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Towards a Basic Index Theory

A. EL KAciMI

In this note, we give and explain the statement of the Hodge decomposition theorem for a transversely
elliptic operator on a Riemannian foliation proved in [Ek]. Such an operator is Fredholm and therefore
admits an index. This brings us to formulate the following problem: can this index be computed in
terms of (topological) transverse invariants like in the Atiyah-Singer Index theorem? Some examples
of transversely elliptic operators whose indices are topologically invariant are given, in particular the
basic Euler-Poincaré number and the signature of a Riemannian foliation.

All the objects considered are assumed to be of class C*°. Let M be a manifold of dimension d + n; for
simplicity M will be connected and orientable. Differential forms (and in particular functions) will take their
values in the field of complex numbers C. If « is a form, @ will denote its complex conjugate; we say that «
is real if & = .

1. Preliminaries

1.1. Definition. A codimension n foliation F on M is given by an open cover {U,;}icr and submersions
fi : Uy — T over an n-dimensional manifold T and, for each U; NU; # 0, a diffeomorphism ~;; = f;(U; N
U;) — f;(U; N U;) such that

(1) fi =0 fi

Every fibre of f; is called a plaque of the foliation. Condition (1) says that, on the intersection U; N Uj,
the plaques defined respectively by f; and f; are the “same”. The manifold M is decomposed into a family
of disjoint immersed connected submanifolds of dimension d; each of these submanifolds is called a leaf of F.
We say that F is transversely orientable if T' can be given an orientation which is preserved by all the ;;.

We denote by T'F the tangent bundle to F and I'(F) the space of its global sections i.e. vector fields
tangent to F. We say that a differential form « is basic if it satisfies ixa = Lxa = 0 for every X € I'(F).
(This notion extends in obvious way to differential forms with values in a vector space.) Basic forms define
a differential complex (Q*(M/F),d); its homology H*(M/F) is called the basic cohomology of F. A basic
function is a function constant on the leaves; such functions form an algebra which we denote by A. The
quotient vF = TM/TF is the normal bundle of F. A vector field Y € x(M) is said to be foliated if, for
every X € I'(F), the bracket [X,Y] € T'(F). The space x(M,F) of foliated vector fields is an algebra and a
A-module for which I'(F) is an ideal. The quotient x(M/F) = x(M,F)/T'(F) is called the algebra of basic
vector fields on M; it is also a A-module.

I would like to thank Oussama H1JAZI for his kind invitation to participate to this workshop. Thanks
also to Ken RICHARDSON for reading the initial version and suggesting me some corrections.

251



In all this paper a system of local coordinates means coordinates (z1,- -+, Za,¥y1,"*,Yn) ON an open set
U on which the foliation is trivial and defined by the equations dy; = --- = dy,, = 0. If F is transversely
holomorphic (see definition (1.2.2) below) y1, - - -, y, will be complex numbers.

1.2. Definition. A transverse structure to F is a geometric structure on T invariant by all the local diffeo-
morphisms ;.

A transverse structure can be considered as a geometric structure on the leaf space M/F (which is not
a manifold in general). Let us give some examples.

(1.2.1) — Suppose that T is a Riemannian manifold and all the +;; are isometries; then F is said to
be Riemannian. This means that the normal bundle vF is equipped with a Riemannian metric which is
“invariant along the leaves”.

(1.2.2) — Suppose that T is a complex manifold and all the 7;; are biholomorphic maps; then we say
that F is transversely holomorphic. In that case, any transversal to F inherts a complex structure.

(1.2.3) — Suppose that T is a Hermitian manifold and all the ;; preserve the Hermitian structure; then
we say that F is Hermitian. (The v;; are in particular biholomorphic maps and isometries.) The complexified
normal bundle » = vF ®g C is equipped with a Hermitian metric “invariant along the leaves”.

(1.2.4) - If T is a Ké&hlerian manifold and all the v;; preserve the Kéahler structure we say that F
is transversely Kdhlerian. In particular such a foliation is Hermitian. This is equivalent to the existence
of a Hermitian metric h on the normal bundle »F which can be writen in a transverse local system of
coordinates (y1,---,yy) in the form h = ZZ,@:1 hie(y)dyr ® dy, such that its skew-symmetric part w =
%Z;ezl hie(y)dyi A dg, is closed (w is a basic 2-form called the Kdhler basic form of F.) It is easy to
see that every Riemannian transversely orientable foliation of codimension 2 can be given a structure of a
complex codimension 1 transversely Kéahlerian foliation.

(1.2.5) — If T is a Spin manifold and all the v;; preserve the Spin structure, we say that F is a Spin
foliation. Of course, a foliation by points on a Spin manifold is a Spin foliation.

(1.2.6) — If T' is parallelizable and the parallelism is preserved by all the v;;, we say that F is transversely
parallelizable. This is equivalent to say that the A-module x(M/F) is free of rank n.

2. Foliated bundles

Let P : G — P —= M be a principal bundle with structural group G C GL(n,C). The group G acts
on P on the right and on its Lie algebra G by the adjoint representation Ad i.e., for ¢ € G and X € G,
Ady(X) =gXg~'. Denote by V the vector bundle whose fibre V, at a point z € P is the tangent space at z
of the fibre of P.

Let £ : E — M be a complex vector bundle defined by a cocycle {U;, gi;, G} where {U;} is an open
cover of M and g;; : U;NU; — G C GL(n, C) are the transition functions. To such a vector bundle we can
always associate a principal bundle G — P — M whose fibre is the group G and the transition functions
are exactly the g;; (viewed as translations on G).

There are different ways to define a connection on a vector bundle £: on £ directly or by using the
associated principal bundle. We shall make use of all these possibilities.

First definition
A connection on P is a subbundle H of T'P such that

(a) - for every z € P : T,P =V, @® H, (H, is the fibre of H at z),
(b) - for every g € G and every z € P : H,, = (R,).H, where R, is the right action of g on P.

Second definition

A connection on P is a subbundle H given by the kernel of a G-invariant 1-form £ on P with values in G.
The G-invariance of § means: (Ry)*(§) = Adg-1(§) i.e. for z € P, X € T.P and g € G, &.4((Ry)«(X)) =
g1 (X)g (where (R,). is the derivative of Ry).
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Third definition

A linear connection on the vector bundle £ is a map V : (X,«a) € x(M) x C*®(€) — Vxa € C®(E)
satisfying the following properties

(c) - Vis C°°(M)-linear on the first factor, that is, for « € C*(€), X,Y € x(M) and functions f,g € C*(M),
we have Vixgva = fVxa+gVyq,

(d) - for a € C*(€), X € x(M) and f € C®(M) we have Vx(fa) = fVxa+ (X f)a where X f is the
derivative of the function f in the direction of the vector field X.

In fact, the map V is the covariant derivative of the connection. The curvature of this connection is the
2-form R with values in End(€) (the space of endomorphisms of £) defined by

R(X,Y) = VxVy — VyVx — Vixy]-

Now, suppose that we are given a connection H (like in the first definition or the second one) on the
principal bundle P. It is easy to see that the restriction of ¢, (the derivative of ¢) to H, is an isomorphism
onto T, ;) M. Let 7 = 1y 1(TF). We say that P is foliated if T is integrable. In this case, 7 defines a foliation
F on P such that

(e) - dim(F) =dim(F),
(f) - F is invariant under the action of G.
2.1. Definition. We say that the connection H is basic if € is basic; a foliated bundle £ is said to be a
F-bundle if it admits a basic connection. We say that £ is a F-bundle if the associated principal bundle is
a F-bundle.

A vector bundle £ with a linear connection is foliated if, and only if, its curvature form R satisfies
R(X,Y)=0for X,Y € I'(F); £ is a F-bundle if, and only if, ixR =0 for X € I'(F) (cf. [KT1]).

The foliation F on E = P x C" whose leaves are of the form (leaf of F) x (point of C") is invariant
by the diagonal action of G ; so it induces a foliation Fg on E = P xg C™.

A F-morphism ¢ : (€,€) — (£',£') between two F-bundles is a morphism of vector bundles such that
§=¢"(&).

The collection of F-bundles and F-morphisms on M is a category. So we can define the group K (M, F)
of foliated K -theory as in the classical case.
2.2. Examples

(2.2.1) — Suppose that we are given a Riemann metric on M. Let TF* be the subbundle of TM
orthogonal to F and I'(TF~) the space of its sections. Every X € x(M) can be uniquely writen X = Xr+ X,
where Xz € I'(F) and X, € F(]:.FJ-). Let 7 : TM — vF be the canonical projection. For every section Y’
of the bundle vF we dgnote by Y a vector field on M which projects on Y. For every Xz € I'(F) and every
Y € C®°WF), n([X#,Y]) is independant of the choice of the Y. Let V be any linear connection on vF. So
we can define a linear connection on the vector bundle v.F

Vix(M)x C®WF) — C®°WF),
by N
VXy:TF([X]:,Y])-i-VXVY.

It is called a Bott connection of F. A simple calculation, using the integrability of the subbundle T'F and
the Jacobi identity, shows that the curvature form R satifies the equation R(X,Y) = 0 for X, Y € I'(F);
this implies that the vector bundle vF is foliated.

(2.2.2) — Every flat vector bundle £ : E — M (i.e. the transition functions of £ are constant) is a
F-bundle.
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(2.2.3) —Let £ : E — M be a F-bundle. Then the dual bundle £* and all of its exterior and symmetric
powers A*E* and S*E€* are F-bundles; also H2E = {Hermitian forms on £} is a F-bundle.

3. Transversely Elliptic Operators
Let £ be a F-bundle and denote by C*°(€) the space of its global sections; let V denotes the covariant
derivative x (M) x C*(€) — C°°(€) associated to the connection.
3.1. Definition. We say that a section o € C*°(E) is basic if it satisfies the condition Vxa = 0 for every
X eT(F).

The space C*°(E/F) of basic sections of £ is an A-module. Let £ and &’ be two F-bundles with ranks
respectively N and N’.

3.2. Definition. A basic differential operator of order m € N from &€ to &' is a linear map D : C*(E/F) —
C>(&'/F) such that, on local coordinates (x1,...,Tq,Y1,.--Yn), D has the expression

olsl

@ > g
[s]<m
where s = (81,...,8,) € N™, |s| = 81 + -+ + s, and as are N x N'-matrices whose coefficients are basic

functions.

The principal symbol of D at the point z and the covector ¢ € T;M is the linear map o(D)(z,() :
E, — FE’ defined by

o(D)(z¢)(m) = Y G- Gras(y)(m).
Is|=

We say that D is transversely elliptic if o(D)(z, () is an isomorphism for every z € M and every transverse
covector ( different from 0. If F is Riemannian, its conormal bundle v*F is a F-bundle and is equipped with
a foliation F*. If in addition M is compact, o(D)(z,() defines an element [D] in the group K (v*F, F*).

A Hermitian metric on £ is a positive definite section h of H2E. If h is basic we say that F is a Hermitian
F-bundle. If (£,h) is a Hermitian F-bundle and D : C*(E/F) — C*(E/F) is a basic operator of order
m = 2¢ we can define a quadratic form A on £ by

A:(n) = (=1)*h(a(D)(2,6)(n), n)

where 7 € E,. We say that D is strongly transversely elliptic if A is positive definite for every z € M
and every transverse covector ( different from zero. Of course, a strongly transversely elliptic operator is
transversely elliptic.

Let {€"} (r € {0, -+, n}) be a sequence of Hermitian F-bundles and basic operators D, : C*(E"/F) —
C®(E™TL/F) such that the sequence

) 0 — C™(E°/F) Do, . DPry C>®(E"/F) D C>®(E™TY/F) Drtr | Dng C(E™ ) F) — 0

is a differential complex. Let o, = o(D,)(z,() : ET — ETT! denotes the principal symbol of D,. at the point
z € M and the transverse covector (. We say that the complex (C) is transversely elliptic if the sequence

Or—1

0 90 r Or r+1 Or+1 On—1
0— B2 2% ... 22 T 25 BT s S

— E? —0
is exact for every z € M and every non zero transverse covector (. On each C*°(€"/F) we can define an
inner product given by the formula (3) below. Let D* be the formal of D which is a basic operator from

C>(E™L/F) to C°(E")F). Then L, = DD* + D*D is a selfadjoint operator on C*(E"/F). We can easily
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show that the differential complex (C) is transversely elliptic if, and only if, for every r € {0,---,n}, L, is
strongly transversely elliptic.

From now on we suppose that M is compact and connected. Assume that the foliation F is Riemannian
transversely oriented. Let
G =S0(n) — M#* 2 M

be the principal bundle of the orthonormal direct frames transverse to F. Then, the foliation F lifts to a
transversely parallelizable foliation F# on M7 of the same dimension and invariant under the action of the
group G. Moreover, the leaf closures of F# are the fibres of a locally trivial fibration F — M# — W
where W is a compact manifold called the basic manifold of F (cf. [Mo]). Let £# be the pullback by p of the
bundle &; then £% is a G-bundle and a Hermitian F#-bundle with respect to a Hermitian metric h#. The
basic sections of £ are canonically identified to basic sections of £# which are invariant under the action of
G. In particular, if f : M — C is a basic function, f o p is a basic function on M# (with respect to F#);
moreover f op is invariant by the action of G. Because f op is continuous, it is constant on the leaf closures
of F#, so it induces a G-invariant C'>° function on the basic manifold W. We can prove, by the converse
process, that any G-invariant C'*° function on the basic manifold W defines a C*° basic function on M so,
the algebra A of basic functions on M is canonically isomorphic to the algebra Ag (W) of functions on W
invariant by G. The transverse metric on M# (which makes 7# Riemannian) induces a Riemannian metric
on W for which G acts by isometries. Let p be the measure on W associated to this metric (p is a volume
form if W is orientable, otherwise it is just a density).

On C*(&/F) we define an inner product as follows. Let a and § be two elements of C*(£/F). The
function z € M — h,(a(z),5(2)) € C is basic; so it defines a G-invariant function O(«, 5) on W. We set

3) (a, ) = /W O(ax, B) (w)du(w).

For any transversely elliptic operator D from a Hermitian F-bundle £ to a Hermitian F-bundle &,
denote by N(D) its kernel D and R(D) its range. Let D* be the formal adjoint of D; D* is a basic operator
from & to £ and it is transversely elliptic.

3.3. Theorem. The kernel N(D) of D is finite dimensional, the range R(D*) of D* is closed and finite
codimensional and we have an orthogonal decomposition

(4) C*(E/F)=N(D)® R(D").

The proof of this theorem is very long; it can be found in [Ek]. This theorem says in particular that the
operator D is Fredholm and then it has an index defined as usual by the formula

(5) indz(D) = dim KerD — dim KerD* € Z.

3.4. Problem. Compute this integer in terms of invariants of the bundles £ and €' and transverse topological
invariants of F. More precisely, is there an Atiyah-Singer Index Theorem for a transversely elliptic operator
on a Riemannian foliation on a compact manifold?

4. Examples

4.1. The basic de Rham complex

We suppose as in Theorem 3.3 that F is Riemannian of codimension n, transversely oriented and that
M is compact. For every r € {0,---,n}, let £" denotes the vector bundle A" (v*F). Then £" is a Hermitian
F-bundle. Its basic sections are exactly the basic forms of degree r which form a vector space denoted
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Q"(M/F). The exterior differential d : Q" (M/F) — Q" T1(M/F) is a basic differential operator of order 1.
The differential complex

(6) 0 — Q(M/F) =% oo =5 QT (M/F) <% @ (M/F) =5 oo =5 Q" (M) F) — 0

is called the basic de Rham complex of F; its homology is the basic cohomology H*(M/F) we have already
defined in section 1.

To make things more simple, we suppose that F is homologically orientable, that is, the vector space
H™(M/F) is non trivial, so it is necessarily one dimensional (¢f. [EH]). This condition is equivalent to the
existence of a (real) volume form on the leaves y which is F-relatively closed, that is, dx(X1, -, X4,Y) =0
for Xy,---,Xq € T(F) (¢f [Ma]). (In that case, we can complete the transverse metric by a Riemannian
metric along the leaves to obtain a Riemann metric on the whole manifold for which the leaves are minimal
and x is associated to this metric.) This hypothesis will enable one to define an inner product on Q"(M/F)
without using the basic manifold W. As in the classical case we define the Hodge star operator

(7) s« V' (M/F) — Q" (M/F)
in the following way. Let U be an open set on which the foliation is trivial. Let 6y, - -, 8, be real 1-forms such
that (01, --,0,) is an orthonormal basis of the free module Q(U/F) (over the algebra of basic functions on

U). Then define * by
w0 A NO; ) =0, AN,

where {j1, -, jn—r} is the increasing complementary sequence of {i1,---,4,} in {1,---,n} and ¢ is the
signature of the permutation {i1,--,%r, 1, *,Jn—r}. A straightforward calculation shows that * satisfies
the identity ** = (—1)"»~"id. On Q"(M/F) we define a Hermitian product by

(8) @)= [ aniBax

Then it is easy to see that the operator § : Q"(M/F) — Q~1(M/F) defined by the formula § =
(=1)"r=D=1 4« dx is the formal adjoint of d : Q""Y(M/F) — Q" (M/F) i.e. for every a € Q" ~Y(M/F)
and every 8 € Q" (M/F) we have (da, 3) = («, d3). Indeed

dlaAN*BAYX) =daA*BAX+ (=) rand=6) Ax+ (=1)"ta A xS A dy
=daAxfAx+ (=)D A%(88) Ax 4+ (—=1)"ra AxB A dx
=daANxBAX—aAx(6B)Ax+ (=1)""ta A8 Ady.

Integrating the two members and using the fact that y is F-relatively closed, we obtain the desired equality.
In the more general case in which the leaves are not minimal, the formula for the adjoint has a correction
term involving the mean curvature of the foliation (¢f. [Al], [To] or [PR]). Let A : Q"(M/F) — Q" (M/F)
be the operator A, = dd + dd; Ay is selfadjoint; it is called the basic Laplacian (on the basic r-forms); a
simple calculation, using local coordinates, proves that A, is strongly transversely elliptic and therfore the
complex (6) is transversely elliptic. Let

H'(M/F) =KerAp ={a € Q" (M/F) : da = 0 and da = 0}.

An element of H"(M/F) is called a basic harmonic form (of degree r). Then, applying Theorem 3.3, we
obtain

(i) dim H"(M/F) < +o0;
(ii) we have orthogonal decompositions
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9) O (M/F)=H'(M/F)®R(Ay) =H (M/F) & R(d) & R(9).

As a consequence, the basic cohomology H” (M /F) is finite dimensional and is represented by H" (M /F).
Moreover the Hermitian map (a, 3) € Q"(M/F)xQ"~"(M/F) — [,; «ABAx € C induces a non degenerate
pairing

(10) Q:H"(M/F) x H" " (M/F) — C

i.e. the basic cohomology H*(M/F) satisfies the Poincaré duality.

These results were originally obtained by B. Reinhart in [Re] without the assumption that H™(M/F) is
nonzero. But in 1981, Y. Carriére [Ca] constructed an example of a foliation whose basic cohomology does
not satisfy Poincaré duality; this makes false a part of Reinhart’s theorem. One year later F. Kamber and P.
Tondeur [KT2] proved the same result as B. Reinhart for Riemannian foliations with minimal leaves (this is
equivalent by [Ma] to H™"(M/F) # {0}). We can easily observe that, with this hypothesis, Reinhart’s proof
is still valid. The general case (without any assumption) was completely established in [EH]. But as we have
already pointed, these results are direct consequences of Theorem 3.3.

If n = 2k = 44, Q defines a non degenerate quadratic form on H¥(M/F); its signature is called the
signature of F and is denoted Sign(F).

Now let £ and £’ be the vector bundles
&= @A%(V*f) and & = @A%H(V*}").

i>0 i>0
They are Hermitian F-bundles and we have

C*(E/F) =@ (M/F) and C*(E'/F) =" (M/F).

i>0 i>0

The operator d + § : C®(E/F) — C>°(E'/F) is basic and transversely elliptic, then it is a Fredholm
operator. Its index

(11) indz(d+6) = zn:(—wdim HY(M/F).

i=0

is the basic Euler-Poincaré number x(M/F) of the foliation F. As in the classical case, it is an obstruction
to the existence of a nonsingular foliated vector field transverse to F (cf. [BPR]).

4.2. The basic Dolbeault complex

We suppose that F is Hermitian and, for simplicity, homologically orientable. Let v be the complexified
normal bundle vF ®@g C of vF. Let J be the automorphism of v associated to the complex structure; J
satistfies J? = —id and then has two eigenvalues i and —i with associated eigensubbundles respectively
denoted v'? and vY'. We have a splitting v = !0 @ ! which gives rise to a decomposition

A= @ Are
ptg=r

where AP? = APp10" @ A901". Basic sections of AP? are called basic forms of type (p,q). They form a
vector space denoted QP4(M/F). We have

QO (M/F)= @ Qri(M/F).

p+q=r
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The exterior differential decomposes into a sum of two operators

Q:QPYM/F) — QPTLYM/F)  and 0 : QPI(M/F) — QP9 (M/F)
as in the classical case of a complex manifold. We have 52 = 0; so we obtain a differential complex
(12) 0 — PO(M/F) 2 2 qra/F) 2 aratt () F) 2 2 QP (M) F) — 0

called the basic Dolbeault complex of F; its homology HP'4(M/F) is the basic Dolbeault cohomology of the
foliation F: even though the leaf space is bad, it can be considered as a “complex manifold” whose Dolbeault
cohomology is HP*(M/F)!

The star operator defined in (7) induces an isomorphism * : QP9(M/F) — Q"= 9"P(M/F). Moreover
the restriction of the operator d to the space QP¢(M/F) decomposes into a sum of two operators §' = — * O
and 6" = — % Ox respectively of types (—1,0) and (0, —1). We can easily verify that 6" is the formal adjoint
of 9 for the inner product (8). Then the operator A/ = 6”0 + 9" is selfadjoint; a simple computation in
local coordinates, like for the basic Laplacian, shows that A} is strongly transversely elliptic and that the
complex (12) is transversely elliptic. Let

HPU(M/F) = KerA = {a € QP9(M/F): 0a =0 and §"a = 0}.

Applying Theorem 3.3, we obtain
(i) dim HP4(M/F) < +o0;
(ii) we have orthogonal decompositions

(13) QPIUM/F) =HPUM/F) @ R(A]) = HPI(M/F) & R(0) & R(5").

Consequently, the basic Dolbeault cohomology HP9(M/F) is finite dimensional and is represented by
HP9(M/F). Moreover the star operator induces an unitary isomorphism (of real vector spaces) * : a €
HPYM/F) — %a € HMP""9(M/F) and then an isomorphism

(14) ¥: HPI(M/F) — H" P79 M/F)

i.e. the basic Dolbeault cohomology H**(M/F) satisfies the Serre duality.

Suppose now that F is transversely Kahlerian with Kahler form w (it is a basic differential form of degree
2; it is closed and non degenerate). In this case, we can prove that A, = 2A}. Because of the decomposition

¥ (M/F) = D @01/F),

pt+g=r

every basic differential r-form can be uniquely writen oo = 3
have the following assertions.

ptq=r Opg Where apg € QP9(M/F). Then we

(iii) « is Ap-harmonic if, and only if, each component a,q is A} -harmonic. So we have a direct decomposition

(15) H"(M/F)= € H"(M/F).

ptq=r
(iv) The complex conjugacy induces an isomorphism (of real vector spaces)
H”Y(M/F) ~ HY?(M/F).
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(v) For every odd r € {0,---,2n}, the dimension of the space H"(M/F) is even. In particular if n = 1 we
have by(M/F) = 2dim H°'(M/F).

The integer dim H°'(M/F) will be denoted g(F) and called the genus of the foliation F. It is similar
to the genus of a compact Riemann surface; it counts the number of linearly independant basic holomorphic
1-forms.

(vi) Por every p € {0,---,n} the differential form w? = w A --- Aw (wedge product p times) is harmonic.

So, the space HPP(M/F) is non zero.

5. Signature and Index

The manifold M is supposed to be compact oriented and equipped with a Riemannian foliation F of even
codimension n = 2k and with minimal leaves. Let v denotes the complexified of the normal bundle of F.
Let 7 : Q*(M/F) — Q*(M/F) be the isomorphism defined on o € Q"(M/F), by 7(a) = i""=D+k x o, Tt
satisfies 72 =id i.e. 7 is an involution; so it admits 1 and —1 as eingenvalues. Let Q% (M/F) and Q* (M /F)
be the eigensubspaces associated respectively to these eigenvalues. Then we have a decomposition

V' (M/F)=Q . (M/F) e Q- (M/F).

Let D = d+ 6. It is clear that D is a transversely elliptic selfadjoint operator and its kernel N (D) is
identified, by Theorem 3.3, to H*(M/F). It is obvious to see that DT = —7D. Let

Dy QU (M/F) — Q* (M/F) and D_: Q" (M/F) — Q% (M/F)

be the restrictions of D respectively to the spaces €7 (M/F) and Q* (M/F). These operators are transversely
elliptic and are adjoint to each other. By Theorem 3.3, the operators D, and D_ are Fredholm. Then each
of them admits an index.

5.1. Definition. D is called the signature operator of the foliation F; its index is the integer

(15) indz(D4) = dim (Ker D) — dim (Ker D_).

Let Ay = D? be the basic Laplacian; it is immediate to see that A, and D have the same kernel which,
by the basic Hodge Theorem (¢f. subsection 4.1), is H*(M/F) and which is identified to the space H*(M/F).
Because DT = —7D, 7 restricts to an involution 7 : KerD — KerD which defines decompositions

H*(M/F) = H* (M/F) & H* (M/F).

H(M/F)=H,.(M/F)®H_(M/F).
So
indz(Dy) = dim M (M/F) — dim H* (M/F) = dim H%(M/F) — dim H* (M/F).

Let V,. be the space H"(M/F) @ H?**~"(M/F) where r € {0,...,k—1}. Then the subspaces H"(M/F) and
H?*="H(M/F) are permuted by the action of 7 on H*(M/F); so V,. is globally invariant by 7. This gives

indz (D) = dim HE (M/F) — dim H* (M/F) = dim H* (M/F) — dim HF (M/F).

We will regard indifferently 7 as an involution on the basic cohomology H*(M/F) or on the space
H*(M/F) of basic harmonic forms.

5.2. Remarks
i) If k is odd we have 7 = i*, then 7(a) = —7(a) where a € QF(M/F); this implies ** = —id. The

morphism 7 : H% (M/F) — H* (M/F) induced by 7 is an isomorphism (of real vector spaces); consequently
lnd}'(D+) =0.
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ii) Suppose n = 2k = 4¢. Recall that we have defined in the subsection 4.1 a non degenerate quadratic
form Q on H¥(M/F) ~ H*(M/F) whose signature is Sign(F). We verify easily that 7 = * on H¥(M/F).
Then, for non zero basic harmonic k-forms o € H% (M /F) and 3 € H* (M/F), we have

Q(a,a):/ a/\&/\X:/ oz/\Ta/\X:/ aAxaAyx = (a,a)>0
M M M

and

Q(M)=/MﬂABAx=—/MﬂmBAx:— BARBAX = —(8,6) <0

M
i.e. Q is positive definite on H* (M/F) and negative definite on H* (M/F). So, if we set, by convention,
Sign(F) = 0 if the integer k is odd, we finally obtain the following theorem.

5.3. Theorem. Let F be a homologically orientable Riemannian foliation of even codimension n = 2k on a
compact connected oriented manifold M. Then

Sign(F) = ind#(Dy).

As a conclusion to this paper : In [EN] it was shown that the basic cohomology H*(M/F) is invariant by
homeomorphism in the category of Riemannian complete foliations. So the signature of F and the integers
defined respectively in (11) and 4.2.(v) are topological invariants. This reinforces the idea that it is certainly
interesting to attack Problem 3.4.

260



[KT1]

References

ALVAREZ-LOPEZ, J. The basic component of the mean curvature of Riemannian foliations. Ann. Global
Anal. Geom, 10 (1992), 179-194.

BELFI, V., PARK, E. AND RICHARDSON, K. A Hopf index theorem for foliations. Preprint.
CARRIERE, Y. Flots riemanniens. Journées sur les structures transverses des feuilletages, Toulouse,
Astérisque 116 (1984).

Er Kacivi ArAour, A. Opérateurs transversalement elliptiques sur un feuilletage riemannien et appli-
cations. Compositio Mathematica, 73 (1990), 57-106.

Er Kacivi Araoul, A. ET HECTOR, G. Décomposition de Hodge basique pour un feuilletage rieman-
nien. Ann. Inst. Fourier, Grenoble, 36, 3 (1986), 207-227.

Er Kacivr Avraoul, A. AND NicorLau, M. On the topological invariance of the basic cohomology.
Math. Ann., 295 (1993), 627-634.

KAMBER, F. AND TONDEUR, P. Foliated Bundles and Characteristic Classes. Lecture Notes in Math.
493, springer-Verlag (1975).

KAMBER, F. AND TONDEUR, P. Duality for Riemannian foliations. Proc. Symp. Pure Math. Vol. 4
(1982).

Masa, X. Duality and minimality in Riemannian foliations. Comment. Math. Helv. 67 (1992), 17-27.
MoLiNO, P. Riemannian Foliations. Birkhduser (1988).

PARK, E. AND RICHARDSON, K. The basic Laplacian for Riemannian foliations. Am. J. of Math. 118,
(1996) 1249-1275.

REINHART, B. Harmonic integrals on foliated manifolds. Amer. J. of Math., 81 (1959), 529-586.
RICHARDSON, K. Asymptotic of heat kernels on Riemannian foliations. Geom. Funct. Ana. 8 (1998),
356-401.

TONDEUR, P. Geometry of Foliations. Monographs in Mathematics 90, Birkhaiiser-Verlag (1997).

Aziz EL KACIMI ALAOQOUI
LAMATH, Le Mont Houy
Université de Valenciennes

59313 Valenciennes Cedex 9
FRANCE
aziz.elkacimi@univ-valenciennes.fr

261



