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What is an a posteriori error estimate

A posteriori error estimate

@ Let p be a weak solution of a PDE.
@ Let py, be its approximate numerical solution.

@ A priori error estimate: ||p — pp|la < f(p)h9. Dependent on
p, not computable. Useful in theory.

@ A posteriori error estimate: ||p — pnlla < f(pn). Only uses
pp, computable. Great in practice.
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What is an a posteriori error estimate

A posteriori error estimate

@ Let p be a weak solution of a PDE.
@ Let py, be its approximate numerical solution.

@ A priori error estimate: ||p — pp|la < f(p)h9. Dependent on
p, not computable. Useful in theory.

@ A posteriori error estimate: ||p — pnlla < f(pn). Only uses
pp, computable. Great in practice.
Usual form

® f(pn)? = Y ker, Mk (Pn)?, where nk(pp) is an element
indicator.

@ Can be used to determine mesh elements with large error.
@ We can then refine these elements: mesh adaptivity.
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What an a posteriori error estimate should fulfill

Guaranteed upper bound (global error upper bound)

® [p—pnllg < Yker, mk(Pn)?
@ no undetermined constant: error control
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What an a posteriori error estimate should fulfill

Guaranteed upper bound (global error upper bound)

® [p—pnllg < Yker, mk(Pn)?
@ no undetermined constant: error control

o remark (reliability): [|o — pall4 < C > ke nk(Pn)?
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What an a posteriori error estimate should fulfill

Guaranteed upper bound (global error upper bound)

® [p—pnllg < Yker, mk(Pn)?
@ no undetermined constant: error control

o remark (reliability): [|o — pall4 < C > ke nk(Pn)?
Local efficiency (local error lower bound)

2 2
® nK(ph) < Ceff,K ZLclosetoK ”p_ th%
@ necessary for optimal mesh refinement
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What an a posteriori error estimate should fulfill

Guaranteed upper bound (global error upper bound)

® [p—pnllg < Yker, mk(Pn)?
@ no undetermined constant: error control

o remark (reliability): [|o — pall4 < C > ke nk(Pn)?
Local efficiency (local error lower bound)

® nK(ph)z < Cgff,K ZLclosetoK ”p_ th%
@ necessary for optimal mesh refinement
Asymptotic exactness

® Y wer, mk(Pn)?/llP — pnllg — 1
@ overestimation factor goes to one with mesh size
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What an a posteriori error estimate should fulfill

Guaranteed upper bound (global error upper bound)

® [p—pnllg < Yker, mk(Pn)?
@ no undetermined constant: error control

o remark (reliability): [|o — pall4 < C > ke nk(Pn)?
Local efficiency (local error lower bound)

® nk(pn)? < Cesz,K > Letoseto k 1P — PnllZ

@ necessary for optimal mesh refinement
Asymptotic exactness

S xer mk(Pn)?/ 1P~ palf — 1

@ overestimation factor goes to one with mesh size
Robustness

@ C. k does not depend on data, mesh, or solution

M. Vohralik Estimations a posteriori garanties et robustes



| Diffusion Reaction—diffusion Algebraic error C

What an a posteriori error estimate should fulfill

Guaranteed upper bound (global error upper bound)

® [p—pnllg < Yker, mk(Pn)?
@ no undetermined constant: error control

o remark (reliability): [|o — pall4 < C > ke nk(Pn)?
Local efficiency (local error lower bound)

® 7k(Pn)? < Clrk tetoserok 1P = Pallf

@ necessary for optimal mesh refinement
Asymptotic exactness

Y uer, ik(pn)?/ P — pallf — 1

@ overestimation factor goes to one with mesh size
Robustness

@ C. k does not depend on data, mesh, or solution
Negligible evaluation cost

@ estimators can be evaluated locally
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A model problem with discontinuous coefficients

Model problem with discontinuous coefficients

-V-(avp) = f inQ,
p = 0 onodQ
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A model problem with discontinuous coefficients

Model problem with discontinuous coefficients
-V-(avp) = f inQ,
p = 0 onodQ
Assumptions

@ Q CcRY d=2,3,is apolygonal domain
@ ais a piecewise constant scalar, inhomogeneous
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A model problem with discontinuous coefficients

Model problem with discontinuous coefficients
-V-(avp) = f inQ,
p = 0 onodQ

Assumptions

@ Q CcRY d=2,3,is apolygonal domain
@ ais a piecewise constant scalar, inhomogeneous

Bilinear form B

B(p.¢) == (aVp,Vy),  p,p <€ Hy(Q).
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A model problem with discontinuous coefficients

Model problem with discontinuous coefficients
-V-(avp) = f inQ,
p = 0 onodQ
Assumptions

@ Q CcRY d=2,3,is apolygonal domain
@ ais a piecewise constant scalar, inhomogeneous

Bilinear form B

B(p.¢) == (aVp,Vy),  p,p <€ Hy(Q).
Weak solution
Find p € H{(Q) such that B(p, ») = (f,¢) Ve € H}(Q).
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A model problem with discontinuous coefficients

Model problem with discontinuous coefficients
-V-(avp) = f inQ,
p = 0 onodQ
Assumptions

@ Q CcRY d=2,3,is apolygonal domain
@ ais a piecewise constant scalar, inhomogeneous

Bilinear form B
B(p,¢) = (aVp,Vy),  p,p € H}(Q).
Weak solution
Find p € H{(Q) such that B(p, ») = (f,¢) Ve € H}(Q).
Energy norm
1
lell? := By, ) = [[azVe|?, ¢ € Hy(Q).
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Residual estimates for —Ap = f

Corollary (Classical residual error estimate in FEs)
Let a= 1. Then there holds (cf. Verfirth 96)

1/2
o= palll < G thK“f‘i‘Ath%(}
KeTh

1/2
+Cz{ > holllVen- n]||§} :

o€&p
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Residual estimates for —Ap = f

Corollary (Classical residual error estimate in FEs)
Let a= 1. Then there holds (cf. Verfirth 96)

1/2
o= palll < G thK“f‘i‘Ath%(}
KeTh

1/2
+Cz{ > holllVen- n]||§} :

o€&p

Drawbacks
@ What are Cqy and C»?
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Residual estimates for —Ap = f

Corollary (Classical residual error estimate in FEs)
Let a= 1. Then there holds (cf. Verfirth 96)

1/2
o= palll < G thK“f‘i‘Ath%(}
KeTh

1/2
+Cz{ > holllVen- n]||§} :

o€&p

Drawbacks

@ What are Cqy and C»?

@ If Cy and C, evaluated: overestimation by a factor of 30
(uniform refinement) and 60 (adaptive refinement).
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Residual estimates for —Ap = f

Corollary (Classical residual error estimate in FEs)
Let a= 1. Then there holds (cf. Verfirth 96)

1/2
o= palll < G thK“f‘i‘Ath%(}
KeTh

1/2
+Cz{ > holllVen- n]||§} :

o€&p

Drawbacks

@ What are Cqy and C»?

@ If Cy and C, evaluated: overestimation by a factor of 30
(uniform refinement) and 60 (adaptive refinement).

@ App=0: hy| f| x as estimator gives no good sense.
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Residual estimates for —Ap = f

Corollary (Classical residual error estimate in FEs)
Let a= 1. Then there holds (cf. Verfirth 96)

1/2
o= palll < G thK“f‘i‘Ath%(}
KeTh

1/2
+Cz{ > holllVen- n]||§} :

o€&p

Drawbacks

@ What are Cqy and C»?

@ If Cy and C, evaluated: overestimation by a factor of 30
(uniform refinement) and 60 (adaptive refinement).

@ App=0: hy| f| x as estimator gives no good sense.
@ Not robust for inhomogeneities when a is discontinuous.
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FEs residual constants Cy and C»

Constants C; and C,, Carstensen and Funken 00

Cy céthTV Ve
Ci g 00, V EVEY,
1
:
O RE & R
C: = 3C ?Eaxmax{hK/h h2J|K|}
+= 3202maxmax{hK/h h2/|K|(3 + hz/|K|)}.

KeTy
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Zienkiewicz—Zhu averaging estimate for —Ap = f

Corollary (Zienkiewicz—Zhu averaging error estimate in FEs)
Let a= 1. Then there holds (cf. Zienkiewicz—Zhu 87)

e — palll S 1Von + tall,

where t;, is an averaged smooth flux.
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Zienkiewicz—Zhu averaging estimate for —Ap = f

Corollary (Zienkiewicz—Zhu averaging error estimate in FEs)
Let a= 1. Then there holds (cf. Zienkiewicz—Zhu 87)

e — palll S 1Von + tall,

where t;, is an averaged smooth flux.

Drawbacks

@ No error upper bound (neither guaranteed, nor reliable).
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Zienkiewicz—Zhu averaging estimate for —Ap = f

Corollary (Zienkiewicz—Zhu averaging error estimate in FEs)
Let a= 1. Then there holds (cf. Zienkiewicz—Zhu 87)

e — palll S 1Von + tall,

where t;, is an averaged smooth flux.

Drawbacks

@ No error upper bound (neither guaranteed, nor reliable).
@ Not robust for inhomogeneities when a is discontinuous.
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Equilibrated residuals estimate for —V - (aVp) = f

Corollary (Equilibrated residuals error estimate in FES)

Let o € H'(K), ¢k = 0 0n 99, K € Ty, be the solutions of the
local problems

Bk(¢k, vk) = (f, Vk)k — Bk(Pn, Vk) + (9K, Vk)ok
Yvk € H'(K), vk = 0 on 9.

Then there holds (cf. Ainsworth and Oden 00)

1/2
Ilp = palll < {Z H|¢Klllf(} :

KeTp,
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Equilibrated residuals estimate for —V - (aVp) = f

Corollary (Equilibrated residuals error estimate in FES)

Let o € H'(K), ¢k = 0 0n 99, K € Ty, be the solutions of the
local problems

Bk(¢k, vk) = (f, Vk)k — Bk(Pn, Vk) + (9K, Vk)ok
Yvk € H'(K), vk = 0 on 9.

Then there holds (cf. Ainsworth and Oden 00)

1/2
Ilp = palll < {Z H|¢Klllf(} :

KeTp,

Drawbacks

@ Infinite-dimensional local problems would need to be
solved to get a guaranteed upper bound.
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Equilibrated residuals estimate for —V - (aVp) = f

Corollary (Equilibrated residuals error estimate in FES)

Let o € H'(K), ¢k = 0 0n 99, K € Ty, be the solutions of the
local problems

Bk(¢k, vk) = (f, Vk)k — Bk(Pn, Vk) + (9K, Vk)ok
Yvk € H'(K), vk = 0 on 9.

Then there holds (cf. Ainsworth and Oden 00)

1/2
Ilp = palll < {Z H|¢Klllf(} :

KeTp,

Drawbacks

@ Infinite-dimensional local problems would need to be
solved to get a guaranteed upper bound.
@ Their approximation may be quite expensive.
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Optimal abstract framework for —V - (aVp) = f

Theorem (Optimal abstract framework, conf. & pure dif. case)

Let p, pn € H}(Q2) be arbitrary. Then

e — palll < sup  B(p—pn,#) < llp— palll.
pEH (), llgll=1
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Optimal abstract framework for —V - (aVp) = f

Theorem (Optimal abstract framework, conf. & pure dif. case)
Let p, pn € H}(Q2) be arbitrary. Then

e — palll < sup B(p — pn,¢) < |llp — Palll-
weH} (), lllell|=1

| \

Proof.
We have
P —Pn
P—p = B(P—P,>
o=l " o= pol
< sup B(p — pn, ¢)
peH{ (), lllelll=1
< lle — pnlll sup sl
peH (), [llelll=1
= |[lp— pnlll-
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Optimal abstract estimate for —V - (aVp) = f

Theorem (Optimal abstract estimate, conf. & pure dif. case)

Let p be the weak solution and let p, € H} () be arbitrary.
Then

lllp— pnlll < inf sup {(f—V-t,0) —(aVpp+t,Vp)}
tEH(div.Q)pe (@), [lle]l=1

< [llp = palll-
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Optimal abstract estimate for —V - (aVp) = f

Theorem (Optimal abstract estimate, conf. & pure dif. case)

Let p be the weak solution and let py, € Hg (Q2) be arbitrary.
Then

lllo = prlll < inf sup {(f—=V-t,¢)—(aVpn+t,Vo)}
tEH(div.Q)pe (@), [lle]l=1

< [llo = palll-

Proof.

Upper bound: put ¢ := p — pn/|||p — pnl|| and take t € H(div, 2)

arbitrary. Then

B(p—pn,v) = (f,¢)—(aVpn, Vy) //Blin., weak sol. def.
= (f,p)—(aVpn+1, Vo) + (L, Vy) // = (1, V)
= (f-V-t¢)—(aVpr+t,Vy). //Greenth.

Lower bound: put t = —aVp and use the Schwarz inequality.

v
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Optimal abstract estimate for —V - (aVp) = f

Theorem (Optimal abstract estimate, conf. & pure dif. case)

Let p be the weak solution and let p, € H} () be arbitrary.
Then

o= palll < inf sup {(f—V-t,0)—(aVpn +t,Vy)}
teR(dvDyer (@), o=t
< lllp = palll- )
Properties

@ Guaranteed upper bound (no undetermined constant).
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Optimal abstract estimate for —V - (aVp) = f

Theorem (Optimal abstract estimate, conf. & pure dif. case)

Let p be the weak solution and let p, € H} () be arbitrary.
Then

o= palll < inf sup {(f—V-t,0)—(aVpn +t,Vy)}
teR(dvDyer (@), o=t
< lllp = palll- )
Properties

@ Guaranteed upper bound (no undetermined constant).
@ Exact and robust.
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Optimal abstract estimate for —V - (aVp) = f

Theorem (Optimal abstract estimate, conf. & pure dif. case)

Let p be the weak solution and let p, € H} () be arbitrary.
Then

o= palll < inf sup {(f—V-t,0)—(aVpn +t,Vy)}
teR(dvDyer (@), o=t
< lllp = palll- )
Properties

@ Guaranteed upper bound (no undetermined constant).
@ Exact and robust.

@ Not computable (infimum over an infinite-dimensional
space).
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A first computable estimate for —V - (aVp) = f

Theorem (A first computable estimate, conf. & pure dif. case)

Let p be the weak solution and let p, = HJ () be arbitrary.
Take any tj, € H(div, Q). Then
1/2hQ 1 1
llp =Pl < =7 If = V- tall + @2 Vpy + &t
a,0
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A first computable estimate for —V - (aVp) = f

Theorem (A first computable estimate, conf. & pure dif. case)

Let p be the weak solution and let p, = HJ () be arbitrary.
Take any tj, € H(div, Q). Then
C1/2hQ 1 1
llp = palll < —572=If = V - tall + |2 Vipp + &~ 2t].

a,0

Proof.

o |[[p—ppll| < sup {(F=V-th,0)—(aVpn+ty, Vo) };
eeHL(Q), lllelll=1

| 0
A\
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A first computable estimate for —V - (aVp) = f

Theorem (A first computable estimate, conf. & pure dif. case)

Let p be the weak solution and let p, = HJ () be arbitrary.
Take any tj, € H(div, Q). Then
C1/2h ) P
llp = pulll < —57=If = V-t + |a2Vpn + a2ty
CaQ

Proof

® [llp—palll < sup  {(f=V-th,0)—(aVpr+tn, Vo)};
peH(@), llll=1

o Friedrichs inequality: ||l < Ci/ahal| Vel < Ff}fll\so!l\

a,Q
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A first computable estimate for —V - (aVp) = f

Theorem (A first computable estimate, conf. & pure dif. case)

Let p be the weak solution and let p, = HJ () be arbitrary.
Take any tj, € H(div, Q). Then
C1/2h ) P
llp = pulll < —57=If = V-t + |a2Vpn + a2ty
CaQ

Proof
® [llp—palll < sup  {(f=V-th,0)—(aVpr+tn, Vo)};
peH(@), llll=1
o Friedrichs inequality: ||l < Ci/ahal| Vel < Ff}fll\so!l\

@ use this and the Schwarz inequality: iz
cl/2n,
(F =V th,0) < If = V- tallllell < I = V- tall =5 [l ol
aQ
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A first computable estimate for —V - (aVp) = f

Theorem (A first computable estimate, conf. & pure dif. case)

Let p be the weak solution and let p, = HJ () be arbitrary.
Take any tj, € H(div, Q). Then
C1/2h ) P
llp = pulll < —57=If = V-t + |a2Vpn + a2ty
CaQ

Proof

® [llp—palll < sup  {(f=V-th,0)—(aVpr+tn, Vo)};
e (). llell=1
o Friedrichs inequality: ||l < Ci/ahal| Vel < Ff}fll\so!l\

a,Q

@ use this and the Schwarz inequality:
C/2h
(F=V th ) < [If =V tallliell < If =V - tall 5=l
@ use the Schwarz mequahty for the second term:
—(aVph + tn, Vo) < @2 Vpn + a 2|l
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A first computable estimate for —V - (aVp) = f

Theorem (A first computable estimate, conf. & pure dif. case)

Let p be the weak solution and let p, = HJ () be arbitrary.
Take any tj, € H(div, Q). Then
1/2hQ 1 1
Il — palll < 1;19/2 [f =V - tpl| + [[@2Vpp + a2ty |.
a0

Properties
@ Guaranteed upper bound (Cr,q < 1, Friedrichs constant).
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A first computable estimate for —V - (aVp) = f

Theorem (A first computable estimate, conf. & pure dif. case)

Let p be the weak solution and let p, = HJ () be arbitrary.
Take any tj, € H(div, Q). Then
1/2hQ 1 1
Il — palll < 1;19/2 [f =V - tpl| + [[@2Vpp + a2ty |.
a0

Properties
@ Guaranteed upper bound (Cr,q < 1, Friedrichs constant).
@ t, € H(div, Q) unconstrained, V - t,, # f x Prager & Synge.

M. Vohralik Estimations a posteriori garanties et robustes



| Diffusion Reaction—diffusion Algebraic error C Clas. est. Opt. fr. Opt. est. FEs & FVs Efficiency Exp.

A first computable estimate for —V - (aVp) = f

Theorem (A first computable estimate, conf. & pure dif. case)

Let p be the weak solution and let p, = HJ () be arbitrary.
Take any tj, € H(div, Q). Then
1/2hQ 1 1
Il — palll < 1;19/2 [f =V - tpl| + [[@2Vpp + a2ty |.
a0

Properties
@ Guaranteed upper bound (Cr,q < 1, Friedrichs constant).
@ t, € H(div, Q) unconstrained, V - t,, # f x Prager & Synge.

° Ha%Vph + a*%thH penalizes —aVp, ¢ H(div, Q).
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A first computable estimate for —V - (aVp) = f

Theorem (A first computable estimate, conf. & pure dif. case)

Let p be the weak solution and let p, = HJ () be arbitrary.
Take any tj, € H(div, Q). Then
1/2hQ 1 1
Il — palll < 1;19/2 [f =V - tpl| + [[@2Vpp + a2ty |.
a0

Properties
@ Guaranteed upper bound (Cr,q < 1, Friedrichs constant).
@ t, € H(div, Q) unconstrained, V - t,, # f x Prager & Synge.
° Ha%Vph + a*%thH penalizes —aVp, ¢ H(div, Q).
@ ||[f — V-1, is aresidual term, evaluated for 1.
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A first computable estimate for —V - (aVp) = f

Theorem (A first computable estimate, conf. & pure dif. case)

Let p be the weak solution and let p, = HJ () be arbitrary.
Take any tj, € H(div, Q). Then
1/2hQ 1 1
Il — palll < 1;19/2 [f =V - tpl| + [[@2Vpp + a2ty |.
a0

Properties
@ Guaranteed upper bound (Cr,q < 1, Friedrichs constant).
@ t, € H(div, Q) unconstrained, V - t,, # f x Prager & Synge.
° Ha%Vph + a*%thH penalizes —aVp, ¢ H(div, Q).
@ ||[f — V-1, is aresidual term, evaluated for 1.
@ Advantage: scheme-independent (works for all schemes)
(promoted by Repin).
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A first computable estimate for —V - (aVp) = f

Theorem (A first computable estimate, conf. & pure dif. case)

Let p be the weak solution and let p, = HJ () be arbitrary.
Take any tj, € H(div, Q). Then
1/2hQ 1 1
Il — palll < 1;19/2 [f =V - tpl| + [[@2Vpp + a2ty |.
a0

Properties

@ Guaranteed upper bound (Cr,q < 1, Friedrichs constant).

@ t, € H(div, Q) unconstrained, V - t,, # f x Prager & Synge.

° Ha%Vph + a*%thH penalizes —aVp, ¢ H(div, Q).

@ ||[f — V-1, is aresidual term, evaluated for 1.

@ Advantage: scheme-independent (works for all schemes)
(promoted by Repin).

@ Disadvantage: scheme-independent (no information from
the computation used), Cllféhg/c;g may be too big.
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Optimal a posteriori error estimate for —V - (aVp) = f

Theorem (Optimal a posteriori error estimate)
Let
@ p be the weak solution,
@ py € H}(Q) be arbitrary,
@ D, = D™ U DM be a partition of ,
® t, € H(div, 2) be arbitrary but such that
(V -tp,1)p = (f,1)p for all D € D}".

Then

1/2
llp = palll < { Z (77R,D+77DF,D)2} :

DeDy,
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Optimal a posteriori error estimate for —V - (aVp) = f

Estimators
@ diffusive flux estimator

® o, = [@2Vpy + a2ty p
e penalizes the fact that —aVp, ¢ H(div, Q)
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Optimal a posteriori error estimate for -V - (aVp) = f

Estimators

@ diffusive flux estimator

® nprp = ||@zVpn +a 2ty||p
e penalizes the fact that —aVpy, ¢ H(div, Q)

@ residual estimator

® Nr.p = Mpallf =V - t4lp
e residue evaluated for t;,
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Optimal a posteriori error estimate for -V - (aVp) = f

Estimators

@ diffusive flux estimator

o TIDE,D ‘— Ha%Vph + aiéthHD
e penalizes the fact that —aVpy, ¢ H(div, Q)

@ residual estimator

MR,D = Mpallf =V - th[lp

residue evaluated for t;,

m 4 = Ce.php?/cap for D € Dy, Cp p = 1/7% if D convex
m? , = Ce.php?/cap for D € DY, Cep = 1 in general
Ca,p is the smallest value of aon D
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Proof of the optimal estimate for —V - (aVp) = f

Proof, part 1.

@ Recall that

llp—pnlll < sup {(f = V-tn, @) — (aVPr +th, V) };
P} (@), llell=1
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Proof of the optimal estimate for —V - (aVp) = f

Proof, part 1.

@ Recall that

llp—pnlll < sup {(f = V-tn, @) — (aVPr +th, V) };
P} (@), llell=1

@ Poincaré inequality

le — oplld < Co.ohd||Vel3,
where ¢p is the mean value of ¢ over D;
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Proof of the optimal estimate for —V - (aVp) = f

Proof, part 1.

@ Recall that
llp—palll < sup {(f = V-tn,¢) —(aVpp +th, Vo)};
PeH (), [llelll=1
@ Poincaré inequality
le — eplb < Coph5||Vel5,

where ¢p is the mean value of ¢ over D;

@ Friedrichs inequality
lelld < Crpaah5lVel3,
where ¢ = 0 on 9Q N D # (;
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Proof of the optimal estimate for —V - (aVp) = f

Proof, part 1.

@ Recall that
llp—palll < sup {(f = V-tn,¢) —(aVpp +th, Vo)};
PeH (), [llelll=1
@ Poincaré inequality
le — eplb < Coph5||Vel5,

where ¢p is the mean value of ¢ over D;

@ Friedrichs inequality
lelld < Crpaah5lVel3,

where ¢ = 0 on 9Q N D # (;

@ energy norm:

1
2 2
IVellp < TaD‘H‘P‘HD;
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Proof of the optimal estimate for —V - (aVp) = f

Proof, part 2.

@ D < Dj": conservativity of ty, i.e. (V-tp, 1)p = (f, 1)p,
Schwarz inequality, and Poincaré inequality:

(f = Vtn,¢)p =(f = V-th,o — op)p < ||f = V|l — epllp
1
<[[f = V|| pCS phol Vel

<mpallf = V-ts|plll¢lllo;
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Proof of the optimal estimate for —V - (aVp) = f

Proof, part 2.

@ D < Dj": conservativity of ty, i.e. (V-tp, 1)p = (f, 1)p,
Schwarz inequality, and Poincaré inequality:

(f = Vtn 9)p =(f = V-th, 0 —wp)p < If = Vtallolle — ¢pllo
<IIf = V44lloGi pholl Veello
<mp a||f — V-ts|lplllelllo;

@ D < Dy*': Schwarz and Friedrichs inequalities:

1
(F=Vtn, 0)p <IIf=Vtpllpllello < If =Vl oCE p go ol Vello

<mp,al|f = V-tn|pllell

D»
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Proof of the optimal estimate for —V - (aVp) = f

Proof, part 2.

@ D < Dj": conservativity of ty, i.e. (V-tp, 1)p = (f, 1)p,
Schwarz inequality, and Poincaré inequality:

(f = Vtn,¢)p =(f = V-th,o — op)p < ||f = V|l — epllp
1
<[[f = V|| pCS phol Vel

<mpallf = V-ts|plll¢lllo;

@ D < Dy*': Schwarz and Friedrichs inequalities:

1
(F=Vtn, 0)p <[If=Vtpllpllello < If =Vl oCE p ool Vello

<mp,al|f = V-tn|pllell

D;
@ the Schwarz inequality for the second term:
1 1
—(aVpn +th, Vo)p < [|azVpp + a 2t plll¢ll o
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Finite element and cell-centered finite volume methods

f inQ
0 onodN2
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Finite element and cell-centered finite volume methods

-V.-(avp) = f inQ
p = 0 onodQ

(@avVpn, Vion)=(f, on) Yone Vy

@ —aVp, ¢ H(div,Q2) = not
locally conservative

® py € HI(R2) = conforming

@ Galerkin orthogonality

@ arithmetic averaging of a
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Finite element and cell-centered finite volume methods

-V.-(avp) = f inQ
p = 0 onodQ

Finite elements Cell-centered finite volumes

(aVpr, Von)=(f.on) Yone Vo | 5™ (a7l o pp)—(1,1),

@ —avpy ¢ H(div, Q) = not EeN(D) DE VD € Dt
locally conservative @ locally conservative

® py € HI(R2) = conforming ® py & H} () = nonconforming

@ Galerkin orthogonality @ flux formulation

@ arithmetic averaging of a @ harmonic averaging of a
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Equivalence between FEs and FVs

Theorem (Equivalence between FEs and FVs, Eymard,

Gallouét, and Herbin 00)

Letd =2, leta=1, letI, be Delaunay and let Dy, be its
Voronoi dual (given by the orthogonal bisectors of the edges
from 7p). Let next f be piecewise constant on T,. Then FEs and
FVs produce the same discrete systems.
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Equivalence between FEs and FVs

Theorem (Equivalence between FEs and FVs, Eymard,

Gallouét, and Herbin 00)

Letd =2, leta=1, letI, be Delaunay and let Dy, be its
Voronoi dual (given by the orthogonal bisectors of the edges
from 7p). Let next f be piecewise constant on T,. Then FEs and
FVs produce the same discrete systems.

Consequences:

@ interpretation of the results
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Equivalence between FEs and FVs

Theorem (Equivalence between FEs and FVs, Eymard,

Gallouét, and Herbin 00)

Letd =2, leta=1, letI, be Delaunay and let Dy, be its
Voronoi dual (given by the orthogonal bisectors of the edges
from 7p). Let next f be piecewise constant on T,. Then FEs and
FVs produce the same discrete systems.

Consequences:

@ interpretation of the results
@ local conservativity of FEs on Dy,
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Equivalence between FEs and FVs

Theorem (Equivalence between FEs and FVs, Eymard,

Gallouét, and Herbin 00)

Letd =2, leta=1, letI, be Delaunay and let Dy, be its
Voronoi dual (given by the orthogonal bisectors of the edges
from 7p). Let next f be piecewise constant on T,. Then FEs and
FVs produce the same discrete systems.

Consequences:

@ interpretation of the results
@ local conservativity of FEs on Dy,
@ general f: equivalence up to numerical quadrature
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Finite elements for —V - (aVp) = f

Finite element method

@ Find pp € V} such that
(@Vpn, Vn) = (f,on)  Von € Vi

@ py € H)(Q):
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Choice of t, € H(div, Q)

Recall the equivalence with finite volumes

NoTT e AT
R

Raviart-Thomas—Nédélec space

Choice of t, based on the equivalence with FVs

@ using the FV fluxes on Dy, construct t, € RTN(Sp);
(th-n,1)op = (V-ty,1)p = (f,1)p VD € D}".
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Cell-centered finite volumes for —V - (aVp) = f

Cell-centered finite volume method
@ Find {pD}Dep};u such that
g .
—{ale Y |dD’E| (pe — pp) = (f,1)p VD e Dy".
Ecn(D) D

@ {a}.: harmonic averaging of the diffusion tensor.
@ We immediately have t, € RTN(Sp) which verifies
(th-n,1)op = (V-th,1)p = (f,1)p VD e D}
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Interpretation of {pp} Depin AS Ph € Vi

Interpretation of {pp} Depin @S Ph € Vi

Pp piecewise constant on Dy, Pn piecewise linear on 7,
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Local efficiency of the estimates for —V - (aVp) = f

Theorem (Local efficiency)

Lett, € RTN(Sp), ty - n, := —{aVpy - n,}, for all sides o of Sp.
Then

R0 + 1oF,0 < Cll|p = palll73,
where C depends only on the space dimension d, on the shape
regularity parameter ., and on the polynomial degree m of f.
Moreover, when a = 1, one actually has
nr,0 + 1Mor,0 < Cll|p — pall|o-
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Local efficiency of the estimates for —V - (aVp) = f

Proof (diffusive flux estimator, case a = 1).

e for each v, € RTN(K), [|v4|[& < Chk Y- ce, lIVa- N3
(equivalence of norms on finite-dimensional spaces)
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Local efficiency of the estimates for —V - (aVp) = f

Proof (diffusive flux estimator, case a = 1).
e for each v, € RTN(K), [|v4|[& < Chk Y- ce, lIVa- N3
(equivalence of norms on finite-dimensional spaces)
@ put v, = Vpp, + ty; then ||V, + th||% = [|V4||%
< Chi 3 geemen IV n,]lI2 = 7ok, p is a lower bound
for the classical mass balance estimator
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Local efficiency of the estimates for —V - (aVp) = f

Proof (diffusive flux estimator, case a = 1).
e for each v, € RTN(K), [|v4|[& < Chk Y- ce, lIVa- N3
(equivalence of norms on finite-dimensional spaces)
@ put v, = Vpp, + ty; then ||V, + th||% = [|V4||%
< Chg Zaegng%m I[VPh - Ns1|12 = npE.p is a lower bound
for the classical mass balance estimator

@ side bubble functions technique of Verfurth:
1 :
hgllIVPn - Nollle < C3yeqk iy 1IlP— Palllm for o € Ex N EF
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Local efficiency of the estimates for —V - (aVp) = f

Proof (diffusive flux estimator, case a = 1).
e for each v, € RTN(K), [|v4|[& < Chk Y- ce, lIVa- N3
(equivalence of norms on finite-dimensional spaces)
@ put v, = Vpp, + ty; then ||V, + th||% = [|V4||%
< Chg Zaegmg%m I[VPh - Ns1|12 = npE.p is a lower bound
for the classical mass balance estimator

@ side bubble functions technique of Verfurth:
1 :
hgllIVen - Nollle < CXyeqk iy 1IlP— Palllm for o € Ex N EFT

Proof (residual estimator, case a = 1).

@ element bubble functions technique of Verfirth:
If =V -tallk < Chi! VP + thll
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Local efficiency of the estimates for —V - (aVp) = f

Proof (diffusive flux estimator, case a = 1).
e for each v, € RTN(K), [|v4|[& < Chk Y- ce, lIVa- N3
(equivalence of norms on finite-dimensional spaces)
@ put v, = Vpp, + ty; then ||V, + th||% = [|V4||%
< Chg Zaegmg%m I[VPh - Ns1|12 = npE.p is a lower bound
for the classical mass balance estimator

@ side bubble functions technique of Verfurth:
1 :
hgllIVen - Nollle < CXyeqk iy 1IlP— Palllm for o € Ex N EFT

Proof (residual estimator, case a = 1).

@ element bubble functions technique of Verfirth:
If =V -tallk < Chi! VP + thll

@ |[Vp+tullp < lllp—palllo + | Von + thllp
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Local efficiency of the estimates for —V - (aVp) = f

Proof (diffusive flux estimator, case a = 1).
e for each v, € RTN(K), [|v4|[& < Chk Y- ce, lIVa- N3
(equivalence of norms on finite-dimensional spaces)
@ put v, = Vpp, + ty; then ||V, + th||% = [|V4||%
< Chi 3 geemen IV n,]||2 = npr.p is a lower bound
for the classical mass balance estimator

@ side bubble functions technique of Verfurth:
1 :
hgllIVen - Nollle < CXyeqk iy 1IlP— Palllm for o € Ex N EFT

Proof (residual estimator, case a = 1).

@ element bubble functions technique of Verfirth:
If =V -tallk < Chi! VP + thll

@ |[Vp+talp < lllp— palllo + IVPn +tallo
@ complete the proof by the previous result
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Local efficiency of the estimates for —V - (aVp) = f

Proof (case a # 1).
@ the discontinuities have to be aligned with the dual mesh

@ harmonic averaging has to be used in the scheme

@ harmonic averaging has to be used in the construction
of th: th Ny = —{Vps - No}o.
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Local efficiency of the estimates for —V - (aVp) = f

Proof (case a # 1).
@ the discontinuities have to be aligned with the dual mesh

@ harmonic averaging has to be used in the scheme

@ harmonic averaging has to be used in the construction
of th: th Ny = —{Vps - No}o.

Properties
@ guaranteed upper bound
@ local efficiency
@ full robustness
@ negligible evaluation cost
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Local efficiency of the estimates for —V - (aVp) = f

Proof (case a # 1).
@ the discontinuities have to be aligned with the dual mesh

@ harmonic averaging has to be used in the scheme

@ harmonic averaging has to be used in the construction
of th: th Ny = —{Vps - No}o.

Properties
@ guaranteed upper bound
@ local efficiency
@ full robustness
@ negligible evaluation cost

@ locally, our estimator is a lower bound for the classical
residual one
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Model problem

//

—p" = =2sin(zx) in]0,1],
p = 0 inO01
Exact solution
p(x) = sin(mx)
Discretization
Ngiven,h:1/(N+1)xkfkh k=0,..., N+ 1 (xo=0and

XNA1:1),X_2 (k+ Yh, k=0,..., N,x%:O,xNH 1 =1
Choice of t,
th(X, 1) = —Ph(Xy, %) k=0,..., N,
th(Xk) —(Phlp 1l T Phlpaoxea)/2  k=1,..., N,
th(X0) = —Phlxox[
th(XN+1) = —Phlpoyxal
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The estimate in 1D

Model problem
—p" = =2sin(zx) in]0,1],
p = 0 inO01
Exact solution
p(x) = sin(mwx)
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The estimate in 1D

Model problem

—p" = n®sin(zx) in]0,1],

p = 0 in0,1
Exact solution
p(x) = sin(mx)

Discretization
N given, h=1/(N+1), xx = kh, k=0,...,
Xnat = 1), X1 = (k+3)h k=0,....,N, x
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The estimate in 1D

Model problem
—p" = n®sin(zx) in]0,1],
p = 0 in0,1
Exact solution
p(x) = sin(mx)
Discretization
N given, h=1/(N+1), xx = kh,k=0,...,N+1 (xo=0and
XNt = 1), Xk+% = (k+%)h1 kZO,...,N, X_% :0’ XN+1+1§ =1
Choice of t;,

th(Xk_,_%) = _p/h(xk+%) k=0,...,N,
th(Xk) — _(p;‘l‘]Xk,th[+p;7‘]xkyxk+1[)/2 k = 17...,N7
th(x0) = —Phlpox

th(Xng1) = _p;"’]XNaXNM[
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Plots of p, pn, and —1y,

1
R B — exact solution derivative
0.9 3 ——= approximate solution derivative
1 ] B - postprocessed derivative
0.8
1 2
074 B
1 \ - TR
0.6 /7 A\
/ 1
1 / 3\
/ D\
05 // N 0
// \
1 % \ 1
i / R\
0.4 )/ \ ]
1 / N ! -1
% \ 1
0.3 / N\
1 / \ -2
/ \
0z \ 1
/ \
1 \
-2
0.1
o. L B B S S S B S - T T T T T T T T T T T T T T T T T T
00 01 02 03 04 05 06 07 [ 09 10 00 01 02 03 04 05 06 07 08 09 10

Plot of p and p, Plot of p/, p},, and —t4
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The optimal estimate in 1D

— estimate
res. est

——~ dif. flux est.

0" T T T T . R Ty IRELARRRLY

1 2 3
10 10 10 10 10 10 10 10 10 10

Estimated and actual errors Estimated error and residual
and diffusive flux estimators
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L-shape domain example and finite elements

s sesa 01 7280301
=—— ==

M

Problem

—Ap =0, in Q
p=po, on 90

Exact solution
(polar coordinates)

_2 . (2
Po(r,¢) = r-3sin (§<p>
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Effectivity index — comparison, uniform refinement

50 T

jump est., uniform
45 = = =classical est., uniform |-
40 B
35 =

effectivity index
N N w
o (51 o
T T
. . .

=
3
T
L

101

10 10° 10° 10 10
number of triangles

Effectivity indices for the jump and classical estimators
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Improvement by local minimization

Observation
@ Fluxes of t, need to be prescribed on the boundary of dual
volumes only to get (V - ty, 1)p = (f, 1)p.
@ We can choose them on other edges.
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Improvement by local minimization

Observation
@ Fluxes of t; need to be prescribed on the boundary of dual
volumes only to get (V - ty, 1)p = (f, 1)p.
@ We can choose them on other edges.

Local minimization (for each vertex)
@ solve local linear problem (size = number of vertex sides)
@ compute the estimators
@ the whole estimate still has a linear cost
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Improvement by local minimization

Observation
@ Fluxes of t; need to be prescribed on the boundary of dual
volumes only to get (V - tp, 1)p = (f, 1)p.
@ We can choose them on other edges.

Local minimization (for each vertex)
@ solve local linear problem (size = number of vertex sides)
@ compute the estimators
@ the whole estimate still has a linear cost

No linear system solution
@ choose t, such that (V -ty 1)k = (f, 1)k for all K € Sy,
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Residual and diffusive flux estimators, uniform
refinement

10 T
jump dif. flux est., uniform
jump residual est., uniform
= @ - min. dif. flux est., uniform
=—06— min. residual est., uniform
10° |
£
o
c
>
2
[0}
&
107
10’2 I I I ‘
10" 10° 10° 10* 10°

number of triangles

Residual and diffusive flux estimators comparison
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Effectivity index — comparison, uniform refinement

50 T
jump est., uniform
= @ - min est., uniform
a0k = = =classical est., uniform| |
s | Tmmmemmmmmmmmmmmmmmmmmoy
3 30F 1
2
2
3]
2 201 1
(0]
10r
9"--0----0----0---0---9---%)
0 L L L
10* 10° 10° 10* 10°
number of triangles
Effectivity indices for the jump, minimization, and classical
estimators
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Residual and diffusive flux estimators, uniform
refinement

10 T
= » - jump dif. flux est., adaptive
~#— jump residual est., adaptive
= © - min. dif. flux est., adaptive
10° F _ —O— min. residual est., adaptive |

energy norm
N
o
T

10’3 1 1 1
10" 10° 10° 10* 10°

number of triangles

Residual and diffusive flux estimators comparison
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Effectivity index — comparison, adaptive refinement

90

T
=4 jump est., adaptive
80 | —©— min est., adaptive 1

classical est., adaptive
701 B

60

501

40t

effectivity index

30 1

number of triangles

Effectivity indices for the jump, minimization, and classical
estimators
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Estmated Eror Distibuton Exact Eror isrtution

Estimated error distribution Exact error distribution
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Error distribution on an adaptively refined mesh

Estimated error distribution Exact error distribution
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Adaptively refined mesh

AVAN
vy AWE
A
ORI

Corresponding adaptively refined mesh
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Energy error

10 T
= © =min. est., uniform
=—©— min. est., adaptive
= = = exact error, uniform
10° b exact error, adaptive |

energy norm
=
o

-3 1 1 1

10" 10° 10° 10 10

number of triangles

Estimated and actual energy error,
uniformly/adaptively refined meshes
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Effectivity index

= © = min. est., uniform
5r —©— min. est., adaptive |

effectivity index
w

N
&)
T

N
T

=
&)
T

1 ‘ ‘ ‘
10" 10 10° 10 10

number of triangles

Effectivity index, uniformly/adaptively refined meshes
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Discontinuous diffusion tensor and vertex-centered
finite volumes

@ consider the pure diffusion equation
-V-(avp)=0 in Q=(-1,1)x(-1,1)

@ discontinuous and inhomogeneous a, two cases:

1 1

s =1 s,=5 s =1 SW=1OO

53:5 s,=1 53:1 00 54=1

- 0 i 0 1

@ analytical solution: singularity at the origin

p(r,0)|q, = r*(a;sin(ad) + b;cos(ad))

e (r,0) polarcoordinates in Q
e a;, b constants depending on Q;
e o regularity of the solution
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Analytical solutions

7
i
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i o
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A vertex-centered FV scheme on nonmatching grids
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A vertex-centered FV scheme on nonmatching grids

A vertex-centered FV scheme on nonmatching grids
@ Suppose that a (nonmatching) grid Dy, is given.
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A vertex-centered FV scheme on nonmatching grids

A vertex-centered FV scheme on nonmatching grids
@ Suppose that a (nonmatching) grid Dy, is given.
@ Construct a conforming simplicial mesh 7, given by the
“centers” of Dy,.
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A vertex-centered FV scheme on nonmatching grids

A vertex-centered FV scheme on nonmatching grids
@ Suppose that a (nonmatching) grid Dy, is given.
@ Construct a conforming simplicial mesh 7, given by the
“centers” of Dy,.
@ Find py, € V}, such that

—({a}uVpn-n,op = (f,1)p VD e DM

M. Vohralik Estimations a posteriori garanties et robustes
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Error distribution on a uniformly refined mesh, case 1

06719 03400

0.6047

03068

0.5375

02728

0.4703 02387

0.4031 02047
0.3350 0.1708
0.2687 0.1366

02016 0.1025

01344 006847

0.06719 003441

1.011E-16 00003574

Estimated error distribution Exact error distribution
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Error distribution on an adaptively refined mesh,
case 2

1.265

1.518E-16

Estimated error distribution Exact error distribution
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Approximate solutions on adaptively refined meshes

M. Vohralik Estimations a posteriori garanties et robustes



| Diffusion Reaction—diffusion Algebraic error C Clas. est. Opt. fr. Opt. est. FEs & FVs Efficiency Exp.

Estimated and actual errors in uniformly/adaptively
refined meshes

lO TrorrTTT T T TTTTTT T T T TTTTT 10 T T TrTTTT T T TTTIT T T T TTTTT
—e— error uniform —e—error uniform
—a— estimate uniform —a— estimate uniform
- 4 -error adapt. - 4 -error adapt.

- A -estimate adapt. - A -estimate adapt. |]

Energy error
B
o
T
Ll
Energy error
o
5,
»
>

L . i "‘0‘
T 10" % -
-1 | | C L % | J
1071 e ol - el ]
10 10 10 10 10 10 10 10
Number of dual volumes Number of dual volumes
Case 1 Case 2
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Original effectivity indices in uniformly/adaptively
refined meshes

T e —__ e T " e
2.8 —a— effectivity ind. uniform 2.6 —a— effectivity ind. uniform
- A - effectivity ind. adapt. - A - effectivity ind. adapt.
2.7+ A . — 2.5+ ) A —
3 2.6 / - Boa- LA s
2 ‘ 2 ;
2251 A 1 223 axt -
= r\e 2 Ak
8 241 / A |
= P = !
[im] ’ w 1
2.3 & — 2.1 —
- 1
22~ -4 R o -
- —
27 —— Tl 1.9 Ll | L
10° 10° 10 10° 10° 10° 10* 10°
Number of dual volumes Number of dual volumes
Case 1 Case 2
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Effectivity indices in uniformly/adaptively refined
meshes using a simple (no linear system solution)
local minimization

1.5 N B e e 1.44 T B e e S T
—&— effectivity ind. uniform p —— effectivity ind. uniform
- A - effectivity ind. adapt. 1.42 - A - effectivity ind. adapt.
1.454 = N
S 14l * —
3 ‘a 3
E 1ap ThaA T Eais N e
2 A 2 A
> ~ S \
£=4 A £=1 L -
S 1.351 A 4 g1s6 Y
= \ = A
u Aal Y 1sa- \ -
- aL . A
1.3+ "N - ‘A
N 1.32— 2 —
1.5 Ll T .. S 13 Lol ALl L
10° 10° 10 10° 10° 10° 10* 10°
Number of dual volumes Number of dual volumes
Case 1 Case 2
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Problem
—Ap+rm = f inQ,
p = 0 ondQ

Assumptions

Q c RY, d = 2,3, is a polygonal domain
r € L>(€2) such that for each D € Dy, 0 < ¢,p < r < C; p,
a.e.inD

Bilinear form B

B(p.¢) == (Vp,Vo)a+ (r'?p,r'?p)a,  p,p € Hy(Q).
Weak solution
Find p € H}(Q) such that B(p, ») = (f,0)a Ve € H)(R).
Energy norm

el = Blw,v), ¢ € H3(Q):
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A reaction—diffusion problem

Problem
—Ap+rm = f inQ,
p = 0 on0Q
Assumptions
@ Q cRY d=2,3,is apolygonal domain

@ r e L*°(Q) such that for each D € Dy, 0 < ¢, p < r < Gy p,
a.e.inD
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A reaction—diffusion problem

Problem
—Ap+rm = f inQ,
p = 0 on0Q

Assumptions
@ Q CRY d=2,3,is a polygonal domain

@ r e L*°(Q) such that for each D € Dy, 0 < ¢, p < r < Gy p,

a.e.inD
Bilinear form B

B(pv()o) = (Vp,Vgo)Q+(r1/2p r1/2 ) Q.

P,y € Hy(Q).
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A reaction—diffusion problem

Problem
—Ap+rm = f inQ,
p = 0 on0Q
Assumptions

@ Q cRY d=2,3,is apolygonal domain
@ r e L*°(Q) such that for each D € Dy, 0 < ¢, p < r < Gy p,
a.e.inD

Bilinear form B

B(p,¢) == (Vp.V)a + (r'2p,r'2p)a,  p,p € HJ(Q).
Weak solution
Find p € H}(Q) such that B(p, ) = (f.p)a Ve € HI(Q).
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A reaction—diffusion problem

Problem
—Ap+rm = f inQ,
p = 0 on0Q
Assumptions

@ Q cRY d=2,3,is apolygonal domain
@ r e L*°(Q) such that for each D € Dy, 0 < ¢, p < r < Gy p,
a.e.inD

Bilinear form B

B(p,¢) = (VP,Ve)a + (r'?p,r'?o)a,  p,p € HY(Q).
Weak solution
Find p € H}(Q) such that B(p, ) = (f.p)a Ve € HI(Q).
Energy norm

el = Ble, ), ¢ € H(Q).
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Residual and diffusive flux estimators

Estimators
@ residual estimator
nr,p = Mpl|f =V -th — rpsllp
@ diffusive flux estimator

L 2
"IpF,D := MiN {77(0/)—10777(0/):,0}

1
Moep =VPh + thllo

Mo :={ 3 (mKHAph +V by — (APr+ V- t)kllk
KeSp
1

2y 2
+mK > CtKU (Von+tp) - n|0>}

oeExNGM
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Robust a posteriori error estimates for —Ap+rp=f

Theorem (A posteriori error estimate)

There holds
lle = pallle < { > (rp+ nDF,D)z}

DeDy,

1
2
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Robust a posteriori error estimates for —Ap+rp=f

Theorem (A posteriori error estimate)
There holds

lle = pallle < { > (77R,D+77DF,D)2}

DEDh

1
2

N

Theorem (Local efficiency)

There holds
nr,0 + nor,p < Clllp — prlllo,

where C depends only on d, k7, m, and C, p/c, p.

M. Vohralik Estimations a posteriori garanties et robustes



| Diffusion Reaction—diffusion Algebraic error C Problem and estimates Numerical experiments

Robust a posteriori error estimates for —Ap+rp=f

Theorem (A posteriori error estimate)
There holds

lle = pallle < { > (77R,D+77DF,D)2}

DeDy,

1
2

N

Theorem (Local efficiency)
There holds

nr,0 + 1or,0 < Clllp — palllo
where C depends only on d, k7, m, and C, p/c, p.

Properties
@ guaranteed upper bound
@ local efficiency
@ robustness
@ negligible evaluation cost
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_ Problem and estimates Numerical experiments
Constants and inequalities

Poincaré inequality
® |lo—¢pld < Ceph3||Ve|3 Ve e HY(D)
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Constants and inequalities

Poincaré inequality
o [lo— ol < Cophd|Vel3 Ve e H'(D)
e De D
@ pp: mean of ¢ over D
@ Cpp = 1/m2if Dis convex
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Constants and inequalities

Poincaré inequality
® o —yolp < Coph3l Vel Ve e H'(D)
@ DeDM
@ pp: mean of ¢ over D
@ Cpp = 1/m2if Dis convex
Friedrichs inequality
o vl5 < CrpoahpllVeld Ve e H'(D)N Hj(Q)
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Constants and inequalities

Poincaré inequality
® o —yolp < Coph3l Vel Ve e H'(D)
@ DeDM
@ pp: mean of ¢ over D
@ Cpp = 1/m2if Dis convex
Friedrichs inequality
o vl5 < CrpoahpllVeld Ve e H'(D)N Hj(Q)
e De D
@ Cgpoq = 1in general
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Constants and inequalities

Poincaré inequality
o [lo— ol < Cophd|Vel3 Ve e H'(D)
@ DeDp
@ pp: mean of ¢ over D
@ Cpp = 1/m2if Dis convex
Friedrichs inequality
o |[¢]|3 < Crpoah3|Vel3 Ve e H'(D)N HY(Q)
@ De D
@ Cgpoq = 1in general
Trace inequality

® [lplz < Coralhg'lloll + IelklVelk) Vo € H'(K)
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Constants and inequalities

Poincaré inequality
® o —wolly < CophjlVely Ve e HY(D)
@ DeDM
@ pp: mean of ¢ over D
@ Cpp = 1/m2if Dis convex
Friedrichs inequality
® [lol5 < CrpoahdllVelly Ve e HY(D)N Hy(RQ)
e De D
@ Cgpoq = 1in general
Trace inequality
® [[pl5 < Cikolhi ol + llellklVelk) Ve e H'(K)
@ Ke§y
® Ciko = lolhk/IK]
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Constants and inequalities

Lemma (Auxiliary estimates on simplices)
LetK € Sp, 0 € Ek, ¢ € H'(K), and ok = (¢, 1)k/|K|. Then

lle — el < milllellix

with
Mmyg = min{C”th, 1/2}.
Moreover, cl/2 /2
lo — exlle < CHE M lllelx
with

~ . — 1 B

M. Vohralik Estimations a posteriori garanties et robustes
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Constants and inequalities

Lemma (Auxiliary estimates on dual volumes)
Let D € Dy, ¢ € H'(D), and vp := (¢,1)p/|D|. Then,

e — ¢pllp < mplll¢lllp, D € DpY,
lellp < mplllelllo, D e Dy,

where
mp := min {01/2hD, _1/2} ., DeD

mp = min{ G5 soho. ¢, %}, DDy,

M. Vohralik Estimations a posteriori garanties et robustes
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Problem and exact solution

50007€-01 1+ S000E400
—r—

— —=
Q0800E-05 TO00E-00 Zoo0en

Problem

—Ap+rp =0, in Q
P = Po, on 99

Solution

po(x,y) =e V™" +e VY
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Problem and estimates  Numerical experiments

Effectivity indices for the original estimate and for the
minimization estimate in dependence on r

uniform grid, 32 triangles

uniform grid, 131072 triangles

7 . 7 :
jump. est. jump. est.
6L = @ =min.est. || 6L = © =min.est. ||
5F 50
x x
3 3
B4t 24t
z z
2 s
E 3r - 1 2 3r 1
327 /,f o-----f) %27 _.'f’
o---0----0--""% --°
®---0----0----0-==-90-"
1t fAd
o . . . . . o . . .
10° 10" 107 10° 10° 10° 10°  10° 10" 107 10° 107 10° 10°
reaction term r reaction term r
Mesh with 32 triangles Mesh with 131072 triangles
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Estimated and actual errors in uniformly/adaptively
refined meshes and effectivity indices

= = = exact error, uniform
exact error, adaptive |

= © = min. est., uniform = © = min. est., uniform
—©— min. est., adaptive 18 —©— min. est., adaptive | ]

energy norm
=
S

10 ‘~°
107 < = S " = | e = S N S
10 10 10 10 10 10 10 10 10 10 10 10
number of triangles number of triangles
Est. and act. errors, r = 1 Effectivity indices, r = 1
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Estimated and actual errors in uniformly/adaptively
refined meshes and effectivity indices

INd
©

10 T T
= © =min. est,, uniform
—©— min. est., adaptive
= = = exact error, uniform 2.6
exact error, adaptive
10°F 3
I N H
8 o 22
5 ol 5
2L
= © = min. est., uniform
) —©— min. est., adaptive
10 . . . . 18 T . . .
10 10° 10° 10* 10° 100 100 10° 10° 10* 10°
number of triangles number of triangles
Est. and act. errors, r = 10° Effectivity indices, r = 108
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Error distribution on an adaptively refined mesh,
r=108

Exact error distribution
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A model pure diffusion problem

A model pure diffusion problem

-V-(8Vp) = f inQ,
p = 0 on o
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A model pure diffusion problem

-V-(8Vp) = f inQ,
p = 0 onoQ

Algebraic problem

@ at some point, we shall solve AX = B
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p = 0 onoQ

Algebraic problem

@ at some point, we shall solve AX = B
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A model pure diffusion problem

A model pure diffusion problem

-V-(8Vp) = f inQ,
p = 0 on o
Algebraic problem

@ at some point, we shall solve AX = B
@ we only solve it inexactly, AX* ~ B
@ we know the algebraic residual, R := B — AX*
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A model pure diffusion problem

A model pure diffusion problem

-V-(8Vp) = f inQ,
p = 0 on o
Algebraic problem

@ at some point, we shall solve AX = B
@ we only solve it inexactly, AX* ~ B
@ we know the algebraic residual, R := B — AX*

Goals

@ take into account the algebraic error
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A model pure diffusion problem

A model pure diffusion problem

-V-(8Vp) = f inQ,
p = 0 onoQ
Algebraic problem

@ at some point, we shall solve AX = B
@ we only solve it inexactly, AX* ~ B

@ we know the algebraic residual, R .= B — AX"

Goals

@ take into account the algebraic error
o efficiently stop the iterative solver
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A model pure diffusion problem

A model pure diffusion problem

-V-(8Vp) = f inQ,
p = 0 on o
Algebraic problem

@ at some point, we shall solve AX = B
@ we only solve it inexactly, AX* ~ B
@ we know the algebraic residual, R := B — AX*

Goals

@ take into account the algebraic error
@ efficiently stop the iterative solver
@ certified error bound and huge computational savings
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Estimate including inexact linear systems error

Theorem (A posteriori error estimate including inexact linear

systems solution error, cell-centered FVs or MFEs)

There holds

1 1 1
2 2 2
b — Bl < { 5 77} " { 5 nﬁ,K} " { 5 n;iE,K} |

KeTy KeT, KeT,
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Estimate including inexact linear systems error

Theorem (A posteriori error estimate including inexact linear

systems solution error, cell-centered FVs or MFEs)

There holds

1 1 1
2 2 2
b — Bl < { 5 77} " { 5 nﬁ,K} " { 5 n;iE,K} |

KeTy KeT, KeT,

@ nonconformity estimator
® nne.k = [IlPn — Zos(Pp)lllk
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Estimate including inexact linear systems error

Theorem (A posteriori error estimate including inexact linear

systems solution error, cell-centered FVs or MFEs)

There holds

1 1 1
2 2 2
b — Bl < { 5 77} " { 5 nﬁ,K} " { 5 n;iE,K} |

KeTy KeT, KeT,

@ nonconformity estimator
® ek = [[1B; — Zos(Ph)lIk
@ residual estimator

® Rk = Mk||f +V - (SkVp})lk
e

2 .
@ My = CPCS,K
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Estimate including inexact linear systems error

Theorem (A posteriori error estimate including inexact linear

systems solution error, cell-centered FVs or MFEs)

There holds

1 1 1
2 2 2
b — Bl < { 5 77} " { 5 m%,K} " { 5 n;iE,K} |

KeTy KeT, KeT,

@ nonconformity estimator
® ek = [[1B; — Zos(Ph)lIk
@ residual estimator

® Rk = Mkllf +V - (SkVp})lk
S
Cs,k

@ algebraic error estimator
® Napk =[S 2thllk
e t, c RTN(7,) is such that V - ts|x = %
@ Ris the residual vector
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Finite volume estimates including inexact linear
systems solution

Different estimators, error, and effectivity index as a function of
the number of CG iterations
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Comments on the estimates and their efficiency

General comments

@ p < H'(Q), no additional regularity

no saturation assumption

no Helmholtz decomposition

polynomial degree-independent upper bound

the only important tools: Cauchy—Schwarz and optimal
Poincaré—Friedrichs and trace inequalities

holds from diffusion to convection—diffusion—reaction cases

@ based on local conservativity (no global Galerkin
orthogonality used)
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Essentials of the estimates

Essentials of the estimates
@ nonconformity estimate: compare the approximate solution
pn to a H'(Q)-conforming potential sy,

o diffusive flux estimate: compare the flux of the approximate
solution —SVpj, to a H(div, 2)-conforming flux tj,

@ evaluate the residue for t;,

@ in conforming methods (p, € H'(Q)), there is no
nonconformity estimate

@ in flux-conforming methods (—SVpy, € H(div, Q)), there is
no diffusive flux estimate
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Conclusions and future work

Conclusions

@ guaranteed, locally efficient, and robust a posteriori error
estimates

@ directly and locally computable
@ almost asymptotically exact
@ optimal framework (exact and robust)
@ works for all major numerical schemes
@ based on local conservativity
Future work
@ asymptotic exactness
@ nonlinear (degenerate) cases
@ extensions to other types of problems (Stokes, Maxwell)
@ multi-scale, multi-numerics, multi-physics, mortars
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