GUICHARD'S THEOREM FOR A
COMPLEX SIMPLE FOLIATION

Aziz El Kacimi

LAMAV, Université de Valenciennes

July 12, 2010

Conference on Geometry and Topology of Foliations
BARCELONA, July 12 to 16, 2010



The general problem

The general problem

Let E be a Fréchet space. For instance, E may be :
E=C>¢)

the space of C*-sections of a vector bundle : £ — M (over a
compact manifold M) equipped with the C*°-topology.

Let v : E — E an automorphism. Denote by E7 the set of
elements of E invariant by ~.

E7 is the kernel of the (bounded) coboundary operator :
S:feEr—(f—~-f)€eE
thus it is a Fréchet subspace of E.

The vector g = 0f is a ‘'measure’ of the invariance defect of f.



The general problem

Suppose that we are given a bounded operator T : E — E
commuting with v and we are interested to solve, in the subspace
E7, the equation Tf = g for given g € E7.

A natural way to do it is to solve firstly the equation in E
(forgetting that g is ~y-invariant) and correct a solution fy € E by
adding an element h of N = kernel of T to make the new solution
f = fy + h invariant by y that is, satisfying the relation
v-(o+h)=fo+hie h—~y-h=~-fy—fy. (The element
(v-fo—fo) isin N.)

This brings us naturally to solve the following problem :

Given g € N, does there exist h € N such that h—~v-h=g7?



The general problem

This is the cohomological equation of the ‘dynamical system’
(N, 7).

The terminology comes from the fact that the first cohomology
space ;H(Z, N) of the discrete group Z with coefficients in the
Z-module N is exactly the cokernel of the operator 6 : N — N.
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The terminology comes from the fact that the first cohomology
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Problem

Let N be a Fréchet space and v an automorphism of N. Compute
the vector space :
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Guichard’s Theorem

Let 7:z€ Cr— z+ 1€ C and ~ the automorphism of the
Fréchet space N = H(C) of holomorphic functions on C defind by
v-f=*fo~. Then

HY(z,H(C)) = 0.




Complex foliations
Complex foliations

Let M be a differentiable manifold of dimension 2m + n endowed
with a codimension n foliation F (then the dimension of F is 2m).

Definition

The foliation F is said to be complex if it can be defined by an
open cover {U;} of M and diffeomorphisms ¢; : Q; x O; — U,
(Q; is an open polydisc in C™ and O; is an open ball in R") such
that, for U; N U; # (), the coordinate change

¢ij = ;1 o di: ¢ (U N Uj) — ¢;H(U; N Uj) is of the form
(Z,t) = ( ib-(z7 t), gf)i(t)) with d)b.(z, t) holomorphic in z for t
fixed.

Any leaf of F is a complex manifold of dimension m.

The notion of complex foliation is a natural generalization of the
notion of holomorphic foliation on a complex manifold.
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Complex foliations

Any complex manifold M of dimension m is a complex foliation of
dimension m. Its automorphism group is exactly the automorphism
group of the complex manifold M.

Example 2

Any holomorphic foliation (on a complex manifold M) is a complex
foliation.

Example 3

Let B be a differentiable manifold and M an open set of C™ x B.
Fort e B, M* ={z € C™: (z,t) € M} is an open set of C™
called the section of M along t. Sections of M are leaves of a
complex foliation F of dimension m called the complex canonical
foliation of M.




Complex foliations

Example 4

Let F be a complex manifold and B a differentiable one. Any
locally trivial fibration F — M —— B whose cocycle takes values
in the automorphism group Aut(F) of (the complex manifold) F is
a complex foliation, the fibres being the leaves. If the fibration is
trivial i.e. M = F x B, we say that F is a complex product
foliation. In that case all the leaves are holomorphically equivalent.
Suppose that F is a complex foliation on M = F x B whose leaves
are the factors F x {t} but the complex structure may depend on
t; then we say that F is a differentiable product.




Complex foliations

Example 5

Let M be a Riemannian manifold equipped with an orientable
foliation F by surfaces. To any vector u € T,F (T,F is the
tangent space to F at y) we associate the unique vector v € T,F
with the same length and such that (u,v) is an orthonormal direct
frame of the tangent space T,F to the foliation F. We set

Jru = v ; then Jr is an almost complex structure on the leaves.
Since the dimension of the leaves is 2, Jr is integrable and then
defines a complex structure which makes F a 1-dimensional
complex foliation.




Complex foliations

Example 6

Let (M, F) be a complex foliation. Suppose that F is Riemannian
that is, the normal bundle vF = TM/TJF supports a Riemannian
metric invariant along the leaves and that the leaves are closed.
Then the leaf space B = M/F is an orbifold. In that case we say
that (M, F) is complex simple foliation. One can always equip the
manifold M with a Riemannian metric which is transversely
complete (geodesics which are orthogonal to F are complete). Let
L : M# — M be the G-principal bundle (where G is the
orthogonal group O(n)) of orthonormal frames transverse to F.
Using Molino’s Theorem, one easily obtain the following :
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Complex foliations

Let (M, F) be a simple complex foliation. Then F lifts to a
complex foliation F# on M# such that :

Q dimcF# = dimcF ;

@ G acts on M# by automorphisms of F# ;

© F7 is a locally trivial fibration M# — B over a differentiable
manifold B ;

Q every leaf F** of F# projects (by 1) on a leaf F of F and
v F#* — F is a holomorphic covering.




Egp—cohomology

0r-cohomology

Let (M, F) be a complex foliation of dimension m. Let QP9(F) be
the space of foliated differential forms of type (p, q) that is,
differential forms on M which can be written in local coordinates
adapted to the foliation (z,t) = (z1,...,2Zm, t1,. .., tn) :

a = ZOUK(Z’ t)dZJ A d?K

where dZ; = del /\.../\dep, d?K = dfkl /\.../\dfkq and ok is
a C*-function on (z,t).

Let O : QPI(F) — QP9TL(F) be the Cauchy-Riemann operator
along the leaves defined by :

Ir (Z akdZy A d7K> Z Ok " (2,1)07s 1 dZy 1 dZx

s=1

where Bz =3 { o T Iay } with zg = X5 + iys.



Egp—cchomology

e 2 , ,
It satifies O’z = 0, hence we have a differential complex :

. 5_f> QP (F) 5_f> QP F) — ...

called the 97-complex of (M, F); its homology H?'(M) is called
the foliated Dolbeault cohomology (or the d-cohomology) of the
complex foliation (M, F). It is locally trivial that is we have a
Foliated Dolbeault-Grothendieck Lemma :

Let x € M. Then there exists an open neighborhood U of x
adapted to the foliation such that, for every p=0,..., m,
HZ(U) =0 for g > 1.




Egp—cohomology

One can describe the cohomology Hg_-*(l\/l) by using a sheaf which
is analogous to the sheaf of germs of holomorphic p-forms on a
complex manifold. A p-form « is said to be F-holomorphic, if it is
foliated, of type (p,0) and satisfies 9z = 0. Locally, a
F-holomorphic p-form can be written :

a= Zajl...jp(z, t)dzy, A--- Ndz,

with «;,...;, holomorphic on z.
Let H; be the sheaf of germs of F-holomorphic p-forms on M and

ﬁpqg:) the sheaf of germs of differential forms of type (p, g) on
F; QPY(F) is a fine sheaf. The preceding Lemma implies the :

Proposition

The sequence 0 — H- < QPO(F) OE, .. 22, QPM(F) — 0 is
a fine resolution of H'%.. So we have HI(M, H'.) = HY (M), for
p,g=0,1,...m.




Egp—cohomology

Let us start with a simple example. Let F be a complex manifold
of dimension m and B a differentiable manifold. We denote by
C*>°(B) the complex vector space of complex C* functions on B.

Proposition

Suppose that F is defined by a locally trivial fibration

F =5 M — B (the cocycle is with values in the biholomorphism
group of the complex manifold F). Then

HZ (M) = HP*(F) ® C>°(B) where HP*(F) is the Dolbeault
cohomology of the complex manifold F. In particular, H% (M) = 0
for x > 1 if the the fibre F is a Stein manifold.
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Foliated Guichard's theorem

An open set of C is said to be a crown if it is of type
C(r,R)={ze C:r<|z| < R} where r € R and R €]0, +o].
Open crowns of C are of six types :
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Q@ C(r,R)isan annulusif 0 < r < R < +o0. Two annulus
C(r,R) and C(r', R') are equivalent «—= & = ’:i,/.
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An open set M of C x B (B is any differentiable manifold) is
called F-crowned if each leaf M* is an open crown of C.
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An open set M of C x B (B is any differentiable manifold) is
called F-crowned if each leaf M* is an open crown of C.

Recall that a simply connected Riemann surface F is isomorphic to
the Riemann sphere C = C U {oo} (F is elliptic), the complex
plane C (F is parabolic) or the open unit disc D (F. is hyperbolic).



Foliated Guichard’s theorem

Theorem

Let (M, F) be a codimension n complex simple foliation whose
leaves are simply connected non compact Riemann surfaces all
parabolic or all hyperbolic. Let v : M — M be an automorphism
of the complex foliation which fixes each leaf F and acts freely and
properly on F. Then :

Q the space Hz(M) is not reduced to basic functions;

@ for any g € Hx(M), the cohomological equation
h— ho~ = g admits a solution h € Hx(M) i.e. the vector
space HY(Z, Hx(M)) is trivial (here, as usual, Hz(M) is
viewed as a Z-module via the action
(k,f) € ZxHr(M)— fo vk e Hr(M)).

The case B is a point, F = C and 7(z) = z+ 1 is exactly the
classical Guichard's Theorem.



Foliated Guichard’s theorem

Consider the G-principal bundle v : M# — M of orthonormal
frames transverse to F with the lifted complex foliation F#. Then
H% (M) injects in H%*#(I\/I#).

Since G = O(n) acts on M# by automorphisms of F#, the
foliated differential forms of type (0, g) on M are the foliated
differential forms on M# of type (0, q) which are invariant by G
(they form a vector space denoted QOGq(}"#)); then H;q(l\/l) is

canonically isomorphic to the cohomology H;i G(M#) of the

differential complex : - - - Ot Q%r(]-"#) Ot QU(F#) — -+

Let u be a normalized Haar measure on the compact Lie group G.
Then the averaging map o : Q09(F#) — Q% (F#) defined by
o(a) = [ g*(a)du(g) is linear and contiuous. The induced map
o H¥(M) = Hg>;7c(l\/l#) — Hg;(l\/l#) is injective. Then to
prove HX(M) = 0, it is sufficient to prove that Hg_.*#(l\/l#) =0.



Foliated Guichard’s theorem

The cohomology vector space H%l(M) is zero and the space
Hx(M) is not reduced to functions constant on the leaves.

From Lemma 1 one can assume that F is defined by a
(differentiable) locally trivial fibration 7 : M — B where B is a
C*°-manifold.

For any t € B, the fibre F; = 7~1(t) is a simply connected non
compact Riemann surface; then it is isomorphic to the complex
plane C or the open unit disc D. (From now on F will denote C or
D.)

Leaves are hyperbolic

Any point b € B has an open neighborhood V C B diffeomorphic
to an open ball in R” and such that U = 7~1(V) is diffeomorphic
to the product F x V. By the uniformization theorem with
parameter (Ahlfors-Bers), the complex foliation (U, F) is
isomorphic to the complex product F x V. Then we have

H2(U) = HOY(F) ® C®(V) = 0 (sinc F is Stein).



Foliated Guichard’s theorem

Leaves are parabolic

In that case uniformization theorem with parameter does not work.
But one can solve the dr by the same procedure as in Lemma 3.

Now let V = {Vj}c, be an open cover of B whose elements V; are
diffeomorphic to a ball of R". For any j € J, the foliation (U;, F),
where U; is the open set U; = m1(V;) of M, is isomorphic to the
complex product F x V; hence H¥(U;) = 0; furthermore

U = {Uj}jey is an open cover of M. Let {p;} be a C*°-partition of
1 on B subordinated to the cover V; then p; =p;omis a
C-partition of 1 on M subordinated to the cover Y. Let

w € QP (M); clearly w and its restriction w; to U; are dx-closed.
Then there exists h; € QP(U;) = C>®(U;) such that w; = dxh;.
Let h € QR (M) = C>(M) defined by h =", pjh;.



Foliated Guichard’s theorem

By the linearity and the continuity of the operator O, we have :

5}"7 = 5]: Z pjhj = Z pjg}'hj = Z pjwj = Ww.

jeJd jeJd jed

(In the preceding sequence of equalities we used the fact dzp; = 0
because p; is constant along the fibres of 7.) This proves that

H® (M) = 0.

Now, to prove that there are sufficiently F-holomorphic functions
(i.e. the vector space Hx(M) is not reduced to functions constant
on the leaves) it is sufficient to see that locally, for instance on the
open sets U;, they abound and to glue them by the partition of the
unity {p;} considered above. (This is always possible even the leaf
space B = M/F is only an orbifold.)



Foliated Guichard’s theorem

Let M be a crowned open set of C x B where B is any
differentiable manifold. Suppose that all the leaves M* (which are
crowns) are of the same type. Then the cohomology vector space
H® (M) is zero.

We have to prove that for any foliated 1-form w = f(z, t)dz of
type (0,1) (which is always dr-closed) there exists a function

h € C>°(M) such that 0rh = w.

For any j € N, let K; be a subset of M such that, for any t € B,
the section K/ of Kj is a compact crowned subset of M*; let Q; be
a F-crowned open neighborhood of K;. We suppose that ﬁj is
contained in the interior int(Kj;1) of Kji1. The sequence (Kj) is
such that Q; C int(Kj;1), is increasing and converges to M. Let
¢pj : Cx B — R be a C*°-function with compact support in £,
and equal to 1 on ;.



Foliated Guichard’s theorem

We set 9); = ¢ for j = 0 and v¢; = ; — ¢j_1 for j > 1. For any
J > 1, the function v; is zero on Qj,l and the sequence (1);)
satisfies > 521 = 1. Let :

%
(z,t) 2/7r/ d{ A dE.

The function h; is well defined and C* on M. By the Cauchy

formula, we easily verify that 5fhj = 1);f. Furthermore, for j > 1,
1 is zero on £2;_1, then h; is F-holomorphic on €;_;. Since Q;_;
is F-crowned, h; admits a Laurent expansion on £2;_; :

v et =Y au(0)zt + 3 2o
k=0 m=1

where the coefficients aj and b;n, are given by the integral
formulaes :



Foliated Guichard’s theorem

1 _ 1 m—1p. .
aj(t 2177/7 §k+1 dg and bjm(t)—széﬁ hj(€, t)d&;

74 and ~4 are respectively the smallest circle and the biggest circle
of the boundary of the compact set Kjt_l. (In case Kf_l is a disc,
5 is empty and bjm(t) = 0 for m > 1.) The way the coefficients
ajx and bj, are given shows that they are C* in t; on the other
hand, the series (L) is given by the integral Cauchy formula, then it
converges with respect to the C°°-topology to the function h;. Let
J > 1, truncating conveniently the two sides (left and right) of the
series (L), one gets a function :

Lk XA binl®)
t) = Zajk(t)z + Z 27’"
k=0 m=1

which is F-holomorphic on M and such that §(hj, vj) < 2; (where
J is the distance on C°°(M) defining the C*°-topology). The
series :




Foliated Guichard’s theorem

ho + >-721(hj — v;) converges with respect to the C>-topology to
a function h € C*°(M). This function satisfies the equation

Orh = f; indeed, by the linearity and the continuity of dr, one
has :

5}'/’7 = 5]: ho + Z(hj — VJ) = gfho-i-zg}‘(hj—\/j) = Z@Djf =f.
j=0

j=1 j=1

This ends the proof of the lemma. &



Foliated Guichard’s theorem

Let M " B be as in the statement of Theorem. Let (M, F) be
the complex foliation obtained as the quotient on (M, F) by the
action of the automorphism v on M. Then the cohomology vector
space H%l (M) is zero.

From Lemma 1 one can also assume that F is defined by a
(differentiable) locally trivial fibration 7 : M — B where B is a
C°°-manifold.

The action of v is free and proper and it leaves each fibre
invariant. Then, the quotient manifold M is a differentiable locally
trivial fibration 7 : M — B. Let V be an open set of B
diffeomorphic to a ball of R” and U = 7~1(V); then U is
diffeomorphic to F x V where F is a crown of C. The open set U
with the complex foliation F is isomorphic to a crowned open set
of C x B with its canonical complex foliation. By Lemma 2, we
have HOl(U) = 0. Now, a partition of 1 argument like in the same

Lemma allows us to conclude that H2(M) = 0. &



End of the proof of the theorm

Let us start with a more general fact. Let F be a complex foliation
of dimension m on a manifold M and ' a countable group which
acts freely and properly by automorphisms of (M, F). Then the
quotient manifold M = M/T is endowed with the induced foliation
F in such way that the canonical projection 7 : M — M is a
foliated covering map of complex foliations. The pull-back 7*(H%)
of the sheaf H by 7 is exactly the sheaf H . Then there exists a
spectral sequence whose E, term is :

E2k£ = Hk(r7 He(Mv H]:))

and converging to H*(M, H=). Here HX(T', H*(M, H)) is the
k-cohomology of the discrete group I with values in the '-module
HY(M,Hz) (T acts on (M, F) by automorphisms so it acts on
HY(M, Hg)).



Foliated Guichard’s theorem

If M is acyclic i.e. HY(M, Hz) = Hz(M) and HY(M, Hz) = 0 if

£ > 1, the sequence E, converges at the E, term and

HX(M, Hz) = H*(T', H(M)) where the action of [ on Hz(M) is
given by (7, f) € T x He(M) — f oy~1 € Hx(M). But in our
case [ =Z. So

Hr(M)/C = HYZ, HF(M)) = HY (M, Hz) = H%(W) = 0 where
C is the subspace of Hx(M) generated by elements of the form

h — ho~. (The last equality is obtained by applying Lemma 4.)
This shows that the coboundary operator

h € Hr(M) — (h— ho~) € Hz(M) is surjective that is, for any
g € Hz(M) the cohomological equation h — ho~y = g admits a
solution h € Hx(M). O



Mittag-Leffler for complex foliations

Mittag-Leffler for complex foliations

Let P be a countable union of subsets P of M ; we say that P is
an acyclic family, if it satisfies the following conditions :

- P is discrete i.e. if P, P' € P with P # P’, there exist two
disjoint open sets V and V'’ adapted to F containing P and P’
respectively ;

- there exists an acyclic cover U by open sets adapted to the
foliation such that any P € P is contained in some U € U and
each U € U contains at most one element P € P. We say that the
cover U is associated to P.



Mittag-Leffler for complex foliations

Foliated Mittag-Leffler Theorem

Suppose that the complex foliation (M, F) satifies the hypotheses
of Theorem or Lemma 3. Let X~ be an acyclic family of
submanifolds ¥; transverse to F and U = {U;} an acyclic open
cover associated to .. Suppose that we are given on each U; a
F-meromorphic function h; : U; — C which is F-holomorphic
outside ¥; and that h; — h; is F-holomorphic on U; N U;. Then
there exists a F-meromorphic function h : M — C such that

h — h; is F-holomorphic on U;.




	The general problem
	Complex foliations
	F-cohomology
	Foliated Guichard's theorem
	Mittag-Leffler for complex foliations

