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Abstract

This paper is devoted to the derivation of an a posteriori residual-based error
estimator for the A — ¢ magnetodynamic harmonic formulation of the Maxwell sys-
tem. The weak continuous and discrete formulations are established, and the well-
posedness of both of them is addressed. Some useful analytical tools are derived.
Among them, an ad-hoc Helmholtz decomposition is proven, which allows to per-
tinently split the error. Consequently, an a posteriori error estimator is obtained,
which is proven to be reliable and locally efficient. Finally, numerical tests confirm
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1 Introduction

Let us consider the electromagnetic fields, modeled by the well-known Maxwell system :

0B
tE=—" 1
oD
H=— 2
rot T +J, (2)

where E is the electrical field, H the magnetic field, B the magnetic flux density, J the
current flux density (or eddy current) and D the displacement flux density. Equation (1)
is classically called Maxwell-Faraday equation and equation (2) Maxwell-Ampere one. In
the low frequency regime, the quasistatic approximation can be applied, which consists
in neglecting the temporal variation of the displacement flux density with respect to the
current density [21], such that the propagation phenomena are not taken into account.
Consequently, equation (2) becomes :

rot H=J. (3)

Here, the current density J can be decomposed in two terms such that J = J, + J.. Jg is
a known distribution current density generally generated by a coil. J. represents the eddy
current. Both equations (1) and (3) are linked by the material constitutive laws :

B = uH, (4)

Jo = 0E, (5)

where p stands for the magnetic permeability and o for the electrical conductivity of the
material. Figure 1 displays the domains configuration we are interested in. Let us consider
an open connected domain Q C R?, with a lipschitz boundary I' = 9). We define an open
connected conductor domain 2. C 2 and we note B = 0{2. its boundary which is supposed
to be lipschitz and such that BNT = ). In Q,, the electrical conductivity o is not equal to
zero so that eddy currents can be created. Finally we define Q, = Q\(Q,. as the part of
where the electrical conductivity o is equal to zero. Boundary conditions associated with
the system (1)-(3) are Bn =0 on I' and Jo.n = 0 on B. In the conductor domain €., it
is possible to solve the electromagnetic equations by only considering the electrical field,
which leads to the classical E formulation :
OE

1
ot —rot E+ 00— = 0.
T ’ur U@t

The same approach can be carried out with the magnetic field H. In this case, we obtain
the classical H formulation :

1 OH
rot —rot H+ p—— = 0.
o ot
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Figure 1: Domains configuration.

Unfortunately, these two formulations can only be considered in the conductor domain 2.
Indeed, the electrical conductivity ¢ and the eddy current exist only in €2.. Then these
formulations are banished if €2, exists. Consequently, in order to solve a problem with
the quasistatic approximation, a formulation which is able to take into account the eddy
current in €2, and which verifies in €2, Maxwell’s equations reduced to rot H = J, and
div B = 0 must be developed. That can be obtained by using the potentials formulations
often used for electromagnetic problems [14]. From the property of the magnetic flux
density B, a magnetic vector potential A can be introduced such that:

B =rot A, (6)

with the boundary condition A x n = 0 on I' allowing to guarantee B.n = 0 on I'. Like
B, the vector potential A exists on the whole domain 2. To ensure the uniqueness of
the solution, it is then necessary to impose a gauge condition. The most popular one
(the Coulomb one) is to impose div A = 0. Moreover, from equations (1) and (6), we get
rot(E+ %) = 0 and an electrical scalar potential ¢ can be introduced so that the electrical
field takes the form:

E=—-""_Vo.
T Vo (7)

As explained before, due to the quasistatic approximation, E exists only in €2, and then
the scalar potential ¢ also only makes sense in €2.. As for the vector potential, it must
be gauged. To obtain uniqueness, the averaged value of the potentiel ¢ on (). can be
taken equal to zero. From (4),(5),(6) and (7), equation (3) leads to the so-called A — ¢
formulation :

1 0A
rot (;rot A) + U(E + Vgp) =Js. (8)
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The great interest of this formulation relies in its effectivity in both domain €2. and Q..
Indeed, in €2, where ¢ is null the second term vanishes and the A — ¢ formulation becomes
the classical A formulation used in the magnetostatic case. Moreover, the conservation of
the normal component B is naturally ensured on B. As the conductivity is null outside
the conductor, the boundary conditions on the eddy current is also ensured.

In this paper, we are interested in deriving a reliable and efficient a posteriori residual
error estimator for the finite element resolution of the A — ¢ formulation of the Maxwell
equations given by (8), in its harmonic formulation (see (10)-(11) below for the correspond-
ing weak formulation).

Isotropic a posteriori error estimators for standard elliptic boundary value problems are
currently well understood [1, 2, 17, 24]. The analysis of residual a posteriori error estima-
tors for the edge elements, in the context of the E-formulation of Maxwell equations, was
successivelly initiated in [3, 15] in the context of a "smooth” Helmholtz decomposition,
with specific assumptions on the coefficients arising in the equations or on the domain
regularity. Then, it was generalized to piecewise constant coefficients in [19] or to more
general domains in [22], and the question of robustness with respect to the equation pa-
rameters was addressed in [8]. Among the now large bibliography devoted to a posteriori
error analysis for E-formulations, we can also quote [5] which introduces an adaptive edge
element method for the static Maxwell equations. Some recently proposed estimators are
based on reconstruction [18] or equilibrated strategies in order to derive asymptotically
exactness properties [4]. Concerning the time-harmonic formulation in E, an a posteriori
residual based error estimator was recently proposed in [6], and an implicit a posteriori
error estimator also derived in [12].

The originality of our work is twofold. First, we deal with a coupled formulation be-
tween the scalar potential ¢ and the vectorial one A, having moreover in mind that the
supports of these two unknowns are not the same. Second, as it has already been men-
tioned above, each of these two potentials has to be gauged to ensure uniqueness of the
solution (see [13, 20] for practical issues), leading to the fact that the approximation space
for the vectorial potential is not included in the continuous one, and leading naturally to
non conforming approximations.

The content of the paper is as follows. Section 2 establishes the weak formulation of the
continuous and discrete problems, and proves the well-posedness of both of them. Section
3 is devoted to several analytical tools needed in the following. In particular, we derive
an ad-hoc Helmholtz decomposition of the error, which has to take into account that the
scalar potential is not defined outside of the conductor domain, and that an extension of it
has to be properly defined. More usual tools are also recalled, such as suitable interpolation
operators or the so-called ”bubble functions”. The reliability as well as the efficiency of the
derived estimator are established in section 4. Finally, section 5 is devoted to numerical
tests. The first is an analytical one for which the exact solution is known, allowing to
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confirm our theoretical analysis. The second one is an industrial test, which shows that
the estimator is clearly relevant in real configurations.

2 Weak formulation and discretization of the problem

2.1 Weak formulation

Following (8) and assuming that divJ; = 0, the A — ¢ formulation of the magnetodynamic
problem can be written :

1 0A :
rot (;rot A) + U(E + Vg&) =J, in €,
(9)

div (J(%—? + V(p)) =0 in Q..

We suppose that p € L*(€2) and that there exists pp € R’ such that g > po on . We
also assume that, o € L>(Q), 0o, = 0, and that there exists oy € R such that o > 0y on
Q.. At last, we recall the Gauge conditions. Like mentioned in section 1, we choose the
Coulomb one div A = 0 in €2, and we ask for the averaged value of ¢ on 2. to be equal
to zero. Now, the system (9) is considered in its harmonic formulation, namely we assume
that A = A(z)e/!, with the notation j2 = —1 and the frequency w is a fixed positive real
number. Taking the associated boundary conditions into account, and writing A instead
of A, the variational formulation of (9) is now given by : Find (A, ) € V such that for
all (A',¢') € V we have :

1 — — —
/ —rot A -rot A’ —I—/ o(jwA +Vp)A' = / Je-A'in Q, (10)
QM Qe Q

/ o(jwA + Vo) V¢ = 0in Q,, (11)
Qe

where V = X%(Q) x H'(€,) and :
X(Q) = Hy(rot,Q2) = {A € L*(Q); rot A € L*(2) and A x n =0 on F},

X0Q) = {A € X(Q); (A, VE) =0 Ve € Hé(Q)},

{we HI(QC);/Q 9020}-

Let us note that the free-divergence Gauge condition on A is included in the definition of
X0(2), whereas the zero-mean value of ¢ on Q. is included in the definition of H'(,).
As it will be seen later on, these two conditions ensure the uniqueness of the solution

HY(%.)
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(A,¢) € V. In the following, on a given domain D, the L?*(D) norm will be denoted
by || - ||p, and the corresponding L?*(D) scalar product by (-,-)p. The usual norm and
semi-norm of H'(D) will be denoted || - ||1,p and | - |1 p respectively. In the case D = Q,
we will drop the index . Now, X () is equipped with its usual norm :

1A @ = IA]* + [[rot A2,
and the natural norm ||.||y associated with the Hilbert space V' is given by :
1A DT = [[Allx @) + l#liq.

Multiplying (11) by —j/w and adding this relation to (10), it can be directly obtained that
an equivalent variational formulation to (10)-(11) is given by : Find (A, ¢) € V solution
of

a((A, @), (A", ¢) =1((A ¢), V(A ¢) €V, (12)

where a and [ are respectively the following bilinear and linear forms defined by :

1 — ; —
(AP (M) = [ crot Arot B = [ Z(jun +90)[oA+97)
Q Qe

(AL ) = / 3, A

2.2 Well-posedness of the problem

Lemma 2.1 The bilinear form v/2e/%a is coercive on V, namely there exists C' > 0 such
that :
V2 Ta (A, 0), (A,9) | > Cl(A Q)5 Y (Ap) €V

Proof: First, let us notice that :
i 1
R[VacTa((A (A e)] = [ St AP+ [ T ljwa+ Tl
QM Q. W

Our aim is to prove that there exists C' > 0 such that for all (A, ) € V,

1 2 g . 2 2

—[rot A"+ | —[jwA +Vol" = C[|(A, o)y

Q kM Q. W

We proceed by using a contradiction argument. Let us suppose that there exists a sequence
of (A, pn) €V, n €N, such that :

1
“ ot Au 4+ [ ZjwA, + VP — 0, (13)
Q ,u . w n—-+oo

as well as :
1(An, @n)lli =1, VneN, (14)

6



Because of (13), we have :
n—-—+00

Since A,, € X°(Q), the Friedrichs-Poincaré inequality ||A,|| < C [[rot A,|| holds (see [16]
p.88) and implies :
[Ad] ——0. (16)
Moreover, the standard triangular inequality yields :
IVeulla. < [[Ven — jwAnla. + wl[An]le.- (17)

Once again because of (13), we have :
/ jwA, + Vou|* —— 0, (18)
Q. n—+oo

From (16), (17) and (18), we conclude that :

IVenlloe ———0. (19)
Clearly, (14) cannot hold because of (15), (16) and (19). This concludes the proof. [

Theorem 2.2 The weak formulation (12) admits a unique solution (A, ) € V.

Proof: The sesquilinear form V2675 ¢ is hermitian. Tt is obviously continuous on V' xV and
coercive on V' by Lemma 2.1. So Lax-Milgram’s lemma ensures existence and uniqueness
of a solution (A, ) € V to

V3dia((A,p), (A" ¢) = VIITL((A,¢) V(A" ¢) € V.

Since /2677 is different from zero, this problem is clearly equivalent to (12). [

Now, we derive a very important result, coming from the free-divergence property of J, on
Q.

Lemma 2.3 Let (A,p) € V be the unique solution of (12). Then for all (A’ ¢') €
X(Q) x HY(Q,), we have :

a((A, ), (A',¢) = L((A",¢)). (20)

Proof: Since A’ € X(Q), we can decompose it using the following Helmholtz decompo-
sition (see [16, p.66]) :

A’ =V + V7 with ¥ € X°(Q) and 7 € H,(Q).
So we may write
a((A,¢), (A, @) = a((A,¢), (¥ + VT, ¢')).
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But we have

a((A, ¢), (V¥ + VT, ¢'))

1
:/—rot A - rot / ‘E (JwA 4+ Vo) (jw(¥ + V1) + V)
QM Q. W
jJ

1
:/—rotA-ro
QM

1 —
= / —rot A -rot ¥ — / ‘7—0 (JwA + Vo) (jw¥ + V(¢ + jwT)),
Q Qe

\

o (JwA 4+ Vo) (jw¥ + V(¢ + jwT))

I w

where we have defined :

Hence by (12), we get
a((A, @), (W + VT, @) = I((¥,¢ +jwT))
= (Js,¥)
= (Js, A'=Vr).
Using now the facts that div J, = 0 and 7 € H}(Q), we conclude that :
a((A, @), (Y +V7,¢)) = (I, A),

and (20) holds.

2.3 Discrete formulation

Now, the boundaries B and I" are supposed to be polyhedral such that the domain €2 can be
discretized by a conforming mesh .7, made of tetrahedra, each element T of .7}, belonging
to either €2, or .. The faces of 7, are denoted by F' and its edges by E. Let us note hp
the diameter of T and pr the diameter of its largest inscribed ball. We suppose that for
any element T', the ratio hy/pr is bounded by a constant a > 0 independant of T and of
the mesh size h = max hy. The set of faces (resp. edges and nodes) of the triangulation

TeI,

is denoted F (resp. & and N), and we denote hp the diameter of the face F. The set
of internal faces (resp. internal edges and internal nodes) to 2 is denoted Fi; (resp. Ein
and N,;). The coefficients p and o arising in (9) are moreover supposed to be constant
on each tetrahedron of the mesh, and we will note pp = pr and o = oy for all T' € 7.
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The approximation space V}, is defined by V}, = X} x (:jh, where :

X, = X(Q) NNDL(Q, T) = {Ah € X(Q); Ay € NDy(T), VT € ﬂh}

T — C?
Xx — a+bxx

ND(T) = {Ah: ,a,be@3},

o) = {fh € H&(Q);gw eP(TVTe %}
xp = { A € X5 (A, VE) =07 6 € 65 ],

6 = {ion € H(Q)pur e PUT) VT € F3 .

Now, the discretized weak formulation is given by : Find (A, ¢n) € Vj, such that for all
(A}, ¢},) € Vi, we have :

a((An,on), (Ah 0h)) = L((A}, ¢5)) - (21)
Theorem 2.4 The weak formulation (21) admits one unique solution (Ay, ¢p) € Vj.

Proof: The proof is in any point similar to the one of Theorem 2.2 in the continuous case.
The main point relies in proving the coercivity of a on V},, which can be done by using the
discrete Poincaré-Friedrichs inequality ||Ay|| < C||rot Ayl| for all Aj, € X7, with C' > 0
independent of h, see [16] p. 185, Lemma 7.20 for all details. [

Remark 2.5 Let us notice that, because of the discrete Gauge condition arising in the
definition of X?, V}, is not included in V, so that the approximation is not a conforming
one. Nevertheless, the free-divergence property of J, on € gives rise to a discrete property
similar to the continuous one given in Lemma 2.3.

Lemma 2.6 For all (A}, ¢,) € X), x O, we have :

a((An,pn), (Ah, 04)) = L((AL, ) -

Proof:: Since A} € X}, this time we can use the discrete Helmholtz decomposition [23,
p. 272]:
A}, =V, + V7, with ¥, € X,? and 75, € @2.

The proof now follows the one of the continuous case, see Lemma 2.3. [ |
A direct consequence of Lemmas 2.3 and 2.6 is the following orthogonality property, despite
the fact that the approximation is not a conforming one :

Lemma 2.7 For all (A}, ¢,) € X), x O, we have :

a ((A - Aha Y — ‘ph)a (A;zv 30;1)) = 0.



3 Analytical tools

Here, we develop or recall some analytical tools which will be very useful in section 4
devoted to the derivation of the a posteriori error estimators. In the following, the notations
a < band a ~ b mean the existence of positive constants C; and Cy which are independent
of the quantities a and b under consideration as well as of the mesh size h, the coefficients
1,0 and of the frequency w, such that a < Cyb and C1b < a < Cyb, respectively.

3.1 Helmholtz decomposition

Let us first respectively define the errors on A and ¢ by :

ea=A—-A,€eX(Q (22)
and
e, = — on € H (). (23)
We also define eg) € H'(Q,) by :
A = 0 inQ.,
6s(oe)|B = Cop
e5(06)|1“ = 0,
and e, € H}(Q) by :
- e, in €,
= 24
e { eg) in Q.. (24

Theorem 3.1 The error jwes + Ve, admits the following Helmholtz decomposition :
jwes + Ve, =Vp+e,
where ¢ € H}(Q) and e; € X°(Q), with:

1@]1.0. S [ljwea + Veglla., (25)

lesllx@) S lljwea + Veylla, + wllrot eal. (26)

Moreover, we have :
e =Vo+ W, (27)

where w. = wio, € H'(Q)?, w. = wig, € H'(Q.)?, and ® € H}(2) are such that :

@[y lerllx@; (28)

S
2 2 1/2 < 29
¢l Qe ell1,Qe ~ ’
(Iwelliq, + [lwelliq.) leLllx (29)
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Proof: First of all, let us define ¢ € }f[vl(Qc) such that :

divVpl© = div(jwes + Ve,) in Q. (30)
Vol .n = (jwes +Ve,) -n on B,
where n is the outward unit normal to €2, on B. Clearly,
290, < lljwes + Veylla.. (31)

We define e(f) = jwea + Ve, — V@ in Q.. From (30), div e(f) =0on Q. and e(f) ‘n=>0

on B, so that:

V¢(C)~e(f):—/ gb(c)-diveic)—l-/@(c)-e(f)-n: ,
c B

and therefore
2 =109, +[e!?]

|jwea + Ve,| ?26.

Consequently,
e

0. < [ljwea + Ve, |la.- (32)
Then, ¢ € H'(Q,) is defined as the unique weak solution of
divVy = div(jwes + VE,) in Q,,

90 AQE = ()5(0) Qc on B7 (33)
% = 0 onI'.

Now fix ¢ € H'(€.) as the unique weak solution of

Ay = 0 in €,
¢ = 1 on B, (34)
v = 0 onl,

and define ¢ = g?) + k1 on Q. where k is chosen by :

/(jweA—i—Vé;)-n—/Vgé-n
k=L B : (35)

/va~n

Note that [, Vi) -n > 0 because by Green’s formula and (34), we see that

[ vven= [ vuon- [ 1wur
1

1




From (33) and (34) we have :

divVvgl® = div(jwes + Ve,) in Q.,
P9 la, = 09+k on B,
o) =0 on I'.

Let us define e(f) = jwes + Ve, — V@© in Q., then we have :

[en = [Gues+va)m- [ Vim-k [ Voo
B B B B

And, from the choice (35), we can conclude that :

/e(f)-nzo.
B

(@
e in Q.,

e’ in £,

If we define now e, € X(Q2) by :

we have clearly proved that e; € Y(Q2), where Y (Q2) is defined by :

Y(Q) = {u € X(Q);div ujg, € L*(Q), div ujg, € L*(Q), /Buge ‘n = O} :
From Lemma 2.2 of [9], we obtain :
!

le']]a, < |lrot ey ]| + [le\?]

From (32) and using the fact that |[rot e || = w [[rot e4||, we get :

Q- (36)

lelo, < wllrot eal| + ||jwea + Ve,

Finally, defining ¢ € H}(Q) by :
. P9 +Ek inQ,,
YT ¢® i Q.

we derive (25) from (31), and (26) from (32) and (36).
Now it remains to prove (27), (28) and (29). For that purpose, let us recall that by
construction, e; € Y (§2) where :

Y(Q) = {u € X(Q);divuyg, € L* (), divug, € L*(), and ug, -n =0 on B}.
Consequently, Theorem 3.1 of [9] yields :

e =Vb+w,
with w € Y(Q) is such that w. = wjq, € H'(Q)?, w. = wyq, € H'(Q.)?, & € H}(Q)
with :

1/2

[ + ([[Wellf o, + IWellf0.) " < llevlx@-
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3.2 Standard Clément interpolation operator

For our further analysis, we need an interpolation operator that maps a function from
H}(Q) to ©Y, as well as an interpolation operator that maps a function from H'(€.) to
On(Q) = {& € H' ()i &y € PI(T) V T € J5, N} Hence Lagrange interpolation is
unsuitable, but Clément like interpolant is more appropriate. Recall that the nodal basis
functions ¢, € ©Y associated with a node x is uniquely determined by the condition :

(px(y) = 5x,y7 vy € N

Moreover, for any z € N, we define w, as the set of tetrahedra containing the node x.

Definition 3.2 We define the Clément interpolation operator 12, : H}(Q) — ©9 by :

1
o= m(/ )

xeMnt

where wy is the set of tetrahedra containing the node x.

Definition 3.3 We define the Clément interpolation operator Iy : H* () — O,(£2.) by :

1
o= S it e
aw= Y ([ o)

xeNNQ,

Then, we can state the following usual interpolation estimates :

Lemma 3.4 For any v° € H}(Q2) and v € H(€,) it holds :

> I = 207 S (VO] (37)
TeD,
> R = 20 S NIVl (38)
FeF;nt
S P —Iewllr S IVl (39)
TeZ,,TCQe
> hptlv—Iowll; < IVl (40)
FeF,FCQ.
Proof: See [7]. n
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3.3 Vectorial Clément-type interpolation operator

Since our problem also involves functions in X (£2), we further need a Clément-type inter-
polant mapping a (vector) function in X (€2) to Xj,. This operator was introduced in [19] in
an anisotropic context (for an isotropic version, see [3]), we recall it here for completeness.
It is defined with the help of the basis functions wg € X}, E € &, defined by the condition :

wg.tp = 5E,E’7 VE' € g,
E/

where tp means the unit vector directed along E. Let us define PH'(Q) as the set of
functions which are piecewise H' on the domain § (with respect to the splitting of so
called "broken gradient” associated with this decomposition.

Definition 3.5 For any edge E € &£ fix one of its adjacent faces that we call Fp € F.
Then define the Clément type interpolation operator Pc; : [PH' ()] N X (Q) — X, by :

PCZV—Z / (v X ng,) -fl;E)wE,

Eeg

where the (vector) functions fi " are determined by the condition :
/ (WE/ X IIFE) . fE” Op B, VE,,EH e EUOIFs.
Fg

Then, we can state the following usual interpolation estimates :

Lemma 3.6 For all v e [PH'(Q)] N X(Q), we have :

Y htllv=Pavlz < |IVevIP, (41)
TeT,
D kv =Pavli S |IVevl)® (42)
FeF

Proof: See [3]. n

3.4 Bubble functions and inverse inequalities

For the analysis we finally require bubble functions and extension operators that satisfy cer-

tain properties. On the reference element T whose vertices are {(0,0,0); (1,0, 0); (0, 1,0); (0,0,1)},
we define the element bubble function by € C(T) as bp(7, 9, 2) == 4*2yz(1 -z —j— z). We

also need a face bubble function bp 1 € C(T) for a face F' € OT. Without loss of generality
assume that F is in the zg plane and then take br7(Z,7, %) := 3°Ty(1—z—§—Z). Further-

more the next extension operator Fu : C(F) — CO(T) will be necessary Fo (vp)(Z, 7, 2) :=

vp(Z, 7).

14



The element bubble function by for the actual element T is obtained simply by the cor-
responding affine linear transformation. Similarly the face bubble function bgp is defined.
Later on a face bubble function bz is needed on the domain wp = T; UT, with F = T, NTs.
This is achieved by an elementwise definition, i.e.

br

T, *— bF,TN 1= ]., 2.

Analogously the extension operator is defined for functions vp € C(F). By the same
elementwise definition we obtain that Fu(vr) € C(wr). With these definitions one easily
checks

bT =0on (9T, bF =0on 8wp, HbTHoo,T = HbFHoo,wF =1.

Next, one requires so-called inverse inequalities that only hold in some finite dimen-
sional spaces. The choice P* covers all relevant cases of our analysis.

Lemma 3.7 (Inverse inequalities) Let vp € P™(T) and vp € P*(F). Then the fol-
lowing equivalences/inequalities hold. The inequality constants depend on the polynomial
degree ko or ky but not onT, & or vy, vp.

lorllr < Norbil?llr (43)

IV (orbr)|lr < hp'llorllr (44)

lrle < llvrbi®lr (45)

[Fexe(vr)brllr < hillvrlr (46)

IV (Fexe(0r)br)llr S i [lorllr (47)

Proof: See [24]. ]

4 A posteriori error estimation

4.1 Definition of the residual
For all (A',¢) € X(Q) x I:ﬁ(QC), we define the residual by :

r(A @) = (Js, A) — a((An, ¢n), (A", ©)).

Lemma 4.1 Let us recall that ey, e, and €, are respectively defined by (22), (23) and
(24). Then,

J (jweA+Vé;),o>.

w

r(ea,e,) = r<

Proof: The proof is based on the facts that e, € Hj(Q), é;mc = ey, and divJ, =0 in Q.
n
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Lemma 4.2 We have :

VAR (o) = |

1 o, .
m | rot ea |? +/ = | jwea + Ve, |? (48)
Q c

Proof:
r(ea,ep) = (Jo, A — Ap) — a((An, ¢n), (A = Ap, 0 — @p)). (49)
Since A — Ay € X(2) and ¢ — ¢y, € ITﬁ(QC), Lemma 2.3 leads to :
(JS7A_Ah) - CL((Au 90)7<A_Ah790_§0h)) (50)

Finally, (49) and (50) yield :

r(ea, e@) = a((ea, ew), (ea, e@)),

and (48) holds. ]

Now, we are interested in deriving an a posteriori error estimator in order to control the
error defined as the right-hand side of (48). Consequently, from Lemmas 4.1 and 4.2, we

— é(jweA + V@),O) ‘

are reduced to bound from above the quantity ‘r(
4.2 Definition of the estimators
Definition 4.3 The local error estimator on the thetraedron 7T is defined by:
7772“ - 7772“;1 + 77%;2 + 77’%;3 + Z (77%;1 + 77%;2%
FCaT

with : )
nra = hp||mpds —rot (—rot Ah> —o(JwA, + Vgoh)H )
i T

Nr2 = hT Js_ﬂ'h']s

Y

g = he||div (0(jwAy + Vi) HT’

ey = gl

1
[n X —rot Ah] H ,
1 FllF

1/2 .
-y

Moreover, the global error estimator is defined by :

=Y

TeT

16



Here, 7, stands for the projection operator from H(div,Q) = {u € L*(Q); div u € L*(Q)}
to an ad hoc discrete approximation space and [u]z denotes the jump of the quantity u
through the face F' of the mesh.

Remark 4.4 Practically, . corresponds to a superconvergent negligible contribution in
the estimator. Consequently, we could choose to replace it by a generic quantity h.o.t
corresponding to a higher order term.

Remark 4.5 Because of the chosen low-order discretization spaces (see definitions of X}

and @;L above), we clearly have nr.5 = 0. Nevertheless, this term would not vanish if higher
discretization spaces would be used.

4.3 Reliability
Theorem 4.6 We have :

1 - . 1/2
(/ . | rot e4 |2 +/ " | jwea + Ve, |2) < Cupm, (51)
0 .

with
C,, = max { max /> Lmax L
up TeQ Hr = wl/2 Teq, o';_’/Q ’

Proof: To begin with, we use the Helmholtz decomposition with ¢, w and ® given by
Theorem 3.1 :

jwes + Ve, =Vo+w+ Vo,

We have from Lemma 4.1:

1
/Js-—j(v¢+w+V<I>)—/—rot Ay -rot —j(Vo+w+VO)
Q

wlrleae,)| = >

+/ Jjo(jwAR +Ver) (Vo +w+ V@)’

- 1 —_—
/Js Ciw — / “rot Ay, - ot —jw +/ jo(jwAy + Vo)W
Q QM Qe
+/ jo(jwAy + V)V
Qe

—|—/ jJ(ijh +v<,0h)%’

17



Introducing the three Clément interpolation operators Pg;, Ic; and I2,;, we have Po; w €
X, It ¢ € 6,(Q.) and 12, © € 6. We define I2,() as an extension of I ¢ in €, such
that I2,(¢) € ©Y. So, the orthogonality property from Lemma 2.7 leads to :

w|r(eae,) | = iz

1
/Js - —j(w— P w) — / —rot Ay - rot —j(w — Poy w)
Q Q
—I—/ jo(jwAy + Vp)(w — Poy w)
Qe
i / jo(jwhn + VeV(@ — 12 9)

+ / jo—(ijHwh)V@——I&@)‘-
Qc

Now, using the fact that A, € X(Q), » € H} () and ® € H}(Q) as well as Green’s formula
on each tetrahedron, we obtain:

1
Z (T(h.]s — rot (;rot Ah> —o(jwAn + Vi), —j(w — Por W))

TeT

W ‘r(eAa 6‘10)‘ =

T

+Z (Js —mpds, —j(W — Poy W) 1
TeT

+ Z ([n X —rot Ah]p’ —j(w — Py W))F

Fe]:znt

—~

= (div (jo(jwAp + Ven)), ¢ — 12, ¢>T

TeT

+ Z ([]UJWAh+VSDh) ] ’Sb_fgl@)zr

FeFint

_ Z (div (ja(ijh + V@h)) , @ — ]gl (I))T

TeT

+ Z ([jaijh-i—VQOh) ] ;P — 12y (I)>F‘

Fefzni

18



The Cauchy-Schwarz inequality and the fact that o), = 0 successively leads to :

1 .
wirtee,)| < ZHﬂhJs—rot <;r0t Ah)—a(ijvaoh)Han—PC, wl|z
TeT

w7

s H[nx_mt An || w = Per we

Fe}—lnt

+ Z ’div (c(jwAR + Vep)) H ¢ = Ici |7
TeT, TeN.

+ Z H[ (jwAj, + V) - ] H 1 = Ici @l F
FEF,FeQ.

div (o(jwhn + Vin) || 1o~ 12 |z

+Z‘
TeT

+ 3 || [otan+ Vo) n] | 1018 e

FeFint

N

1 2
r(ea,e h2|| 7,5 — rot rot A, ) —o(jwAy + Vo
v) T .
TeT

1
2
(Z hz?||w — Pey W||2T>
TeT

+ ( 2
TeT

(Z pe[n ot ] ) ( > bt w = P wH%)

FeFint FeFint

N

5\ 2
5T> th”W—PczWH?r)

TeT

N

div (o (jwAn + Vr)

1
9 2
(3 st e ) (3 e santt)
TeT, TeQ, TeT, TeQe

19
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[NIE
D=

+ > hFH|: (JwAp + Vo) - ]H Yoo hptlle —Ia @l
FEFint,FEQ, FEFint,,FEQ.
v (288 o otioan + v | ) (Zh#ll@—f& ot
TeT 1
2
+( > he||[otiwnn+Ven) n] H ) (Z O [ @II%)
Fe ]:znt FE]'—int

Now, we deduce from inequalities (37) to (42) that :

N

1 2
wlr(ea,e,)| < (Z h3||mpd s — ot (—rot Ah> —a(ijh—i-Vgoh)H > |V pwl|
1 T
TeT
5\ 2
+ (Z hz||J s T> IVew]
TeT
1
+< Z hFH nx —rot Ah:| H ) |VPWH
FeF, int
1
—i—( h3||div (o (jwAy + V) H ) |&]1.0.
TeT, TeQ,
b [oGon + 961 -], H
FEFim, FeQ,

l

|aiv (o Gwan + vien) H) @,

+

5
(5
( oo+ Vn) -] ) ),

Z

(52)
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Let us recall from Theorem 3.1 that (25), (26), (28) and (29), lead to :

<
D, < |ljwea + Veylla, + wllrot eal,
IVpwll S eall,
Moreover,
1 ol/?
1/2
< ()| Srativea + Ve
T
and
1
< poi0ljoned
lrot ealle S max (up”) ot e
Hence we have :
/2y 1/2
ol & max {o (). s (77) ) (3 Frot ea]| + | Zmtiven + v

IVewl S max {w max (/%) w

1/2

max
TN,

estimator, namely the estimate (51).

4.4 Efficiency

Now, in order to derive the efficiency of our estimator, we have to bound each part of the

estimator by the local error.

Lemma 4.7 We have :

nra S 1/2H\/jrot eA —|—h w20 1/2H 7 jweA—i—Ve@)HT—l-ﬁT;z

Proof: Let us define j, on T by :

1
jn = mpds — rot (—rot Ah> — o(jwAL + Vp).
L

By the definition of nz,;, we have :

2

77T;1 = h% ||jh||%7

21
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Y

1/2 (H\/jrot e, ‘ + H 7z jweA + Ve@‘

Consequently, using (48) and these last estimates in (52) we derive the reliability of our

o)
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and from the inverse inequality (43) as well as from the Green formula, we get :

2
. :
—hTrjl S s = md o)z lbrjsllr
T

_ 1 -
+/ Js brj, — / —rot Ay, rot brj, (54)
T T M

_ / o(jwhn + Vion) brin
T

Since brj, € X(£2), Lemma 2.3 leads to :

1 - ] _ _
/ —rot A rot brj, — / ‘E(ij + Vo) (jwbrj,) = / Js brjy,
QM Q. W Q

So that :

/ Js brjy, — / —rot Ay, rot brj, +/ ‘L(ijh + Vo) (jwbrjy,)
T T M Q. W

1 — o, . —_—
= /—rot ea rot bTJh—/‘7—(jweA+Ve¥,)(]wa.]h)
T M T W

From the Cauchy-Schwarz inequality, we obtain :

/ Js brj, — / —rot Ay, rot brj, —i—/ 17 2= (jwAy + Vo) (jwbri,)
T

H\/jrot eAH H\/jrot bT‘]hH + |lo(jwea + Ve 7|brinll 2ok (55)
< 4/ 2rot Lot b 26,02 \Y brj
~ ;TO all . ;TO TJh T+W 1/2 JW9A+ €,) T|| rinll22(x)

From the inverse inequality (44), we have :

AN

ot brjulle < NV Ori)lr < hatllinlir (56)

From (54) to (56) we deduce :

2 o1/2
77T;1 1 1 1 1/2 1/2 .
5 (H(J =l + gt \/;rot ea||, + 0| T twen + Ve, ) il
which proves (53). [
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Remark 4.8 Like already mentioned in remark 4.4, . is superconvergent and we should
have directly written :

nra < ! \/Trot eAH 1 w20 o'f2 (jwea + Vey,)|| + h.ot
S Tl ¢ 0Ly
2V T i “lir

where h.o.t. corresponds to a higher order term.

Lemma 4.9 Let F be a common face of the tetrahedra T} and 75, then we have :

ol/2
Nr; N 1/2 H[roteA
/Llen

1/2 _1/2 (j
)
TN12 T N2 + N1+ i

+ hpw'‘o
T1UT2 F max

wea + Ve
Jwea %0) TUT

(57)

where we have set

OFmax = Max(or,,0p,) and fipmin = min(pn, fir,)

1
Proof: Let us here define F j, = [n X —rot Ah] . From (45) we have:
w F

77%1 1
i s 12 T
hp linllE < /F [n X Emt Ah]F brjy,

If we introduce wp = Fei(jj,)br € H}(Ty U Ty), using Green formula, we get :

2 2
NEa / 1 _ 1 __
— < —rot <—rot Ah> wr + —rot Ay, rotwrg
hr g T z z

2
1

= Z/ (Js — rot (—rot Ah> —o(jwAL + Vgph)> Wr (58)
i=1 VT K

1
—/ Js W — —rot Ay, rot wp — o(jwAp + V) Ur,
ThWUT lu

so that :
nZ. 1
e J, —rot <—r0t Ah> — o(jwAyp + Vp)
hp 12 T;
1 1 (59)
+H —T10t ep ——710t wp‘
i TUTy) | /2 TIUT,

+lo(wea + Ve)lnum lwellnor,
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Now, using the inverse inequalities (46) and (47) and using the quantities ptpmin = min(ur, pr,)
and 0 pmax = max(oq,, op,), we get :

1/2 .
hi2(hit nrye + bt ege + it nma + bl nea) Ninlle

1/2
1/2 H\/>rot eA
:ulen

ol/?
Tatiwea+Ve))| il

inlle (60)

WU

1/2 1/2 1/2
Fmax

+hp

So we conclude :

nrn S he(hy nme +hi) nme + by i+ by )

s 1 (|0 (61)
M;/?mn H —rot eA ot +hp W/ 0P iR (jwea + Vey,) .
Since the mesh is regular, we have obtained (57). n

Remark 4.10 Once again, invoking the superconvergence property of 0.2 and np,.2, we
should have written :

1 1 1/2 0'1/2
. = +hp w20
nF,l ~ yiin H ,LLl/2 TLUTy Fmax

rot eA‘ (jwea + Ve,) on + 111 + Ny + heot
2

wi/2

Lemma 4.11 Let F' be a common face of the tetrahedra 77 and 75, then we have :

1/2

Nr;2 5 W O-F,max (]weA + Vetp) (62)

1/2 T UTs

Proof: This time we define j, = [U(ijh + Ven) - n] . From (45) we have:
P

2
77 5 . . P
W2 il 5 [ [olioAn+ Ven) n] e,
F F F
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If we introduce wp = Fei(jj,)br € H{(Ty U Ty), using Green formula, we get :

2 -
% < Z/ —0(jwAy, + V) Vwp +div (0(jwAy + V) Wr
F - T;

= / (c(JwA + V) —o(jwAy + V) Vg (63)
Ty UTs

2
+> /T div (o (jwAy, + Vn)) T
=1 t

so that :

nFQ Z/ |div (c(jwAL + Ver)) |
(64)

ol/2 L2

‘I‘H 0'1/2VU}F||T1L_JT2

o

e Vv
Jjwea + ecp) Ty

1/2(
Now, using the inverse inequalities (47), the definition of opm.x = max(or,, or,), and re-
calling that nr,3 = 0, we get :

12 w2 1/2 1/2

N7 4

e~ llom

This proves (62). [

jwea + Ve
Jwea <p) TUT

Theorem 4.12 We have the efficiency of our estimator:

1/2
nr < CTdown (H\/jrot eA on H Uiz (jwea + Ve,) mn) + h.o.t., (66)
with
CT.down = ngg};@max {MT}/Q, 1/2hT/a;/,2}
Proof: Direct consequence of Lemmas 4.7, 4.9 and 4.11. |

5 Numerical validation

In this section, some numerical experiments are performed to underline and confirm our
theoretical predictions with the use of the software CARMEL 3D [10]. The first one (section
5.1) corresponds to an analytical test, for which the data have been built to have in hand
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an exact solution, in order to compare the estimator to the exact error. The second one
(section 5.2) is a classical physical benchmark test involving strong singularities, for which
no analytical solution is available, but which allows to show the behavior of the estimator
in real situations.

5.1 Analytical test

This analytical test consists in solving the discrete formulation (21) on the domain Q =
[—2,5] x [-2,2] x [-2,2], where Q. = [2,4] x [-1,1] x [-1,1], with g =1 0n Q, c =1 on
Q. and w = 27. First of all, define f on ) by :

(22— DMy — D2 — 1) in Qy=[-1,1],
J(z.y,2) = { 0 ! in - Q\Qy,

where Q. N Q; = (. It allows to define A on Q by :

f
A =rot 0 |,
0

and we take ¢ = 0 in €2.. It is then possible from (9) to derive the value of J, corresponding
to the exact solution (A, 0). Let us note that from this choice and because of the regularity
of f, we have divJ, =0 in .

To begin with, we check that the numerical solution converges towards the exact one.

1 1/2
We plot on Figure 2 the error (/ ~ | rot e4 |? +/ z | jwea + Ve, ]2) as a function
QM Q. W

of the total number of degrees of freedom DoF'. As we can see, the order of convergence
is equal to -1/3 in DoF', corresponding to the order 1 in A for the three-dimensional case
since regular meshes are used. It shows a good behavior compared to expected theoretically
results.

Now we investigate the theoretical results about the upper error bound (Theorem 4.6).
We consider the ratio Error/n as a function of DoF. This ratio, the so-called effectivity
index, is related to the global upper error bound and measures the reliability of the esti-
mator. We see in Figure 3 that this effectivity index is bounded by a constant around 0.13
which is quite reasonable.

At last, we compare two error maps in the plane z = 0. The first one (Figure 4(a))
corresponds to the exact error distribution, computed with the knowledge of the analytical
solution. The second one (Figure 4(b)) is generated by using the values of the computed
local estimators. It is clear that the estimators provide an error map in very good accor-
dance with the actual error distribution. Consequently, it should be successively used to
drive an adaptive mesh-refinement strategy.
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Figure 4: Local Error Maps in the plane z = 0.
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5.2 Physical benchmark test

In order to extend the analysis of the estimator, the problem 7 of Team Workshop has been
modeled [11]. The computation model consists in an asymmetrical conductor with one hole
and an exciting coil like displayed in Figure 5. Here we have = 47 10~7 (corresponding to
the air magnetic permeability in H/m) and o = 3.625 1077 (corresponding to the aluminium
electrical conductivity in S/m).

Figure 5: Domain and Mesh of Problem 7.

The value of J; in the coil is imposed, and we consider several values of the frequency
f = 2m/w in order to make the induced current J, = o(jwA + V) varying in §2.. We are
interested in the Joule heating value H and the magnetic energy E, respectively given by :

H= [ o|jwA+Vpl|?
Qe

1
E:/—|rotA|2.
QM

As physically expected, Table 1 shows that the larger the frequency is, the larger the Joule
heating value is, whereas the magnetic energy remains the same. Table 2 shows for each
frequency the values of each part of the computed error estimator, namely :

m=3 e = b = nha

TeT TeT TeT

While the contributions 7; and ngF) remain nearly unchanged, the values of 'r]éF) are
increasing with the frequency. Indeed, it is well-known that for this benchmark the numer-
ical error is mainly due to the jump of the normal component of J. between the elements
and that the higher the frequency is, the larger this error is. So the estimator behavior is
very close to the expected error one.
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Figure 6(a) shows the induced current J. computed in the conductor and Figure 6(b)
the current vector field around the top right corner of the hole at the frequency f = 200 Hz.
Local estimator maps in the coil and in the same plane as in Figure 6(a) are respectively
displayed in Figures 7(a) and 7(b). The error in the coil is concentrated in the corners.
As expected the error estimators indicate that the largest errors are located where eddy
currents are large and around the hole. Once again, it should be succefully used in order
to drive a local mesh refinement strategy.

Frequency(Hz) | Joule Heating H (W) | Magnetic Energy E (J)
200 18.603 1.1098
2000 61.464 1.0979
20000 116.10 1.0953
200000 133.33 1.0951

Table 1: Joule Heating and Magnetic Energy with different frequencies.

Frequency (Hz) m 0 ns n
200 6.4644E+02 | 4.6697E102 | 3.0531E+04 | 3.0542E+04
2000 6.9607E+02 | 4.7653E402 | 1.0191E+05 | 1.0191E+05
20000 7.4859E+02 | 4.7938E+02 | 1.8083E+05 | 1.8083E+05
200000 7.6401E+02 | 4.7978E+02 | 2.0081E+05 | 2.0081E+05

Table 2: Estimator with different frequencies.

(a) Induced current. (b) Zoom in the corner.

Figure 6: View of the induced current at 200 Hz.
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(a) Estimator in the coil. (b) Estimator in the conductor.

Figure 7: Local Estimator Map at 200 Hz.
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