) al =ab=al=0fori<O0.



We next make the formal ansatz

ugBL = ZE?JUZ (/p\7 9)
=0

and insert it into (35). This yields

(43) f:€ii:lzj[/j¢j = 0,
=0 ;=0

allowing us to find the following problem for the functions U (p,0),1=0,1,2,...:

(44) ~U; + Ui = F, = F + F2 + F},
1—3 N

(45) ZP alaAUz 1-k » F? Zp a289 i—2—k » F’@3 Z/p\k+1a§89Ui73fk7
k=

where empty sums are assumed to be zero. (See, also, equations (2.15)—(2.16) in [8]). The
above are supplemented with boundary conditions

~

Uy — 0asp— oo,
R - [f]aﬂ\z if i =0,
] s = 4 [ g i i€ Nis even,
0 if 7€ Nis odd.
The boundary layer (inner) expansion in (10) is then defined as
2M+1 2M +1

(46) ugy, = ud;(p, 0 Ze U;(p, 0 Zgjﬁj(p/é,ﬁ),

J=0

and by construction, it satisfies the boundary condition

2M+1
M 2i [A(i
[“BL]aQ\z - Z € [A( )f] O\ *
i=0
By Theorem 2.2 of [8] we have that for every « € [0, 1) and all p,m € Ny,
M 4 VI 2M+L
R ATROIE (1 (TR e

for 6 € Ty, p € [0, py], with K, K5 > 0 independent of ¢, p and m. Moreover, by Lemma 2.12
of [8], there exist constants K, © > 0 independent of ¢ such that

(48)  [Leugr (p )] S K2 (e2M +2) + [p) ™™=V (p,0) € By, (0) x S(6),
where Bs(z) denotes the (open) disc in the complex plane of radius § centered at z, and
(49) S(O)={0eC:Im(f) < O}.

10



3.3 Construction and regularity of the interface layer on X

For a function w = (w4, w_) we denote the jump [[w]]y, on ¥ as

(50) [w]ls = (wi)ly — (w)ls-
We define the function v;(p, ) := (v;, ’U;r) as the solution of the following problem:

(

—2Av} +vf =0in Qy
—Av; +v; =01in Q_

651) ol = —ie%nuzjnz
(52% - %N 252] ( 28u21 _ Bgf}) )E

With p = p/e as before, we write

\

7 (p,0) = vf (p.9),
and problem (51) becomes

( (02 +1d) U/ + ery (0)o(ep, 0)0,0] — 20 (ep, 0)v) —
—e*pr! (0)0(ep, 0)9pv; = 0 in Q4
—Av; +v; = 0 in Q_

(52) ( —'UI |E— Ze’f] UQ
o+ u U, -
(-9 zw%—%ﬂz

Now, we write

5% T S
=0 =0
and insert it in (52) equating like powers of ¢, to get (utilizing again the expansion (39))
( 20+ L U+ — 71 72 4 13 ; ;
—BV + VI =F, +F;+ P mR Vj>0
AV 4+ Vo =0inQ_Vj>0
(V;JF_VZ) :_(ugj—ugj) onXVj>0

(54) (‘@H - Vg}+1> —0on¥V;j>0 |
oV, _ Oug
- ap - 8;()) on X
(%Vi B 8%‘/2}11) - (ad,,uzj a—pu;j,2) onXVj>1

(a@pxg;+l—%%§):00ﬂ2vi20

11



with F!, F? F; F3 given by (45) but with U replaced by V*. So for j = 0, we have

Jr730

—AVy +Vy =0in Q_
oV, _ Ouy
(55) — g =G on X ,
Voo =0o0n 002_\%

—82V+—|—V+—01n R,
VO —VO (uo—uo) ony ’

—AVy + Vi =0in Q_
(57 2y =2l s
V7 =0o0n00_\%
207+ +_
(59) 8V +V VO in Ry '
V1 =V onX

In general, for j > 0 odd we have

AVQJH + V2;+1 0in Q_
(59) 8,0‘/2;-&-1 ‘/2] on X )
Voiy =00n 00 \%

(60) —8%‘/2%1 + V2J§i1 - F]+1 + F22j+1 T F23j+1 in Ry
‘/2}—+1 = V34 on X

and for 7 > 0 even we have
—AVy; +Vy; =0in Q_

o (575 = %) = = (s~ fpa) @
Vy; =00n 00 \X

+ ey feny fy .
) { —OV + Vs = Bl + By + By m Ry,

Vaj = Vaj = (uy = u;) on 3

The regularity of the functions V7, ‘7j+ is given by Theorem 4 below. For its proof, we
will need the following lemma.

12



Lemma 3 Let U; (p,0),j =0,1,2, ..., be the solutions to

(63) —03U; + Uj = F; (p,0) in Ry }

U;=G;(0) onX
where Fy (5,0) = F} (5,0) + F? (5,0) + F? (p,0) is given by (44)-(45) and G; satisfy
(64) G (0)] < Covlai?,

for some positive constants Cg, v depending only on the data. Then, there exist positive
constants ©, Cy, vy, depending only on the data, such that

(65) U, (7.6)] < Corly (14 +5Y e 7V (5,6) € R, x S (0),

where S(0) is given by (49). Moreover, for any o € [0,1) there exists K € R, depending
only on the data, such that

(66) U;(3,0)] S K77 (1—a) 7 e,
and

(67) ‘8583[]3- (p/e, 9)‘ < g Pell=P (p 4 1)1/2 q' (2/0)1 fy{,jj (1— a)_j e fV p,q € Np.

Proof. This is essentially a combination of Lemmas 2.9 and 2.11 in [8]. Estimate (65)
follows directly from Lemma 2.11 in [8], while (66) follows from (65) and Lemma 2.8 in [8].
Finally, (67) follows from Cauchy’s integral formula, in exactly the same way as in the proof
of (2.24) in [8]. W

Theorem 4 Let V™ satisfy (59), (61) and ‘7j+ satisfy (60), (62) . Then there exist constants
C,v,K,0 > 0 depending only on the data, such that

(68) Vi [ S KICHH iy,

while for 0 € Tr.,p € [0, ps],a € [0, 1),

(69) V;*(p/g, 9)‘ s ijj (1 _ 04)_] efap/zs,
and
(70) ROV, (/2 0)| S &7l (p 1)1 g1 (2/0)7 K7 (1 = ) 7 o0,

forp,q € Ng and 0 € S(©) given by (49).

13



Proof. The proof is by induction on j. First we note that estimates (69), (70) follow from
Lemma 3, provided we show that (64) is satisfied, i.e. on ¥ the functions YA/;“ are bounded by
Cj7~7 for suitable constants C',y > 0. This will be verified during our induction argument; in
fact it will be the only thing we will show for Vj*, with the understanding that an application
of Lemma 3 gives the desired result.

For j = 0 we see from the variational formulation of (55) that HV(;H1Q_ S ||u5||lﬂ_,
hence by (34) and [3]

- k721 -
e < o {5
"1
$ 0SSl o |
/=1
"1
SC“{§b§W@+M}

=1

Oy

5 CkJrl.

Next, for V;" we see from (56) that V" (p,0) = Go (6) e /¢ for some function Gy (6) that
depends on Vy ,ud,uy. By the above, (20) and (34), we have that in the case j = 0, the
boundary data for V;" is bounded by C'j/+/ for suitable constants C,~ > 0, hence by Lemma

3 the bounds (69), (70) hold for V"

Now, from the variational formulation of (57) and the fact that V,"(p,0) = Go(0)e™?, we
have B%VOJF@, 0) = —Go(0)e? and then 8%%*(0, 0) = —Go(0), hence

/ (VVl-VV+V1V)dx:—/GOVd:1:VVeHj(Q),

] .
where
(71) HY(Q) = {u € H' Q) : ulpy (5 = o} .
Thus,
Vi lha = Wollos =[], = V6~ =)l
< Ve llos + 1 llos + [l flo.s < Cr € R

14



From [3] and the above result, we get

1, - oVt _
g‘vl |k,Q_ < Clas Z@ . +||V1 Hl,Q_
43,3
< Ck ng 1Goll. s Z+C1}
< c'f“{ezg. 1 g+ 1 g+ 1y ) 4
=0
1
S Ck-H{ E£+1|O€+1+Cv}
=1
which leads to
(72) Vi g S CFFRL

In an analogous way as V" (9, 8) = Gy (0) e 7, we find that V;(,0) = ~20%(0)e P +Gy (0) e 7,
for some function G (0) that depends on V;~, hence in view of (72) we see that the boundary

data for V;* satisfy the appropriate bound. As a result, (69)—(70) hold for V;" as well.
So, we assume that (68)—(70) hold for j and we will establish them for j + 1.

The case of odd j: If j is odd, then j + 1 is even and we would like to establish bounds
for V,, and V! (with 2s = j + 1), which satisfy (61), (62) respectively. First, for V,, we see
from the variational formulation of (61) that

9

HV23 0,3 " Ha_PUQS_Q

Vv2$1

J
0,2

0
ap u28

e <55
hence by (20), (34), a trace theorem and the induction hypothesis, we have
Vs

o SE* 125 — 1) + 0,722 (29)! 4 O a7 (25)) S O (29)19°

for suitable constants C,~y > 0 independent of s. Therefore, from [3] we obtain for k& > 2

L, e [N L _
il < {3 ([0, ) il

k—2
1/~
(13) 5 {ZE (HVQJg—lHH; ot ‘}“55||é+2,9_ + ‘}“5;—2”é+2,9+) + (25)!728} :
=0 " 2

Ugs

L2
dp

0
IAN'S> dp

15



Now, ug, » = AP f. (see eq. (20)), hence using (7) we have

k
1
ledialling, = NA® g, S5 Do ID"A®T g,

=1 """ |a|<t4+1

k k
ZE Z 21425 (|0 +28)! S 2627”25 (0 +2s)!
=1

=1 |a|<t+1

AN

k
s €+25 k+2s og
< ey () s e )

/=1
< (2877,

for suitable 7 > 0 independent of . Also, by (62) we get

~

V+

2s—1

= [Vaims = (e = v [l
£+%,E 25—1 ( 2s—1 2s 1) g+§72

< ||V2;—1||e+1,g, + Hu;:?—1||é+l,ﬂ+ + HUQ_S—IHZH,Q, :

Equation (20) gives u3, ; = 0, and by (20), (34) and the induction hypothesis, we obtain

g (g + 1)!CZ+1(2S _ 1)25—1725—1'

43,8

+
‘/23—1

‘ ~

Thus, (73) becomes

k
1 - 1 S— S— S ~z8
H\V%}ML < CMZ@ ((C+ 1)CH (25 — 1)1y L O (04 1)1(28) 1y + (25)77) +
K_

+C«k+1 (28) !723
S Crt(2s)P0 T,

~Y

for suitable constants C1,7; > 0 independent of . This establishes (68); to establish (69)—
(70) we will simply check that the boundary data in (62) satisfies the appropriate bound (so
that we may apply Lemma 3). Since

‘7‘2 ‘/28 (u2s U’iﬂ) on E?

we see that for 6 € [0, Ly], (cf. (62))
V0.0 < [V (0,0)] + [ (0.0)] + [z 0,0)]

S 6(28)287287
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which is the bound that allows us to apply Lemma 3 and conclude that for ‘A/;]“ (p,0), the
estimates (69), (70) hold as desired.

The case of even j: If j is even, then j + 1 is odd and we would like to establish bounds
for V,, ., and V5!, | (with 2s+1 = j+1), which satisfy (59), (60) respectively. First, for V5, 4
we see from the variational formulation of (59) that

5 C+<2S)28’728 < O+(28 4 1)234—1723-&-1’

_ T+
Winlo <72

and, in a similar fashion as above, we obtain

- E2 4 )
b < ],y Ml |

2 1))
S Ck+1 {Z i 'C€+1 (28)28’}/28 + O+(28 + 1)23+1723+1}
=0 )

< C§+1(28+1)23+1733+1’

Y

U+
Vas

for suitable constants Cs, v, > 0 independent of . Finally, from the above result we see that

the boundary data of (60) satisfies the appropriate bound, hence by Lemma 3, \7;8“ 41 satisfies
(69) and (70) as desired. W

In view of the previous theorem, we define the (truncated) interface layer expansion(s) as

(74) uyp = (@TMWI_,M)

where
2M+1 2M 41

(75) Uiy = Z VI vy = Z Vi
=0 =0

The following corollary follows from Theorem 4.

Corollary 5 There exist constants C,v,0, K > 0 depending only on the data, such that
under the assumption €(2M + 1)max{y, K} < 1, the functions U}, vy, defined by (75)
satisfy

}U;,M‘k;,ﬂ_ < CRLE,

2 q
050507 11 (0. 0)] S PP (p+ 1) 2! (6) ,

forp,q € No,p € [0, ps] and 6 € 5(©) given by (49).
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Proof. By (75) and Theorem 4 we have

2M+1 2M+1 2M+1 ‘
il € D Vi lg S D FRCH A SEICHT Y T (e(2M +1)y) S KICH!
j=0 j=0 §=0
and
2M41 N 2M+1 oN?
T (0, 0)] <Y SRV (p.0)| S Y e rerp+ 1)1 (6) K ji
j=0 j=0
9\ 4 2M+1
— 1/2 = J
< ePel(p + 1)V (@) ; (eK(2M + 1))
2 q
< ePeP(p 4 1)Y3q! (6) :
|

Finally in this section, we wish to see what the contribution of the interface layers is, to
the remainder of the expansion. For the interface layers in {2_ we easily see that

(76) —A (v ) + (viag) =0.
Now, by construction of the functions \A/;J“ we have (with the aid of (37) and (43))
00 2M+1

L. (07 ) = Z giZLi—jr/fr

i=2M+2  j=0

2M+1 oo 2M+1 oo
S XS S 3 T
7=0 i=2M+2 7=0 =2M+3
2M+1 oo
S gy
7=0 i=2M+4

By Lemma 2.12 of [8], we have the bound
(77) L)y (0 0)] S KM (e(2M +2) + |p))* 2 eV (p,0) € B, (0) x 5(6),

for some K, 0 > 0 independent of . (As before, Bs(z) denotes the open disc in the complex
plane of radius ¢ centered at z, and S(©) is given by (49).)

Remark 2 Corollary 5 shows that the interface layer functions in ). behave just like the
boundary layers, while the interface layers in Q_ are smooth. This will be taken into consid-
eration in the design of the approximation scheme in Section 4 ahead.

18



3.4 Remainder estimates

We now consider the remainder r¢ = (ri, re ) in the decomposition (10), which is given by

e __ € e € ~
(78) Ty =uy — Wy — XprUpr — X1LVr,m

(79) r=ul —wl — X1LVr,0m

and by construction, satisfies the equivalent (but homogeneous) boundary conditions as u°
on 0. To see this note that on 0Q_\X we have

(r2) }89_\2 = (uf —w® =Xy vy y) ‘ag,\z =0,

by (4), (22) and (25). On 09, \X we have
() ‘am\z = (uf — w§ = XpptsL — Xro0ru) ‘am\z =0,
by (3), (36) and (18). Finally on ¥ we have
(rfr — Tf) ‘2 = (uir —u —w> +wl + XU — XILﬁ}tM) ‘2 =0

by (5), (54) and

20rs O\ [ p0us  Qul Qi ,0wi vy gz%ffM .
v v )|s v Ov v v ov v . ’

by (6), (23), (26) and (54). Moreover, we have the following,.
Theorem 6 Let r° = (r%,r°) be given by (78)—(79) and let L.rs = —e?Ars + r5 and
Ly = —Ar® +7r°. Then there exist constants K1, Ko > 0 independent of €, such that
(80) 1L |y, S (220 +2)K, M2
and
(81) [ ||y S (6(2M +2) K,) 2

Proof. We first consider (80) and we have

Leri = L. (ui — W, — XpLUpr — XILE;:M)
(82) = L. (Ui - wi) — L. (xprupr) — Le (XILi)\}tM) .
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From (28) we notice that
(83) Ls (ui . wi) — €2M+2A(M+1)f+,

and also
L (xprupr) = €° (Axpr) upr, — 26°Vxpy, - Vg, + XprLeupy,
where the function xp; equals 1 for 0 < p < p, and 0 for p > (p; + p,)/2. Hence by (47),

||552 (Axpr) 7¢L‘§3LH079Jr <e? <1 + (e(2M + 1)K)2MH) e—orle

and
2901 Vil S (14 (M + 1)) v

for some appropriate constant K > 0. Therefore, by (48) and the previous two inequalities,
we obtain

(84) 1L (xpruzo)llog, S ((2M +2)K)* .
In a completely analogous way, we may obtain bounds for L. (X I Li}}fM), viz.
. N\ 2M 42
(85) L ezt llyg, S (s@M+2)E)
for some appropriate constant K > 0. Combining (82)—(85) we have
o\ 2M 42
Loy, (2001 oM + DRI + (20 + 2)R)
< 2M+2,_2M+42 | 2M+2 7\ 22
S BTN 4 ) 4 ((2M + 2)K)M T + (e(2M + 2)R)
S (e(2M +2)K)*™ 7,

for a suitable K > 0 independent of . This establishes (80).
Turning our attention to (81), we have

Lyt = I, (ui —w® — XILUZM)
(86) = Ly (ul —wl) = L (Xezvrm) -
We have from (86) (with the aid of (29))

Lirt =—1, (X]LUEM) )
hence by (76),
1L lloq = I[£2 Cazvran) llog.

= ” (AXrr) v —2VXr - Vo + XILLlU;,MHO’SL

||(AXIL> UI_,MHQSL + H2VXIL : VUI_,M”QSL :

IN
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Since the function x;; equals 1 for 0 < p < py; and 0 for p > (py +py)/2 (cf. (18)), we further
get (using (68))

2M+1 2M+1

[t fog. £ 22 (1 oo + 199 o) € 22/
j=0 =0
2?\/[+1 . ’
< Y (@M + 1)) < (eKa(2M +2)*M
7=0

for a suitable K5 > 0 independent of . Thus (81) is established and this completes the proof.
|

Remark 3 Theorem 6 shows that for e M sufficiently small, the remainder in (10) is expo-
nentially small, hence it need not be approximated. This information will be utilized in the
next section when we will construct the approximation to uc.

4 Approximation results

We begin this section with the variational formulation of (1)—(6), which reads: Find u® =
(us,us) € Hy (Q) such that

(87) B. (u®,v) = F(v) Vv = (v],v") € Hy (Q),

where

89 B(uw) = [ {FV0E) V() et} + [ (T (0) V() +ute )
(89) F(v) = g frvs + : f_va_—i—/zhv.

It is straight forward to show that the bilinear form (88) is coercive and continuous on H] (92),
hence the variational problem (87) admits a unique solution thanks to the Lax-Milgram
lemma. The discrete version of (87) reads: Find u§, = (uf,uY) € Vy C H} () such that

(90) B. (uy,v) = F(v) Vv = (v,v") € Vy C Hj (Q),
and by Céa’s Lemma we have

(97) o = il < inf flue = vl
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where the energy norm ||-||_ is defined as
(92) lull2 = Be (u,u).

We now describe the subspace V. For simplicity, we will focus on quadrilateral elements,
even though triangular elements are also possible (see [7] for this and other choices of a suit-
able mesh). Since the behavior of the solution u° depends on the value of ¢ (cf. Theorem 1),
we distinguish between the cases kpe > 1/2 and kpe < 1/2 (with k € R a fixed constant) as
follows: If kpe > 1/2 then the mesh does not need any special design, as in this case the poly-
nomial degree p of the approximating functions is high enough to ensure good approximability.
Hence, in this case the mesh A only needs to be regular in the sence of [2] (or satisfy conditions
M1-M3in [7]). In the case kpe < 1/2 the mesh will include elements of size O(pe) along 02
in order for the boundary and interface layer effects to be captured — these are referred to
as needle elements in [7). We now describe one such possible construction: Let Q% be given
by (13), and divide 02, \¥ into subintervals (6;,6,41),7 =1,....,m — 1,0 € Q. Then draw
the inward normal at 6; of length p, (see eq. (11)) and connect each point (p;,0;) = (po,0;)
using the curve p = p, (=constant). Further, divide each

(93) (QS—)J = {(p> 6) 10 < P < panj < 0 < 9j+1} 7j = 17 ey T

into (Q(ll) (Q?;Q)j , where

3’
0,1 )60 0 0 0 0 —1 PokPE
(Q-F, )j {(P, ) 10 <0<0j11,0<p= 2 o" }7

(Q&Q)j - (Qg)j\ (Q(-)&-’l)j :

In the above definitions, x € R is a fixed constant, p is the degree of the approximating
polynomials and we recall that we assume kpe < 1/2. This will define a mesh

0, 02y 1™
Ag = {(Q+1)j ) (Q+ )j}j:
over Q). We may define a completely analogous mesh A% over O3, (see eq. (15)), as
0,1 0,2y "
Ay = {(957), (), by

with (Q%’l)k, (Q%Z)k defined in an analogous way as (Q?;l) (Q&Z)j. Next, let {(QL)Z}Z

j i=1
be some subdivision of Q} that is compatible with A} and A%, and define the mesh

94) A, = {(le)k (982), L (95, (9202), (), k=1, =1, mi=1, E}

over ),. The mesh A_ over €)_ is simply be chosen to be compatible with A, , and regular,
in the sense of [2]. The mesh over the entire domain €2 is then taken to be

(95) A=A, UA_,

1
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and we assume that the number of elements in A is bounded independently of €. The above
mesh satisfies the definition of a regular admissible boundary layer mesh (Definition 3.2 in [7]),
which implies the following: With S := [0, 1] x [0, 1] the usual reference square, we associate
with each quadrilateral Q € A a differentiable, bijective element mapping

MFE: S — ﬁf,
which, in this case, satisfies V i
HDO‘MZ*HLOO(S) <Alla)l Vo e N2
The space Vi is then defined as
(96) Vi ={ue H' () ulgr = 6,0 (MF) ™" for 6, € Qy(S)} N HE (@),

where ),(S) denotes the space of all polynomials of degree p in each variable defined on the
reference square S. Note that
N =dimVy =0 (pz) .

Now, for p > 1 we define on the space of continuous function C ([0, 1]), the operator 7,
by interpolation in the p + 1 Gauss-Lobatto points, and on .S we introduce the interpolation
operator 1I,, as the tensor product of the two one-dimensional operators 7, and 7. Then, by
Lemma 3.8 in [7], we have that for any u € C* (S) with || D%ul|, ¢ S ylola|! V o € N2, there
exists a constant o > 0 depending only on ~, such that

(97) lu — Hpu”Loo(s) + IV (u— Hpu)HLoo(s) Se

Moreover, there holds (see, e.g., Lemma 3.7 in [7]),

(%8) { Iyl e ) S (1 10 p)? ] o

HaIHpuHLoo(S) g Hapru”Loo(s) S P (1 +1np)? HUHLOO(S)
We now prove our main approximation result.

Theorem 7 Let u® € H} (Q),us, € Vv be the solutions of (88) and (90), respectively, with
Vi defined by (96) on the mesh A given by (95). Further, assume that OS2 is analytic and the
functions f1 are analytic on Q4 while the function h is analytic on . Then, for k sufficiently
small, we have

lus = uiell. S N?e X,

for some constant b > 0 independent of € and p.
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Proof. We consider the cases kpe > 1/2 (asymptotic case) and kpe < 1/2 (pre-asymptotic
case) separately.

Case 1: kpe > 1/2 (asymptotic case)
By Theorem 1 there exist constants C, K > 0 depending only on the data such that

5 ||Do‘ufr + HDO‘ui < CeKl max { |o| ,5’1}"1' Va=1,2,..

lo.o. oo

Now, by Lemma 3.10 of [7] we have that for each element map M;",

1D (150 M2y 5 25 e
for some constants v, > 0 independent of € and . Hence, by (97) and Lemma 3.6 of [7] we
have

< e—ap+1/a

” (ug o Mz'i) — 10, (ug o Mz‘i) HLOO(S) ™

loeqsy + 1V (w0 M) =T (u 0 M)

Since 2kp > 1/e, we have —op + 1/e < —op + 2kp and, under the assumption that k < 0/2,

(0 0 M) — T (u, 0 M17)

Y

HLoo(S) + ”V ((ui ° Mi:t) — 11, (Ui © Mz'i)) HLOO(S) S

for some constant b > 0. By (91) and (92) we get the desired result.
Case 2: kpe < 1/2 (pre-asymptotic case)

In this case we utilize the expansion and regularity results of Section 3 which state that
the solution u® = (ui, U ) can be written as

uy = wi+ Xprupg + XrrVra + 75,
ul = wy + Xy
with each term defined and analyzed in subsections 3.1-3.4. We begin be selecting M in such
a way that e M is sufficiently small for all the regularity results of subsections 3.1-3.4 to hold
true. (The lack of concreteness on our part is due to the careful constant selection made in
[7], i.e. such a choice for M is possible by [7]). The proof relies on the following observations:

1. The terms wf/[, vy p are analytic in their respective domains, hence (97) may be applied.

2. The construction of the mesh allows us to approximate u}; and v} ,, at an exponential
rate.

3. The choice of M renders the term ||7¢||. o negligible (exponentially small), hence the
remainder need not be approximated.
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Let us first consider item 1 above. For the term v;,, we have, by Corollary 5, that for

each element map M,
1D (vrar 0 M;7) || S O el

hence by (97),

(0700 M) = Ty (030 M) sy + IV (050 0 M) = 0y (0730 04)) |y S 7

s
The same works for the other two terms (the details are ommitted).

Next let us comment on item 2; since the steps are very similar for both u; and ﬁ}“ > We
will only consider the latter. Without loss of generality we assume that x;, is 1 in Q% and
0 otherwise. Hence we only need to approximate v, 7. Within 0Y%. To this end, we note that
the mesh in QY consists of two types of elements (cf (94)):

1
(Q%l)j = {(Pa 0):0;, <0<0,41,0<p< 500"?1’5} and (9%2)j = (Qi)j \ (Q(«)#l)j-

For (Qoz’l)j , with associated mapping M J(-) ' we have from Proposition 3.11 in [7]

D% B0 0 M) S 7K ol o < 1

sy S
where 1) was defined by (12). Therefore, by (97)

(5o 0 M) Iy (500 0 M) ¢

< eﬂpefbp

)

V(@ 0™ 0 M) =0y (5 07" 0 M) || )

from which the desired result follows provided x < b. Now, let us consider the approximation
of ﬁ}“ s over the elements (9%2)],, with associated mapping M ]Q’l. From (47) we have

HXJLﬁ;r,M © 1/’_1 © My(‘)’lHLoo(S) S Coe™ ™, HV (XIL@?,M o w_l © MJ('M) ||L0<>(S) N Coele™ .
Therefore, from (98) we get
HXILi}\ItM © @Z)_l © M]QJHLOO(5) 5 (]' + hlp)2 e_bp

and
-1 0,1 ~1.2 2 b
IV (Xeef o™ 0 M) gy S €' (14 Inp)"e™,
from which the desired result follows once we use (92).

Turning to item 3, we have from the variational formulation (87)—(89), that the remainder

re = (rj,ri) satisfies
B.(r%,v) :/ Lgrivdq;Jr/ LirZvdz, Vv e Hy(9Q).
o -
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Hence by Cauchy-Schwarz’s inequality we get
B.(r",r%) < [ Lerillg o, + ILar2 5o
and by Theorem 6 we obtain

7 )le = [Bolr, )2 S (M + 2) K242 S e,

Y

for some suitable constant b > 0, depending only on the data. This completes the proof. W

5 Numerical results

In this section we will illustrate our theoretical findings for the model problem (1)—(6), in the
case when f, = f_ = 1,h = 0 and the domain 2 consists of the two subdomains {2, and
Q_, delimited by the three concentric circles with radii 1, 2 and 3. In other words, €2, is the
domain inside the two concentric circles of radii 1 and 2, while 2_ is the domain inside the
two concentric circles of radii 2 and 3, as shown in figure 2.

Q-

Figure 2: Domains 2, and 2_ used for the computations.

We expect to have a boundary layer along 09, \X (the circle of radius 1) and an interface
layer along ¥ (the circle of radius 2). The mesh, shown in figure 3, accounts for the presence of
the layers by including thin elements of size pe along 92, \¥ and X — the value of the constant
k appearing in the definition of the mesh in the previous section was taken to be 1 (a value
known to produce almost the same results as those obtained with the “optimal ” value of &,
see, e.g., [14]). An exact solution is available for this problem, hence our computations are
reliable.

The computations were performed with the commercial package StressCheck (E.S.R.D.,
St. Louis, MO) which is a p-version FEM software package allowing the polynomial degree to
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(1+pe)
(2-pe)

Figure 3: Design of the mesh (on a quarter of the domain).

Figure 4: Approximate solution for p = 8, = 0.01.

vary from p = 1 to p = 8 (on a fixed mesh). Figure 4 below shows the approximate solution
for p = 8, = 0.01, and figure 5 shows the convergence (in the energy norm) as p is increased
— the exponential convergence is readily visible.

6 Conclusions

We have studied the finite element approximation of a singularly perturbed transmission
problem posed on a (smooth) domain with analytic boundary. Upon obtaining appropriate
regularity results, via asymptotic expansions, we were able to design and analyze an hp finite
element method for the robust approximation of the solution to the singularly perturbed
transmission problem. We showed that under the assumption of analytic data, our method
converges at an exponential rate, independently of the singular perturbation parameter. This
is in line with our one-dimensional results [12], as well as with two-dimensional results for non-
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Figure 5: Convergence of the approximate solution: loglog plot(left); semilog plot (right).

transmission problems [7]. The approximation of singularly perturbed transmission problems
on non-smooth domains is the focus of our current research efforts.
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