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Abstract. Let F be a complex foliation by Riemann surfaces defined by a trivial (in
the differentiable sense) fibration 7w : M — B but for which the complex structure
on each fibre 771(¢) may depend on t. Let 0 : B — M be a section of 7 contained
in a F-relatively compact subset of M. We prove: for any relatively compact open
set U containing ¥ = o(B) and any integer s > 0, there exists a function U — C
of class C* nonconstant on any leaf of (U, F), meromorphic along the leaves and
whose set of poles is exactly X..

1. Preliminaries

Let M be a differentiable manifold of dimension 2m + n endowed with a dimension 2m
orientable foliation F.

1.1. Definition. We say that F is complex if it can be defined by an open cover U = {U;}
of M and diffeomorphisms ¢; : Q; x Oy — U, (where Q; is an open polydisc in C™ and O;
is an open ball in R™) such that, for any pair (i,j) with U;NU; # 0, the coordinate change
b1y = 61 0 dr : 7 UNT;) — 63U N T;) is of the form (/1) = (64 (2,1), 62, (1)
with (b}j(z,t) holomorphic in z for t fized.

An open set U of M like one of the cover U in Definition 1.1 is called adapted to the
foliation. Any leaf of F is a complex manifold of dimension m. The notion of complex
foliation is a natural generalization of the notion of holomorphic foliation on a complex
manifold. A manifold M with a complex foliation F will be denoted (M, F).

Let (M,F) and (M’,F’) be two complex foliations. A morphism from (M,F) to
(M', F') is a differentiable map f : M — M’ which sends every leaf F' of F into a leaf
F’" of 7' such that the restriction map F s holomorphic.

We say that a morphism f : (M,F) — (M',F’) is an isomorphism of complex
foliations (automorphism of (M,F) if (M,F) = (M',F")) if f is a diffeomorphism whose
restriction to any leaf FF — F’ (where F' = f(F')) is a biholomorphism. We say that
two complex foliations F and F’ on M are conjugated if there exists an isomorphism
f:(M,F) — (M,F"). Automorphisms of F form a group denoted G(F).

1.2. Examples

i) Any complex manifold M of dimension m is a complex foliation of dimension m.
Its automorphism group is exactly the automorphism group of the complex manifold M.
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ii) Any holomorphic foliation (on a complex manifold M) is a complex foliation.

iii) Let B be a differentiable manifold and M an open set of C™ x B. For t € B,
M, ={z € C™: (z,t) € M} is an open set of C™ called the section of M along t. The
connected components of the sections of M are leaves of a complex foliation F of dimension
m called the complex canonical foliation of M.

iv) Let F be a complex manifold and B a differentiable one. Any locally trivial
fibration F' — M —— B whose cocycle takes values in the complex automorphism group
Aut(F) of F is a complex foliation, the fibres being the leaves. If the fibration is trivial i.e.
M = F x B, we say that F is a complex product foliation. In that case all the leaves are
holomorphically equivalent. Suppose that F is a complex foliation on M = F' x B whose
leaves are the factors F' x {t} but the complex structure may depend on ¢; then we say
that F is a differentiable product.

v) Let p1 : R — R and py : R* — R be functions of class C! satisfying the following
conditions:

o p1(—t) = p1(t) and pa(—t) = pa2(t);

epi(l)=0and p; <Oon|—1,+1];

e p; is strictly increasing on [1,+oo[ and , ligrn p1(t) = 1;

e o is strictly decreasing on |0, +o0l, . li+m p2(t) =1 and lim+ p2(t) = 4o0.

——400 t——+0

Let M be the open set of C x R defined by M = {(2,t) € Cx R : p1(t) < |z| < p2(t)}
equipped with its canonical complex foliation F. Then the leaves are: C if ¢t = 0, open
discs for t # 0 and |t| < 1, two punctured discs if |[t| = 1 and the others are annulus.

On the open set N = {(z,t) € M :t > 1} the complex foliation Fy is a differentiable

product. Two leaves are never isomorphic; each one has a complex structure coded by

the ratio €(t) = ngg Since e(t) # e(t') for t # ', any automorphism of Fy must be
the identity on the transversal. Then the automorphism group G(Fy) of F is generated
by the group C*®(]1, +oo[,S') and the map (z,t) — <M,t> which preserves each

annulus.

1.3. Question. Does the odd sphere S*™ ! support a codimension one complex foliation?

Of course, yes for S* (any orientable foliation by surfaces is a complex one). In higher
dimension I already asked this question in 1995 during a lecture I gave in the seminar
Géométrie dynamique at Université de Lille 1. A construction of such foliation on the
sphere S° was given by L. Meersseman and A. Verjovsky in [MV1]. But recently they have
discovered that the manifold supporting this foliation is in fact a bundle over the circle
with fibre a projective Fermat surface (¢f. [MV2]). Even the authors have failed to answer
the question for S° their example is highly non trivial and interesting. But the question
now remains open.

2. The dr-cohomology
Let (M,F) be a complex foliation of dimension m. Let APY(F) be the space of foliated

differential forms of type (p,q) that is, differential forms on M which can be written in
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local coordinates adapted to the foliation (z,t) = (21,...,2m,t1,...,tn) (the foliation is
defined by the differential system dt; = --- = dt,, = 0):

= gkk, (2 0)dz, AL Nz, ANdER AL A dE,

where the coefficients o, . j &, ..k, are functions of class C* and C'°° along the leaves (with
s € NU{oo}. Let O : AP4(F) — AP4FT1(F) be the Cauchy-Riemann operator along the
leaves defined by:

m
= 00, ok .k _ _ _
Oora = g <§ %(z,t)dzk/\dzj1 Ao Ndzj, NdZg, NN dZ,
k=1
. . . . =2
where 6% = %{aa_mk + zaa—yk} with 2z = xp + iy,. It satisfies 0 = 0, hence we have a

differential complex 0 — AP?(F) 9z, APH(F) 9z, ... %7, AP m=1(F) 9z, APT(F) — 0
called the 0x-complex of (M,F); its homology HZ(M) is called the foliated Dolbeault
cohomology (or the dr-cohomology) of the complex foliation (M, F). It is locally trivial
1.e. we have a:

2.1. Foliated Dolbeault-Grothendieck Lemma. Let x € M. Then there exists an open
neighborhood U of x adapted to the foliation such that, for everyp =0,...,m, HZ(U) =0
forq > 1.

The proof is a straightforward adaptation to the parametric case of the classical one.

One can describe the cohomology H% (M) by using a sheaf which is analogous to the
sheaf of germs of holomorphic p-forms on a complex manifold. A p-form « is said to be F-
holomorphic, if it is foliated, of type (p, 0) and satisfies dra = 0. Locally, a F-holomorphic
p-form can be written: o = Y a5 (2,t)dz;, A --- Adz;, with ay,...;, holomorphic on z.

Let ‘H’- be the sheaf of germs of F-holomorphic p-forms on M and APY(F) be the
sheaf of germs of differential forms of type (p,q) on F; API(F) is a fine sheaf. Lemma 2.1
implies the:

2.2. Proposition. The sequence 0 — HL — APO(F) oz, ... 0z, AP (F) — 0 is a fine
resolution of H%. So we have H1(M,H%.) = H}F (M), for p,q =0,1,...m.

If n > 1, this resolution is not elliptic; it is only elliptic along the leaves. Hence the
cohomology H*(M,H%:) is not necessarily finite dimensional even if the manifold M is
compact.

Any isomorphism of complex foliations (M, F) R (M', F'") induces an isomorphism

f*H*(M', H,) — H*(M,H’). In particular H*(M, H’:) depends only on the complex
conjugacy class of F.

For p = 0, we denote Hr the sheaf HY%:; its sections over an open set U of M are
F-holomorphic functions on U; they form a complex vector space which we will denote by
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H%(U) and simply H(U) in case the codimension of F is zero, that is, M is a complex
manifold and the foliation has just one leaf, M itself.

Let p € N. An open set U of M (with the induced foliation) is said to be p-acyclic, if
H9(U, H%) = 0 for any ¢ > 1. An open cover U = {U;} is p-acyclic if, for any multi-index
(49, +,1g) of I, the open set Uj,...;, = U;, N---NU;, is p-acyclic. We can easily see by
Lemma 2.1 that such open cover exists and, in addition, can be chosen locally finite. By
Leray’s Theorem (cf. (Gm]), H*(M,H%) = H*(U, H’) for any locally finite p-acyclic open
cover U.

We have two ways for computing the 0z-cohomology of F: using foliated differential
forms of type (p,q) and the 0 operator or a locally finite p-acyclic open cover U adapted
to the foliation and Céch method. Both of the two points of view will be interesting for
our purpose.

Let us start with a simple example. Let F' be a complex manifold of dimension m and

B a differentiable manifold. We denote by C*(B) the complex vector space of complex C*
(with s € NU {oo}) functions on B. The following proposition is easy to prove.
2.3. Proposition. Suppose that F is defined by a locally trivial fibration F — M — B
(the cocycle is with values in the biholomorphism group of the complex manifold F'). Then:
HYZ (M) = HP*(F) ® C*(B) where HP*(F) is the Dolbeault cohomology of the complex
manifold F. In particular, H¥ (M) =0 for « > 1 if the the fibre F is a Stein manifold.

2.4. Open questions

Some questions inspired by the classical complex analysis are natural. Let M be a
differentiable manifold with a complex foliation F of dimension m.

Question 1. Suppose that every leaf is closed (in the topological sense as a subset of
M ) and Stein that is, it can be embedded in some C~ ). Is H;)Eq(M) =0 forq>17

A weak version of this question is obtained by imposing an extra hypothesis on the
foliated manifold (M, F).

Question 2. Suppose that every leaf is closed and Stein and that F is a complete
Riemannian foliation (the normal bundle TM/TF admits a Riemannian metric invariant
alog the leaves). Is H?Eq(M) =0 forq>17

In fact, by a localization procedure, question 2 can be reduced essentially to the
following one.

Question 3. Suppose that M 1is a diffentiable product F'x B where F' is a Stein manifold
and B is a ball of R"; each leaf F' x {t} is diffeomorphic to F but has a complex structure
which may depend on t € B and is Stein. Is ng(M) =0 forq>17

For a study of foliated Dolbeault cohomology and its explicit calculus on some complex
foliations with a more complicated dynamics see [ES].

2.5. Zeros and poles

Suppose that the dimension of F is 1 that is, the leaves are Riemann surfaces. Let U
be an open set of M with the induced complex foliation F.
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Let f : U — C be a F-holomorphic function and let Z be the set of its zeros.
The restriction of f to any leaf F' is a holomorphic function; then, if f : FF — C is not
identically zero, Z N F' is a discrete set of F'. So in a neighborhood of a point of Z N F
where f does not vanish identically, Z N F' is ‘transverse’ to F.

We say that a function f : U — C is F-meromorphic, if its restriction to any leaf
is a meromorphic function. Let P be the set of poles of f; then, similarly to the case of
zeros, the intersection of P with any leaf is a discrete set of F' (see [EIK]).

2.6. Statement of the main result

From now on F will be a complex foliation by Riemann surfaces on a differentiable
manifold M.

Main Theorem. Suppose that F is defined by a differentiable trivial fibration m: M — B.
Let ¥ : B — be a section of m contained in a F-relatively compact subset of M. Then for
any relatively compact open set U containing ¥ = o(B) and any integer s > 0, there exists
a function U — C of class C* nonconstant on any leaf of (U, F), meromorphic along the
leaves and whose set of poles is exactly .

This result is a weak parametric version of Mittag-Leffler Theorem. A strong version
was already established in [EIK] in case the leaves are noncompact, simply connected or
with Z as common fundamental group.

The remaining part of the paper will be devoted to the proof of the Main Theorem
stated above. It will result in a series of lemmas and propositions for which some of our
proofs are inspired from methods developed in [For|. The main difficulty here is the control
step by step of the transverse regularity and this is far to be a trivial job.

Without lost of generality we may suppose that n = 1 and B is an open interval [
of the real line R (containing the origin) or the circle St. We choose to treat the case
B = I. All leaves are noncompact and diffeomorphic. Let My be a leaf of F; there exists a
diffeomorphism ® : M — My x I such that, for any t € I, M; = ®~1(My x {t}) is a leaf
of F that is, if My x I is equipped with the foliation Fy whose leaves are My x {t} with
t € I, the two foliated manifolds (M, F) and (M, x I,Fy) are differentiably isomorphic.

A F-open set (resp. an F-closed set) of M is an open set of the type Uy x I (resp. a
closed set of the type Fy x I') where Uy is open in My (resp. Fy is closed in My). A F-open
cover is a cover of M by F-open sets. The unions and finite intersections of F-open sets
are also F-open sets. A subset E of M is F-connected if, for any t € I, E; is connected;
it is F-compact (resp. F-relatively compact) if there exists a compact (resp. relatively
compact) set Ky of My such that E C Ko x I. Let U = {U,;} and V = {V;} two F-open
covers indexed by the same set; the notation V < U means that, for any ¢, V; is contained
in U; and is F-relatively compact in this set.

Let I" denote the common fundamental group of the leaves. The case where I is trivial
or isomorphic to Z was studied in [EIK]. So we will suppose that I" is non Abelian; then
the universal covering of each leaf is the upper half plane H={z =z +iy:y > 0}. If E
is a subset of M, E; will be its intersection with M;.
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3. Spaces of F-holomorphic functions

Let U C C x I be an F-open set and s € NU {oco}. Let H%(U) be the space of functions
U — C of class C*® and F-holomorphic; the space of basic functions (constant on the
leaves) is a subspace of H%(U) and is canonically isomorphic to the space C*([) of functions
of class C® on the interval I. For any function f € H%(U), any measurable subset £ C U,
any t € [ and k € {0,1,---, s}, we set:

=

Ly AL
Ji(f, Er) = (/Et GIE dzdz)
and:
i
Ni(f,F) = su —
k(f ) (z,t)Ie)E otk

We denote by H?E’S(U) the space of functions f € H%(U) such that, for any £ =0,---,s:

sup Ji(f, Up) < 400
tel

We equip this space with the norm:

Ifllsy = max {supw, Ut>}
k=05 (el

for which it will be complete as we shall show.

Now, we consider the functions f € H%(U) satisfying the condition:
Ny, (f, U ) < 400

for any k£ € {0,1,---,s}. These functions form a vector space Hg&S(U ) which can be
equipped with the norm:

1fll300 = max Ni(f, 1)

By the usual methods one can easily prove that it is complete.

One can observe that, if the measures of the U; are uniformly bounded, we have
H3(U) € HE(U).

The space B* of basic functions of class C'* whose derivatives up to the order s are

|

bounded equipped with the norm:

¢
dt

s
1]l =, max {Stléll?
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is a Banach algebra. Note that B® is a subspace of HZ;S(U ) while it is not one of H2*(U)
except if the measures of the sections U; (with ¢ € I) are uniformly bounded. But both of
the spaces Hg&S(U ) and H2°(U) are B*-modules. Let:

= ﬂ H—I;}S(U)7 HF(U) = m H}S(U) and B= ﬂ Bs.
SEN SEN SEN

These are Fréchet spaces whose topologies are respectively defined by the countable families
of norms considered above:

M aevten: Il oteny  and Al )N

Now we suppose U = B = By x I where By is the open ball centered at a of radius
r > 0 of the complex plane C. Any function f € H%(U) admits an expansion:

SHWAVIEEE
where the coefficients f,, are functions in ¢t € I given by the integral Cauchy formula:

fat) = L/ (ﬂidz.

2im z—a)"tl

Here {7} is a differentiable family of circles centered at a and ¢ C B;. This shows that
fneBif fe H?,}S(U) or f € Hg_’-s(U) and that the sequence (indexed by N):

an z—a)"

converges to f both in the spaces H2°(U) and HI}S(U). The spaces H2*(U) and Hg&s(U)
are free modules over the Banach algebra B° with basis {¢,(2)}, .y Where ¢,,(2) = (z—a)".

A simple computation shows that the L?-norm ||¢,||2 of ¢,, (considered as a function
in the ball By) is:
ﬁr’r%kl

vn+1

from which we deduce that, for any s € N, we have:

o Yt
o0 \/—

[|Pnll2 =

[ fndnll3

Then:
\/_rn—i—l

Hf||2B < ZanHoo \/—




A. EL KaciMmr

3.2. Theorem. Let D C C be an open set andr > 0. We set D, = {z € C: By(z,r) C D},
U=DxI and U, = D, xI. (Here By(z,1) is the open ball centered at z with radius r in
C.) Then, for any function f € H?_-’S(U), we have:

1 S
170, < =150

Proof: Let (a,t) € U,. Then, on B = By x I, we have f(z,t) an (z—a)". So
f(a,t) = fo(t) and then, for any k =0,-- -, s, we have:
daf

dk f
W(a,t) = .

s J(f. B < —= il . D)

1
< _—
- mr T

Taking the upper bound of this quantity over ¢ € I and the maximum on k € {0,1,---, s},
we obtain the following relations:

A 1%v, = sup | =
U,

which are exactly the desired inequalities. &
3.3. Corollary. The space H?E’S(U) equipped with the norm || [|3 ; is complete.
4. Proof of the Main Theorem

For brevity, we will agree to the following definition: a submodule A of the B*-module
H2*(U) is of finite cotype ((FC)-submodule for short) if the quotient B5-module H2*(U)/A
is finitely generated (or of finite type).

4.1. Lemma. Let Dy and D}, be two open sets of C such that D is contained an relatively
compact in Dy. We set U = Do x I and U" = D, x I. Let s € N and € > 0. Then there
exists a closed (FC)-submodule A of the B*-module H22*(U) such that:

5.0 < €l[f]l3y for any function f € A.

Proof. Since U is F-compact in U, there exist r > 0 and finitely many points a1, - - -, ay
in D such that:

(i) Bo(a;,r ) xI cUforj=1,---,u. (Bo(a;,r) is the ball of radius r centered at a;.)
T
(ii) U' C U By <a3,§> x I.
]_

Let n be an integer such that u < 2"71e. Let A be the set of functions f € H?&S(U)
whose restriction to any transversal {a;} x I is zero up to the order n. Then A is a
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closed (FC)-submodule of H?}S(U ); the number of generators of the quotient B*-module
Hils(U)/A is less or equal to n-u. Let f € A; in a neighborhood of {a;} x I we have:

t)=> folz—a;)
f=n

Let p<r;forany k=0,---,s

00 2
Bl Bolason)? = 3 T | S
thus; o0 20+2 k|2
Ty <f, By (aj, g))z =D TQEZZ(E—:_ 1) ddt];?
p
242 | gk g, |

<9 2<n+1>z £+1

<27 2("+1)(Jk(f, By(aj,m))%

dtk

So, using the properties (i) and (ii):

Tr(f:Ue) < Jk(f. Bo(aj,r))
j=1
<u- 27"V (f, Ur)
<edi(f,U)

Taking the upper bound on ¢ € I and the maximum on k£ = 0,1, ---,s of the two sides of
this inequality, we obtain:

A3, < ellf115,0,
which gives the desired inequality. &

We have already observed that Hils(U ) is a module over the Banach algebra B*®. Let
f,g€ H?E’S(U); for any t € I, we set:

akf iy

For fixed t € I, (, ); is a Hermitian product on H?E’S(Ut) for which it is a Hilbert space.
The following lemma is almost immediate to establish.

4.2. Lemma. Lets € N and f and g be two functions in H?;S(U). The function A : I — C
which associates to each t € I the complex number (f,g); belongs to B°. Moreover there
exists a positive constant C' such that, for f,g € H?_-’S(U), we have:

Moo < ClIS15,0 - 19115,
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that is, the family of Hermitian forms (f,g) — (f, g)+ is continuous.

We say that two functions f,g € H?}S(U) are orthogonal if (f,g): = 0 for any t € I.
Of course, any orthonormal system is a free system over the ring B®. Let A C H?E’S(U );
the orthogonal of A is the subset:

At = {feH?_is(U) {f,g): =0 for any g € H2*(U) and anytEI}.

Since for any fixed g € H?E’S(U) the map f € H?&S(U) — (f,g)¢ € BY is B*-linear and
continuous, A~ is a closed submodule of the B*-module H?&S(U).

4.3. Orthogonal projections in H2*(U). Let V be a closed B*-submodule of Hy*(U).
Then there exists a continuous B®-linear map P : ’H?_-’S(U) — V' such that:
(i) For any g € V, ||f — P(Nlls,x < |If — gll5.r that is, P(f) realizes the minimal
“distance” from f to V.
(ii) For any f € H?E’S(U) and any v € V we have: (f — P(f),v)s =0 for any t € I.
(iii) If V is non trivial the norm |||P||[3 ; of P is equal to 1.

The map P is called the orthogonal projection from H?_-’S(U) on V. The proof of its
existence is a slight adaptation of the classical one on a Hilbert space.

Proof. (i) Let € be a positive real number and f € H?}S(U ). Let:
= inf ||f —v||5 -
.= inf |1 3o
Then there exists a sequence (vy,) in V such that lim || f — vy,|[|3 ;; = 0 that is:

(1f = valls)” < 6% + 2

for n sufficiently large and also Ji (f—v,,, U;)? < §2+e? forany t € I andany k = 0,1, - -, s.
Let t € I. By the parallelogram identity we have:

Te((f = va) = (f = 0p), U)* + Ju((f = vn) + (f = vp), U)?

= 2{Ju((f = vn), Ue)? + Ji((f — vp), Up)*}.
Thus

2
(v, — vy, Up)? =2 {Jk(f — U, Up)? 4+ Ji(f — vp, Up)? — 23, <f — ””;”p, Ut> } .

Since:

2
Ji (f—”“;”p,Ut) > §?

we obtain the inequality Ji (v, — vy, Uz)? < €2. Taking the upper bound over all ¢t € I, the
maximum over k = 0,---, s, and the square roots we get ||v, — vp[|3; < € which shows
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that (vy,) is a Cauchy sequence in V' with respect to the norm || [|3 ;; since V' is complete,
this sequence converges to an element v € V.

The uniqueness is a consequence of the fact that the construction of the projection
is unique for each fixed ¢t € I in the Hilbert space Hils(Ut). We set P(f) = v. For the
same reason we deduce the property (ii) and the inequality ||P(f)[|3, < 1 which implies
assertion (iii) because P is the identity on V. O

4.4. Orthogonal decomposition

This is an important consequence of the existence of orthogonal projections: For any
closed submodule V' of Hiis(U) we have an orthogonal decomposition: H_27_18(U) =VaeVi

A F-presheaf of vector spaces £ on M is a presheaf which associates to any F-open
set U a vector space £(U) with the same conditions of restriction as for a presheaf in the
usual sense. It is a F-sheaf if, in addition, it possesses the property of gluing local sections
on F-open covers to global ones. A F-sheafis fine if it is fine in the usual sense for F-open
covers. Let us give some:

4.5. Examples

(i) - For any F-open set U, we associate the space H;’és(U ) of functions on U of class C*

which are F-holomorphic with locally bounded derivatives %ICT,{ up to the order s. (Locally

bounded means bounded on subsets Ky x I where K is a compact set of Mjy.) Then we
obtain a F-sheaf Hg&s on M.

(ii) - For any F-open set U, we associate the space H?}S(U ) of functions on U which
are of class C*, F-holomorphic and such that the quantities Ji(f, U) previously defined
are bounded for £ =0,---,s. So we obtain a F-presheaf H?E’S on M.

(iii) - For any F-open set U, we associate the space A ,(U) (resp. Ay (U)) of functions
f (resp. foliated (0, 1)-forms) on U which are of class C*, C*° along the leaves and whose

transverse derivatives % up to the order s are locally bounded. Then we obtain a F-sheaf

A) , (resp. Aj ).

Let U = {U;} be a locally finite F-open cover of M = My x I. Let p: My x I — My
be the first projection and denote by U; the open set p(U;). Let p; be a C>-partition of
1 on My associated to the open cover U = {U;} and set p; = p; o p. For any i and any
s € N, the function p; is an element of Ag}S(M ) and the family {p;} is a C*°-partition of
unity associated to the F-open cover U = {U;}. Using this partition of unity {p;} one can
easily prove that the two F-sheaves Ag’s and A;’S are fine.

4.6. Cohomology with values in a F-sheaf

The definition is the same as in the classical case. Let £ be a F-sheaf on M and
U = {U;} a F-open cover. For any integer ¢ € N we denote by C?(U, £) the vector space
of families {c;,...;, } where c;,...;, is an element of £(U;, N---NU;, ) (which, by convention,
is zero if the intersection U, N --- N U;, is empty). As usual, we define a linear operator
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§:CUU,E) — CITL U, E) by:

g+1

(5C)i0"'iq+1 = Z(_l)zcio~--%~~~iq+1 :
1=0

This operator satisfies the relation 2 = 0; thus we obtain a differential complex:
0— COUE) 2o 201U, E) L o, E) s -

whose cohomology is denoted H*(U,E). If U’ is a F-open cover finer than U we have a
morphism induced by restriction H*(U,E) — H*(U’',E). The cohomology H*(M,E) of
M with values in the F-sheaf will be, by definition, the inductive limit of H*(U, ) over
F-open covers. The cohomology H*(M, &) satisfies all the usual known properties, for
instance we have the:

4.7. Leray’s Theorem. Let U = {U;} be an acyclic F-open cover that is, for any finite
intersection Uiy N --- N U;,, we have HI(U;, N---NU;,,E) = 0 for any ¢ > 1. Then
H*(M, &)= H*(U,¢E).

For the proof see [God]. We can easily show that, if £ is F-fine, then H1(M,F) =0
for ¢ > 1. We have also the:

4.8. Abstract de Rham Theorem. Let £ a F-sheaf on M. Suppose that £ admits

a resolution: 0 — & — &9 2% g1 PL . yhere each €7 is a fine F-sheaf. Then the
cohomology H* (M, E) is naturally isomorphic to the cohomology of the differential complex:

0 — EY(M) Lo, EY(M) D1 where, for each q, E9(M) is the space of global sections

of the F-sheaf £19.
These two theorems will be of interest for our purpose. We can first remark that the
F-sheaf Hg&s admits a fine resolution:

b,s 0 5]—' 1
0—)Hf (_>./4b75 —>Ab,s — 0.

Hence: B
H* (M, 15%) = AL (M) /Im (A2,3<M> 2, Az,S<M>)

where AS’S(M ) and A})’S(M ) are the spaces of global sections respectively of the F-sheaves
-’42,3 and A;’S.

Let U* = {U;}i=1,....n be a finite family of F-open sets such that each one of them is
equivalent to D x I (where D is the open unit disc in C) by a trivialization ¢; : DxI — U/
of the foliation F restricted to U;. Let U = {U;}i=1,..., be an other family of F-open
sets such that U; C U} for any ¢ = 1,---,n. We shall introduce norms on the spaces
C*(U, HZ®). Let n = {f;} € COU,H?®) and ¢ = {f;;} =€ C* (U, H?"); we set:

H77 S»Uij'

n n
s = _lfillse,  and (I3 =D IIfi
i=1 1,3
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On leafwise meromorphic functions

The 0-cocyles and the 1-cocycles constitute closed spaces Z°(U ,7—(3_18) and ZY(U ,H?}s)
respectively of CO(U, H2®) and C* (U, HZ").

For each i = 1,---,n let V; be a relatively compact F-open set of U; and denote by V
the F-open cover {V;}i=1....,. For any ¢ € C’q(L{,HgéS), we have [|(]|5,, < +o0. Applying
Lemma 4.1, we easily prove that, for any € > 0, there exists a closed (FC)-submodule A
in the B5-module Z!' (U, H%®) such that:

1<

50 <ellCll3,  for any ¢ € A.

4.9. Lemma. We take the same F-open covers U*, U and V as before and we consider
a fourth one W = {W;}iz1,..... We suppose that W < V < U < U*. Then, for any
s € N, there exists a constant Cs > 0 such that, for any & € Zl(V,H;S), there exists
¢ € ZYU,HZ) and n € COOW, HZ®) with ¢ = &+ n on W and:

max (|[¢]13,v- [[ml13,w) < Cll&ll5 4

Proof. Let & = {fi;} € Zl(V,H_%_ls). Then, using a same method proving Theorem 3.2,
we easily establish that £ € Z'(V, A} ). We have observed in subsection 4.5. iii) that the
F-sheaf Ag’s of functions of class C® whose transverse derivatives up to the order s are
locally bounded is fine; hence H'(V, Ay ;) = 0. Then there exists {g;} € C°(V, A} ;) such
that:

fij=9;—9i on V;nVj.

Since O£ f;; = 0, we have 0g; = Oxg; on V;NV;; hence the collection of (0, 1)-forms {9g; }
defines a foliated (0,1)-form w on the union [V| = V3 U--- UV, such that wj, = 0rgi.
Because |W| is F-relatively compact in [V], there exists a function ¢ € A} (M), basic for
the fibration (z,t) € M = My x I — z € M and such that:

supp(y)) C [V| and 9, =1

Then ¢w can be considered as an element of Ay (|U/*]). Since, by Ahlfors-Bers Theorem
[AB], for each i € {1,---,n}, the F-open set U} is isomorphic to the product D x I, by
Proposition 2.3 there exists a function h; € Ag’S(Ui*) such that Ozh; = Yw),.. But:

Ejrhi = 5_7:hj on UZ* N U;;

thus Fj; = h; — h; € H%S(Ui* N U;). Denote by ¢ the cocycle {Fj;}; since U < U™,
¢ € Zl(L{,H?}S). On W; we have O0rh; = Yw = w = 0rg;, hi — g; € Hl}s(Wi) and also
hi — g € H2°(W;) that is, the 0-cochain 1 = {h; — g;} is in CO(W, H="). So we easily see
that, on W; N W;:

Fij— fij = (hj —gj) = (hi —gi) ie. (—&=dnon W
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which is exactly the desired relation.

Now, let:
E=ZYU,HZ*) x Z'(V,HZ®) x CO (W, HZ).

Equipped with norm [|(¢,€,m)[l5 = [1Cl[34 + [1€]13. + [[nl]3 yy. £ is a Banach space. The

subspace:

L:{(C7§7n)€EC:§+6T] on W}

is closed and then is a Banach space. Since the map:
T (¢ Em) € L &€ 2NV, HE)

is continuous and surjective, it is also open (by the Open Map Theorem). Hence there
exists a constant Cy > 0 such that, for any £ € Zl(V,H?E’S), there exists ((,&,m) € L

satisfying 7((¢,&,n)) = £ and:

(S, & m)llE < Cslll13,-

The constant C's satisfies the desired inequality. &

4.10. Lemma. Let the hypotheses be like in Lemma 4.9. There exists a finitely generated
B -submodule S C Zl(U,Hg_’-S) satisfying the following property: for any & € Zl(U,Hg_lS),
there exists o € S and n € C°(W, Hg_is) such that:

c=&(+60n on W.

This means that the image of the natural B*-linear map H' (U, Hg_ls) — HY (W, Hg}s) is
a finitely generated B*-submodule.

Proof. Let Cs be the constant given in Lemma 4.9 and set ¢ = 2(13 . By the Lemma 4.1

there exists a closed (FC)-submodule A € Z' (U, H%) such that:

1El15,v < ell€ll5y,  for any £ € A.

Let S be the orthogonal of A in Z1(U, H?_-’s) (which is a finitely generated B*-submodule
because A is a (FC)-submodule) that is:

Z'UHE") = Ae S.

Let £ € Z' (U, HY). Since V < U, € is in fact in Z1(V, H7"); let 7 = ||€][3,, < +o0. By
Lemma 4.9, there exists o € Z' (U, H3®) and 9 € CO(W, H%") such that:

=&+ on W

with the inequalities [|Col[5,,, < Cs7 and |[[no|[5, < Cs7. On the other hand, (y decomposes
into a sum:
Co=¢&o + 00 with &€ A and og € S.
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On leafwise meromorphic functions

Now we shall construct elements:
Gk € ZYUHE), i € COOV,HY), & €A and op €S

with:
(i) Ck = &k—1 + onp on W,
(ii) (x = & + ok (orthogonal decomposition);
(i) [1Gell5. < = and [lmellse < &
Suppose that these elements are constructed up to the rank k. Since (x = & + o we
have by the orthogonal decomposition:

Cst
l€nllsar < lckllsar < S
This gives:
eCst T
lerllgy < ellésllie < 5 < o

By Lemma 4.9 there exists (.11 € Z1(U, H?ES) and 41 € C’O(W,Hils) such that:

Cht1 =&k + 0Nk on W.

and C
max (||Ck+1”§,uv ||77k+1H§,W) < 21;1'

\]

The element (;4; admits an orthogonal decomposition:

Cht1 = &1 + Opq1 With {41 € A and op 41 € 5.

Then we have constructed, up to the rank k + 1, the sequences (&), ((x), (%) and (o)
with the desired properties. By (o = £ + dnp and the points (i) and (ii) we have (up to
rank k) :

k k
(+) §k+ZUg:§+5(ZW> on W.
£=0 £=0

From (ii) and (iii) we deduce that:

C,t
2k

max (|18e15z4: lloell 2 1mell3 ) <

Thus limg £, = 0 and the series Z oy and Z N converge respectively to elements o € S
k=0 k=0
and 7 € C’O(W,Hz}s). In fact, by Theorem 3.2:
o€ SNZ UMHY) and 7 e COW, HE).
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From () we obtain ¢ = £ + 0n on W. This ends the proof of the lemma. O

4.11. Theorem. Suppose that M' = M) x I and M" = M{ x I are F-open sets of
M an that M is contained and relatively compact in M. Then the image of the natural
morphism HY(M" , H" 7)) — HY (M, HE 7°) induced by the restriction is a finitely generated
B?-module.

Proof. Let U * U,V and W four F-open covers as in Lemma 4 10 and such that:

(i) M' C U W; =: M; and is relatively compact in My := U U, c M";
(i) the Ui’:, %]Z and W; are isomorphic to D x I. =
By Lemma 4.10, the image of the morphism H* (U, H%*) — H*(W, H%*) is a finitely
generated B®-module. On the other hand, the F-open covers &/ and W are acyclic then
by Leray’s theorem, H* (U, Hg&s) = H'(Ma, Hg&s) and H*(W, Hg_’-s) HY(Mjy, H *). Then
the result follows from the canonical factorization:

}1’1(]\4//7 H.I;LS) _ Hl(MQ, H_l;.ls) _ Hl(Ml, H.I;LS) _ Hl(M/, Hg}S)
The theorem is then proved. &

4.12. Corollary. Suppose that all leaves are compact (they are all diffeomorphic to a
compact Riemann surface of genus g > 2). Then H'(M, Hg_is) is a finitely generated
B?-module.

4.13. Question. Suppose that all leaves are compact. Is the B*-module H' (M, Hgés) free?
If this is the case, is its dimension equal g7

Now we have amassed all that is necessary to prove the Main Theorem. It is immediate
to see that it follows from the following one.

4.14. Theorem. Let M' = Mj x I be a F-open set of M with M} relatively compact and
strictly contained in My. Then for any a € M|, there exists a F-meromorphic function
f: M’ — C nonconstant on any leaf, with set of poles {a} x I and F-holomorphic on
M'\{a} xI.

Let us first recall a result on modules of finite type illustrated in the following lemma.
Its proof can be found for instance in [AM] (Proposition 2.4 p. 21).
4.15. Lemma. Let E be a finitely generated module over a ring R, a an ideal of R and
8 an R-endomorphism of E such that 0(E) C aE. Then there exists ay,---,a, € a such
that 0™ + 410" ' + -+ a,_10 + a, = 0.
Proof of Theorem 4.14. Let Uy be a F-open neighborhood of {a} x I isomorphic to D x I
by a diffeomorphism (which is a biholomorphism on the leaves) ¢; : Uy — D x I sending
{a} x I on {0} x I; by restricting the open set U; if necessary we can assume that the
transverse derivatives (up to the order s) of ¢; are bounded. Denote by Us the open set
M\ {a} x I. Then U = {Uy,Us} is a F-open cover of M. For each j € N*, the function
ﬁ is in HY* (U, N Uy) and represents a cocycle ¢; € Z* (U, H%®). By Lemma 4.10 the
image of the B*-morphism:

HY U, HY) — HYUN M HY)
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is a finitely generated B®-module E. Applying Lemma 4.15 to the B*-module E, the ring
R = B?, its ideal a = B® and the morphism 6 : ¢ € F —— (19 € E one can find elements
ai,---,a, € B* such that: " +a;0" ' +---+a,_10 +a, = 0. The value of the morphism
O=0"+a0" 1+ ---+a,_10 + a, at the constant function xy = 1 gives a cocyle:

O(x) = 0"(x) +a16" ' (x) + -+ + an—10(x) + an(x)

which is cohomologous to zero. This means that there exist elements c¢1,---,c,+1 € B®
and a 0-cochain n = {f1, fo} € COUN M’,Hg&s) such that:

c1C1+ -+ cnt1Cnt1 = 0n onU N M

that is:
aGt+ ot i =fo—fi onUrNU:NM".

The desired F-meromorphic function on M’ is defined by: ¢1(1 + -+ + ¢pr1(nr1 + f1 o0
UyNM" and fy on Uy N M. O

4.16. Corollary. We take the same hypotheses as previously and suppose that M’ is not
the whole manifold M. Then there exists a F-holomorphic function f : M' — C which
is not constant on any leaf of any connected component of M'.

Proof. Let M" = M} x I be a F-open set of M where M{ is a relatively compact open
set of My containing M/ in which the latter is relatively compact. We apply then the
preceding theorem by taking a € M} \ M|. O

5. Examples

In this section we give examples of differentiably trivial fibrations but far to be even locally
trivial in the complex sense.

5.1. Leaves are simply connected

Let m: M — B be a differentiably trivial fibration whose fibers are holomorphically
equivalent to the unit disc D (or the half plane H). Then, by Ahlfors-Bers Theorem [AB]
it is isomorphic to the product D x B as a complex foliation. As this case is not interesting
for us here we shall give an example with parabolic leaves that is, each leaf is individually
isomorphic to C but the complex foliation we obtain is not equivalent to a complex product.

Denote by P1(C) the complex projective space of dimension one. Let I =]0,1[ and
¢ : I — PYC) be a C*-map which is not C**1. Let M = P(C) x I \ G where
G is the graph of ¢. This is a differentiable trivial fibration over I all of whose fibers
are isomorphic to C and the complex structure on the fibers varies in a C'*° way in the
transverse direction. We obtain a complex foliation F whose leaves are the fibers of the
trivial fibration @ : M —— I where 7 is the restriction to M of the second projection
(2,t) e PL(C) x [ —t € I.

The complez foliation F on M constructed above is not C*1-equivalent to the complex
product C x 1.

17
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Indeed, suppose that there exists a C**t1-diffeomorphism ¥ : C x I — M which
is holomorphic between the fibers. In the coordinates on M given by its inclusion in
PY(C) x I, this map ¥ is necessarily of the form:

(where, for each fixed ¢ € I, (CCL((:)) Z((g ) is a matrix in SL(2, C)) because any holomorphic
embedding of C in P!(C) is given by a Moébius map. From the fact that ¥ is C**! we
see that the functions a, b, c and d are C¥*! on t. Then ¢ is also C**! because:

o(t) = (oo, 1) = L.

b(t)

5.2. Leaves are annulus

The following example is more or less the one given in subsection 1.2 for the open set
N (Example v)). Let I =|0, +oo[ and M = H x I. We have an action ® of Z on M given
by :
Ok, (2,1) = (tFz,1).

This action is free and proper; moreover it is holomorphic on each leaf Hx {¢} of the product
complex foliation F. Then it defines a complex foliation F on the quotient M = M /P
which is differentiably isomorphic to the product (H/®;) x I where ®; is the loxodromy
®,(z) = tz. The complex foliation F is not a locally trivial fibration. Indeed, because
each leaf (H/®;) x {t} is an annulus whose complex structure is coded by the ratio ¢,
two different leaves H/®; x {t} and H/®, x {t'} with ¢ # t’) cannot be holomorphically
equivalent.

5.3. Remark

In Example 5.1 the leaves are simply connected (all parabolic) and in Example 5.2
they have Z as common fundamental group. In these two cases it was proved in [EIK] that
the first foliated Dolbeault cohomology group H% (M) is trivial. This permits to give a
more stronger foliated version of Mittag-Leffler Theorem.

5.4. Fundamental group of leaves is non Abelian
Let M = H x I. Fon any t € I let ¢; be the Moébius transformation of H defined by:

z+1

Pi(2) = ettt

The family of matrices O, (indexed by t) in the group SL(2,R) corresponding to the family

¢tiSI
1 1
@t:<t (1+t))'

18
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Easy calculations show that, on the interval I =] — 1, 0]:

e The matrices ©; and O, have different eigenvalues for ¢ # t’; then ©; and ©4 are
not conjugated in SL(2,R).

e Each ¢; has a unique fixed point z(¢) in H.

e The family {zo(t)}+es is the graph G in H x I of a C*°-function o : I — H.

Let a be a point in H different from zy(t) for any ¢ € I. For each t € I, let O.(a) be
the orbit of a under the action of ¢;. Let:

M:Hx[\{@(Uot(a))}.

For each t € I, Mis a ¢s-invariant open set of H x I and then it supports the action ¥ of
7, defined by:

U(k, (2,)) = (¢ (2),1).
This action is free and proper; so the quotient M = M /¥ is a manifold diffeomorphic to

a product My x I (where My is a noncompact Riemann surface) with a complex foliation
F. Each leaf L; of F is the quotient of:

H\ (Or(a) U{z(®)})

by the automorphism ¢;. Because the matrices ©; and O are not conjugated for t # ¢,
the two leaves L; and Ly are not holomorphically equivalent. Then the foliation is not a
locally trivial fibration in the complex sense.

In this example all leaves are diffeomorphic. Then they have the same fundamental
group: the free non Abelain group generated by a countable infinite set.

5.5. All leaves are compact

. ! __ aw+b
Let 1w r—w' = T2

element of SL(2,R)). The map:

be a non trivial biholomorphism of H (where (CCL Z) is an

D:(p,(2,w) €EZXC* x Hi— (e7P?Wz w) e C* x H

is a free and proper holomorphic action of Z on M=C*xH. Tt preserves the foliation F
whose leaves are the factors C* x {w} (in fact the action ® preserves each leaf individually).
The quotient space M = C* x H/® is a complex manifold of dimension 2. The induced
complex foliation F on M has dimension 1 and all its leaves are elliptic curves T, ; the
complex structure of each T, depends on w € H. Two leaves T, and T, are isomorphic
if, and only if, there exists a matrix B € SL(2,Z) such that p(w’) = By(w). The complex
equivalence class of a leaf is then a countable set. Hence this foliation is not a locally
trivial complex fibration even if it is a differentiable product.
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