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Abstract

We study the asymptotic behavior of the solution of the non-homogeneous elastic system
with voids and a thermal effect. We first prove the well-posedness of this system under some
realistic assumptions on the coefficients. Since this system suffers of exponential stability (as
shown in dimension 1 in [18]), our main results concern strong and polynomial stabilities again
under some assumptions on the coefficients. These stabilities are obtained in a closed subspace
of the natural Hilbert space. Hence we characterize its orthogonal and further show that in
the whole space the energy tends strongly or polynomially to the energy of the projection
of the initial datum on this orthogonal space. In this respect we extend and precise former
results obtained in one dimension in [18].
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1 Introduction and main results

There is a large literature devoted to the stabilization of the elasticity systems set in bounded
domains of R%,d > 1 by boundary and/or internal dampings, see [1, 5, 7, 10] and the references
cited there. As alternative damping we can couple the elasticity systems with the heat equation
(elasticity with thermal effects) and it is well known that the thermal effects provokes the expo-
nential decay of the solution [13, 21]. In this paper we are interested in porous elastic materials
and in that case it was shown in [20] that the porous viscosity was not strong enough to obtain
exponential decay of the solutions and that the decay can be very weak. Hence other dissipa-
tive mechanisms were considered recently in order to restore such an exponential decay, see for
instance [16, 17, 18]. Here we want to consider the thermal and viscoelastic effects on the decay
of the multi-dimensional problem (see [8, 11, 12] for the modelisation). Since in dimension 1, this
system suffers of exponential stability [18], we concentrate on weak stability results by proving
some strong and polynomial stabilities under some realistic conditions on the coefficients. Note
that the main aim of this paper is to generalize the results from [18] to the multi-dimensional case
and to non constant coefficients.
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Accordingly we consider the stabilization of the following coupled elastic solids with voids set
in a bounded domain 2 of R, d = 1,2 or 3 with a Lipschitz boundary I" (for the model, see section
5 of [8], [11] or [12]):

pugy = div [C(e(u) + ye(ur)) + (b — 50)1d],
(1) Jpu = div(0Ve) — bdivu — Ep + mb, in 2 x (0, 400),
ety = div(kV0) — S divu; — mepy

with the boundary conditions (n being the unit outward normal vector along I)
(2) u=0, 6Vo-n=0, kV8-n=0 onl x(0,+00),

and, finally, the initial conditions

u(z,0) = uo(x) o(x,0) = (,00(3;‘) B .
Y { u(,0) = ul(z) { o, 0) = () » @O =) Q.

Here the variables u = (u;)L,, ¢ and 6 are the (vectorial) displacement of the solid elastic material,
the volume fraction and the temperature respectively. The coefficients p, b, 3, v, J, £, m and ¢
belongs to L>°(€2) and are related to the constitutive material. Similarly k& and ¢ are d xd symmetric
matrices and are assumed to belong to L°°(0)?*?. Finally C = (c;jx¢) is a tensor such that

Cijkt = Cjitk = Creij € L°(82),
all indices running over the integers 1,--- ,d. As usual for u = (u;)%_, e(u) is the linear strain

tensor defined by
. 1
E(U) = (eij(u))g,j:l with Eij(’u,) = i(ﬁiuj + 8jui).

For a d x d matrix € = (e;;)¢;_; the product Ce = ((Ce);){;_, is the d x d matrix given by

d

(Ce)ij = z Cijke€ke-

k,e=1

Finally for a (smooth enough) vector valued function v : Q — R?, div v is its standard divergence,
namely

d
dive = E 0;v;,
Jj=1

while for a (smooth enough) matrix-valued function w = (w;;) : © — R4 divw is its divergence
line by line, i.e.,

d
divw = (Z 8jwij)§i:1.
Jj=1

For well-posedness reason we assume that the first two equations of our system is of hyperbolic
type while the third one is of parabolic type. Hence we require that there exist a positive function
1 and positive real numbers kg, dg, po, Jo, co, o and po such that for almost all x € 2

(4) p(x) > po, J(x)>Jo, c(x)>co, &(x) >0,



(5) E(x)X - X > kolX|?, 6(2)X - X > 6| X|?, VX € RY,

(6) Cla)e : € > p(a)|e> > polel’, Ve € RO,

where |e|® = ijzl |.sij|2 for all € € R™9 and € : 7 denotes the contraction of the two matrices,
ie.,

d
€. T = Z EijTij,
ij=1
and finally
(7) v(z) > 0.

This paper is organized as follows. In Section 2 assuming
(8) / (0 + me° + Bdivul)de = 0,
Q

we will prove that the system (1)-(3) is well-posed under some assumptions on the coefficients. We
then find in Section 3 sufficient conditions that garantee the strong stability of the system, these
conditions are mainly based on some spectral properties of a system coupling the elasticity system
with a diffusion equation. In Section 4, we prove some polynomial stability by using a frequency
domain approach and by taking the initial data in an appropriate subspace Hg of the natural space
H. If v is positive definite and m # 0, the orthogonal of the space Hg is at most of dimension
2, on the contrary the situation is more delicate as seen in Section 5, where we characterize this
space Ho when all the coefficients are constants and when v = 0.

Let us finish this introduction with some notation used in the remainder of the paper: The
L?(Q)-inner product (resp. norm) will be denoted by (-,-) (resp. || -|). The usual norm and
semi-norm of H*(€2) (s > 0) are denoted by | - ||s,o and |- |s,q, respectively. For shortness, we will
use the same notation in H*(2)%.

2 Well-posedness of the system
We consider the Hilbert space

H = {(u,v,0,0,0) € HY ()% x L2(Q)¢ x H () x L*(Q) x L*(Q) satisfying (9) below}

9) / (c + me + Bdivu)dx = 0.
Q
On H, we introduce the sesquilinear form
(U, Uy = / (Ce(u) : (@) + pv-v* 40V - V@ + g™ + Jpd* + c00* + b(divu g* + diva*y)) dx
Q

With U = (u’v7 80’ d)? 0)T7 U* = (u*’v*7¢*7¢*70*)—r 6 H'



Lemma 2.1 Assume that

su b(x)Q 1-d
(10) P @ <2

Then (-, ), is an inner product on H.

Proof. By Young’s inequality with a(z) > 0 for all z € Q, we have

b
26 (divug) < a|b||divu|2—|—||\<p|2

(67

IN

- 2, bl 2
277 o || e(u)| +E|<P| ,

and then

1) o= [

Q

((‘ 2d71|b| )|€(M)‘2 (§ |b|) |%|2> d:[
+ 2+6V<p-Vap+J¢2+ 0)*) da.
/Q(p|v| [o|” + ¢|0] ) x

Then by setting
2
M =241 sup 717(33 ,
zeQ H(2)€()

that is in [0,1) by the assumption (10) we take

a(z) =241 —7) ) Ve e Qy={yeQ:by) #0},
where 7 € (0,1] is fixed such that M < (1—7)? and a(z) = 1 else. With that choice we check that

B o) < -1~ 29 e,

(L=m)é(x) — [b(2)]
Since these estimates are equivalent to
p(x) — 27 b(a)lo() > nu(e) and €(x) — " > pe() v e 0,

and since these two estimates trivially hold outside €2}, the estimate (11) becomes
0.0z [ (mle) +n€loR) do+ [ (olof? + 8% Vg -+ T16f + cloP) .

By the assumption (4)-(6) on the coefficients and Korn’s inequality, we deduce that there exists a
positive constant ¢ such that

(U. Uy = clllull} o + 0 + llellf o + 1017 + 10]7) VU € H.

Consequently (-,-),, is an inner product on H whose associated norm is equivalent to the natural
norm of H. m



By a standard reduction order method, (1)-(3) can be rewritten as the first order evolution
equation

(12) { U =AU

U(0) = Up = (u’,u', % o', 0°) 7
where U is the vector U = (u,us, , ps,0) " and the operator A : D(A) — H is defined by

7 EOLe) 96 + by = )1
J7Hdiv(6Vp) — bdivu — Ep + mb)
¢ H(div(kV0) — Bdivv — ma)

b
e 6 <
I

with domain

D(A) := {(u,v,0,6,0) € HN (Hy () x H}(Q)* x H'(Q) x H'(Q) x H'(Q));
div[C(e(u) + ve(v)) + (bp — BO)Id] € L*(Q)?, div(6Vy) € L*(Q), div(kVe) € L*(Q) and
0Ve-n=kVO-n=0onT}.

We now prove that the operator A is the infinitesimal generator of a Cy-semigroup of contrac-
tions over H. For that purpose we need the two following lemmas.

Lemma 2.2 The operator A is dissipative and satisfies, for all U = (u,v, ¢, $,0)" € D(A),
(13) R(AU,U),, = — / (7 [e()[2 + kV8 - VB)dar < 0.
Q
Proof. Take U = (u,v,¢,$,0)" € D(A). Then, we have

R AU, U), = /Q (Ce(v) : e(@) + div[Ce(u) + 7e(v) + (b — BOVId] -7 + 8V -V + £
+(div(6Vep) — bdivu — @ + mb)d + (div(kV) — Bdive — me)f + b(divvp + div ug)) dx).

By integration by parts and recalling that v € H(€2), that 6V¢ -n = kV60-n =0 on ', we obtain

R(AU,U),, = 9?(/ (Ce(v) : e(a) — [Ce(u) + ve(v) + (b — BO)Id] : €(D) + 6V - V@ + Edp
Q
—6VeVo + (—bdivu — Ep +mb)d — kVO - VO — (Bdivv + me)d + b(div vg + div ag)) dx).
After simplification we get

R (AU,U),, = —/Q('y ()|? + V0 - Va)da,

which leads to the conclusion with (5). m

Lemma 2.3 Assume that (10) holds. If p(A) denotes the resolvent set of A, then 0 € p(A).



Proof. Let F = (f', f2,9%, 9%, k)T € H. We look for U = (u,v, p,¢,0) " € D(A) solution of
AU = F,
or equivalently
v=fle H} Q)
¢p=g"' € H(Q)
(14) div[C(e(u) +7e(v) + (bp — BO)Id] = pf?
div(6Vp) — bdivu — Ep + ml = Jg?
div(kV0) — Bdive — m¢ = ch € L3(Q).
Eliminating v and ¢ in this last equation and taking into account the boundary condition, we are
first looking for a solution # € H'(Q) of
(15) div(kV0) = ch + Bdiv f* +mg'  in Q,
kVO-n=0 on I

Multiplying this identity by a test function #*, integrating in space and using formal integration
by parts, we obtain the weak formulation

f/ kVo - Vo* d:r:/(ch+6divf1+mgl)9_* dx VO* € H(Q).
Q Q

Since by assumption ch + Bdiv f! + mg! belongs to L?(Q) and has a zero mean in Q, there exists
a unique solution 6y € H}(Q) = {w € H'(Q) : [, wdz =0} of

—/ kVo, - VO* dx = /(ch+ﬁdivf1 +mgh)0* dr VO* € HL(Q).
Q Q

This solution is a solution of (15) because the condition [,,(ch + Sdiv f! + mg')dz = 0 implies
that

—/k:V90~V§*dx:/(ch+ﬁdivf1+mgl)§*dx vo* € H(Q).
Q Q

Note further that for any o € C, the function 6, = 6y + « is still solution of the above problem,
namely 6, € H'() is a solution of

7/kV9a~V9_*dx:/(cthﬂdivflergl)ﬁ_*d:c vo* € HY(Q),
Q Q

and hence is a solution of (15). The parameter « will be fixed later on.
Now we are looking for u, € H}(Q)? and ¢, € H'(2) solution of (compare with the third and
four equation of (14), where v, ¢ are eliminated and 6 is replaced by 6, solution of (15)):

div[Ce(uy) + bpoId) = pf? — div(ve(f1) — Bb.1d) in Q,
(16) div(0Vp,) — bdivu, — Epa = Jg* — mb, in Q,
Vs -n=0 on I

Again multiplying these identities by test functions (u*,*), integrating in space and using
integration by parts, we obtain

(17) / (Ce(ua) + bpald) : €(i) + 6V pn - Vo™ + bdiv ua@® + Epag®) da
Q

= —/Q (pf?u* + (ve(f') = BOaId) : e(u*) + (Jg* — mba)p*) dz,  V(u*,¢*) € HY(Q)'xH(Q).



Writing for shortness
a((u, @), (v, ¢")) = / ((Ce(u) +bpld) : e(u*) + 6V - Vor + bdivup* + {pp*) da
Q

= / (Ce(u) : e(u*) + bpdivu* + 6V - Vo* + bdivup* + Epe*) du,
Q
we see that a is a continuous sesquilinear form on H{ ()% x H'(£) which is coercive because

a((u, p), (u, @) = /Q (Ce(u) : e(w) + 2bR divup + 6V - V@ + E[p]?) da.

Hence by Young’s inequality and the arguments of the beginning of this section, the assumption
(10) guarantees that

a((u,9), (u,9)) > c(llulli o + l2llT o) V(u, ) € Hy () x H' (),

for some ¢ > 0. Since the right-hand side of (17) is clearly a continuous linear form on H} ()% x
H'(Q), by Lax-Milgram’s lemma problem (17) has a unique solution (u, po) € HE(2)? x HY().

Clearly this solution satisfies (16) by choosing appropriated test functions. Now we want to fix
a such that (9) holds, namely

(18) / (clo + mpe + Bdivug)dz = 0.
Q
But in view of the splitting 8, = 6y + «, we have

(ua7 Spa) = (UO, 800) =+ O((Ul, 901)7

where (ug, o) is the unique solution in H}(Q)¢ x HY(Q) of problem (17) with 6, = 6, while
(u1,¢1) is the unique solution in H}(Q)4 x H(Q) of

(19) a((uy,p1), (u*,¢*)) = /Q (Bdiva* +m@*)dx, V(u*, @) € Hé(Q)d x HY(Q).

With the help of these decompositions, (18) is equivalent to

(20) / (cby + mypo + B divug)dx + a/ (c+mpy + Bdivuy)dz = 0.
Q Q

Hence such a « exists if and only if

(21) /Q(c—k me1 + B divu)de # 0.

Now looking at (19) and taking the test function (u*, ©*) equal to (u1, 1) we find

a((ul’@l)v(uh@l)) :A(ﬁdiVﬂ1 +m<ﬁ1)dx

Since this left-hand side is a positive real number we find that

/ (Bdivuy + mey)dx > 0.
Q

Since ¢ > ¢y > 0 in Q, we deduce that (21) holds.
In summary fixing a such that (20) holds we have found U = (uqa,v, Pa;d,0a)" € D(A)
solution of AU = F. =



Corollary 2.4 If (10) holds, then [0,00) C p(A).

Proof. As the previous lemma guarantees that 0 € p(A), A is closed and consequently p(.A) is
open (see Theorem II1.6.7 of [14]). Hence there exists a positive real number Ay in p(A). The
conclusion follows by Theorem 1.4.5 of [19]. =

Therefore (1)-(3) is well-posed in H.

Theorem 2.5 Assume that (4)-(7) and (10) hold. Then the operator A is the infinitesimal gener-
ator of a Cy-semigroup of contractions over H, and thus for an initial datum Uy € H, there exists
a unique solution U € C([0, +00), H) to problem (12). Moreover, if Uy € D(A), then

U € C([0, +00), D(A)) N C*([0, +00), H).

Proof. Theorem 1.4.6 of [19], Lemma 2.2 and Corollary 2.4 imply that the domain of A is
dense in H. It then suffices to apply Lumer-Philips’s Theorem (see Theorem 1.4.3 of [19]). =

3 Strong stability

It is proved in [18] in dimension d = 1 and in the case of constant coefficients on 2 that the
system (1)-(3) is not exponentially stable. Then in the multi-dimensional situation with variable
coeflicients we cannot expect to obtain an exponential stability but we may hope a strong stability
or even better a polynomial stability.

For that purpose we define the energy of (1)-(3) by

(22)
1
E(t) = 5 / (Cetw) : @) + plusl® + 6V Vi + £ ol + T oul” + ¢ 6] + 20R(divup) ) da,
Q
which corresponds to the norm of (u,u, @, ¢, 0) in H.

Proposition 3.1 The solution (u,p,0) of (1)-(3) with initial datum in D(A) satisfies
E'(t) < - / (v le(ug)|* + kVO - V)da < 0.
Q

Therefore the energy is non-increasing.

Proof. It suffices to derive the energy (22) for regular solutions and to use systems (1)-(3).
The calculations are analogous to those of the proof of the dissipativeness of A in Lemma 2.2, and
then, are left to the reader. m

To get strong stability results, we make use of the following result due to Arendt and Batty [2]:

Theorem 3.2 Let (T'(t))i>0 be a bounded Cy-semigroup on a reflexive space X. Denote by A the
generator of (T'(t)) and by o(A) the spectrum of A. If 0(A) NiR is countable and no eigenvalue of
A lies on the imaginary axis, then limy_, o T(t)x =0 for all z € X.

In view of this theorem we now need to characterize the spectrum of A on the imaginary axis.
For that purpose we introduce the following operator L on the Hilbert space L?(Q)?*!, that is
here equipped with the inner product (-, ), ; defined by

((u, ), (v, X)) p.s = /Q (p(@)u(@) - v(@) + J(2)p()x(2)) dz Y(u,9), (v,x) € L ().



From the assumption (4), its associated norm is equivalent to the usual norm of L?(£)?*!. Then
L is defined by

D(L) = {(u,9) € Hy(Q)* x H'(Q):  div(6Vy) € L*(Q),
div [Ce(u) + (by + g(ﬁ divu + m@))ld} € L*(Q)? and
0Ve-n=0onT},

and

L(u,p) = (—pl div [C’e(u) + (bp + g(ﬁ divu + mgo))]d} ,
g1 [— div(6Vip) + bdivu + £ + %(5 divu + mgo)D Y(u, ) € D(L).
We see that L is the Friedrichs extension of the symmetric, continuous sesquilinear form b
defined by

b((u, ), (u", 7)) = /

Q
1V - VE* + (bdivu o %(5 divu + mcp)) @*) dz, Y (u, @), (u*, ) € HY(Q)? x H'(Q),

<[Ce(u) + (bp + %(B divu + mep))Id] : e(u*)

in the sense that
b((u, @), (u*, %)) = (L(u, ), (u*, %)) V(u,0) € D(L), (u*,¢") € Hy ()" x H'(Q).

Using Young’s inequality we see that
d—1 o B
b((u, ), (u, ) 2 ; (1 = a2 )e(u)|” + —| divyl

2 2
+0l Vol + (5 T (b + Bm) ) |<P|2> da,¥(u, ) € Hy ()" x H'(),

for all @ > 0. Hence chosing a small enough we deduce that
b((u, ), (u,9)) > ao([ullf o + I¢l7 ) + Alull® + ol),

where ag is a positive real number and m is a real number (that is positive if b + ﬁTm is small
enough).

This property and the compact embedding of H} ()4 x H(Q) into L*(Q)?*! imply that L
is a self-adjoint operator with a compact resolvent bounded from below. Therefore there exist
a sequence of eigenvalues A, € [m,00),n € N* (repeated according to their multiplicity) and of
eigenvectors (un, ¢n) € D(L),n € N* such that

L(“n#ﬁn) = )\n(un,(Pn) Vn € N*,

or equivalently

(23) —div [Ce(un) + (b(pn + g(ﬂ div u, + m<pn)> Id} = pAptn,
c
24 —div n) +bdivu, + Epp + — iV, +mey) = JA\nen, n € N*.
div(6V bd ¢ ™54 JA Vn € N*
c



Note that the eigenvectors can be chosen in order to form an orthonormal basis of L2(Q)*+! for
the inner product (-,-),, s, i.e.,

((n, on), (Un, SDn’))p,J = Op,nts Vn,n" € N*.
We are now ready to check if the spectrum of A contains points on the imaginary axis or not.

Lemma 3.3 Assume that (4)-(7) and (10) hold. Then
i) If there exists n € N* such that \,, > 0 and if the associated eigenvector (un,y) satisfies

(25) Jk, € C: 1(6 div uy, + mey,) = ki in Q,
c

and

(26) ~ve(upn) = 0 in £,

then i/ A and —i/ A, belong to the point spectrum Sp(A) of A, their associated eigenvector being
respectively

1
(27) Un,x = (Un, £iv Antn, @n, Tiv/ Ann, —— (B div u, + m@n))T.
c

it) If for all n € N* such that A, > 0, either (25) does not hold or (26) does not hold, then the
point spectrum of A contains no point on the imaginary axis.

Proof. Since in Lemma 2.3 we have already shown that 0 belongs to the resolvent set of A, we
only need to look at its eventual eigenvalue in iR \ {0}. For that purpose let U = (u,v, ¢, ¢,0)" €
D(A) be a solution of

AU = iwU,
where w € R\ {0}, or equivalently
vV = W
¢ = iwp
(28) div [C(e(u) + ve(v)) + (bp — BO)Id] = ipwv

div(0Ve) — bdivu — £ + mb = iJwe
Aiv(kVO) — B divo — mé = icw,

with the boundary conditions
(29) u=0, 06Vp-n=0, kVO-n=0 onl.
First taking the inner product (-, -),, between AU and U, by (13), we have

0= R (AU, U),, = —/(7 e()|? + kVO - V0)da.
Q

By the assumptions on v and k, this is equivalent to

(30) ve(v) =0, 6=10,1in Q,

10



for some constant §.. Hence (28) reduces to (reminding that w # 0)

V= Wwu
¢ = iwp
(31) div [Ce(u) + (bp — B0.)1d] = —pw’u

div(6Vy) — bdivu — £ + mb, = —Jw?p
—Bdivu — mp = cb,,

with the boundary condition
(32) u=0, 6Ve-n=0onT.
As ¢ is different from zero (see (4)), eliminating . in the last equation we find that
1
0. = —E(ﬂ divu + mep).

Replacing 6. by this expression in the third and fourth equations of (31) we arrive at

vV = Wi
¢ = iwep
(33) div |C(e(w)) + (bp + %(ﬁ divu + map))[d} = —pw?u

div(0Ve) — bdivu — Ep — 2(Bdivu + me) = —Jw?p
0, = —L(Bdivu + my).

(&

We recognize in the third and fourth equations the eigenvalue problem (23)-(24) with the appro-
priated boundary conditions (32). Hence these two equations have a solution if w? = \,, (hence )\,
has to be positive), u = u,, and ¢ = ¢, for some n € N*.

Since the last condition of (33) and (30) are equivalent to (25)-(26), if both constraints are
satisfied, we find two non trivial solutions U,, € D(A) given as in the statement of the Lemma
(notice that the condition (9) trivially holds because § = —< (8 divu + m)), on the contrary case
no solution exists and we deduce that Sp(A)NiR=0. m

If we assume that there exists 9 > 0 such that

(34) Y(@)>v% >0 VaezxzeQ,

then Lemma 3.3 can be reformulated in the following way. First (26) is equivalent to u,, = 0 (since
u, = 0 on I') and therefore (25) reduces to

(35) dk, € C: %(pn = ky in Q.

Moreover the eigenvalue problem (23)-(24) becomes

(36) V(o+ ) =0,
m2

(37) —div(6Ven) + (£ + 7)9% = JA\pn, VYneN".

Hence we introduce the operator L; on the Hilbert space L?(£2), here equipped with the inner
product (-,-); defined by

(f.9)s = [ J@)f(@)g(x)dz Vf.g € L*(Q).

11



From the assumption (4), its associated norm is equivalent to the usual norm of L?(2). Then L;
is defined by

D(Ly) = {p € H'(Q) : div(6Vyp) € L*(2) and 6Vp-n=0o0nT},

and
2
Lip = J7 (= div(6V) + (6 + m7)<p) Yy € D(L).

As before L; is the Friedrichs extension of the symmetric, continuous and coercive sesquilinear
form b; defined by

2
* —x m —x *
bi(p, ¢ )=/Q(5V<P-V</J + (€4 —)epT) dz, Vo, € H'(Q),

in the sense that
bi(,¢") = (Lp, ") Vo € D(Ln),¢" € H'(Q).
This property and the compact embedding of H'() into L?(Q2) imply that L; is a positive self-
adjoint operator with a compact resolvent. Therefore there exist a sequence of eigenvalues )\5}) €
(0,00),n € N* (repeated according to their multiplicity) and of eigenvectors = D(Ly),n € N*
such that
L) = XM Yn e N7,
or equivalently
2

(38) —div(eVeD) + (¢ + mT)go;U — AWM vy e N*

By the above argument we have characterized the spectrum on the imaginary axis if (34) holds.

Lemma 3.4 Assume that (4)-(6), (10) and (34) hold. Then
i) If there exists n € N* such that

(39) Jky € C: %gag) — k1 in Q,

and

(40) ey €C: (b+ 5—7”)9059 =ky in Q,
C

then i )\511) and —1i )\%1) belong to Sp(A), their associated eigenvector being respectively

(41) Un,i = (0, 07 90511)7 iZ\/E%(}), _%@7(11))T.

it) If for all n € N*, either (25) does not hold or (26) does not hold, the point spectrum of A
contains no point on the imaginary axis.

On the contrary if v = 0 then (26) trivially holds and the existence of an eigenvalue of A on
the imaginary axis is reduced to the existence of a pair of eigenvector (u,,p,) € D(L) satisfying
(25). We refer to section 5 for an illustration in dimension 1.
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In the first situation of Lemma 3.3, system (1)-(3) is clearly not stable in H, but, as the next
result shows, it turns out that A let invariant the closed subspace

Ho={U€eH:{(UUpy+)n=(UU,_)y =0 V¥ne N such that (25) — (26) hold},

where U, + are defined by (27). Hence we will reduce problem (1)-(3) to Ho. Note that the vectors
Up,+ and U, + are orthogonal in H for n # n’ as well as U,, . and U, _.

Lemma 3.5 Letn € N* be such that (25)-(26) hold. Then U € D(A) is orthogonal to U,, 4+ (resp.
Un,—) if and only if AU is orthogonal to U, 4 (resp. U, _).

Proof. Let U = (u,v,¢,$,0)" € D(A) be fixed and denote by AU = (f*, f2,4%,9%,h)7. By
the definition (27) of U,, 1, we see that (for shortness we write w = v/\,,)

U, Ups)n = / (Ce(u) : e(tn) F piwv - Upn, + 0V - V@, + Eo@n F Jiwddy,
Q

—0(B div a4y, + m@y,) + bdivug, + bdiv a,p) dz.
Since div[Ce(u) + vye(v) + (bp — BO)Id] = pf?, —div(6Ve) + Ep + bdivu — mb = —Jg%, v = f!
and ¢ = g', we find that

(42) (U Upi) = /

(p(—f2 Fiwf') t, + J(—g° Fiwg")pn) dx — / ~ve(v) : €(ty,) dx.
Q

Q

By (26) we conclude that

(43) (U, Ups)u = /Q (p(—f2 Fiwf') -ty + J(—g* F iwg")pn) dz.

In the same manner we have

(AU, Un,i>7-l = / (Oe(fl) ce(tn) F ipwa “Up + 5VQ1 Vo, + fgl‘ﬁn + iJWg2@n
Q
—h(Bdiv i, +m@,) + b(div f' @, + divi,g')) da.

Again by (23)-(24) (in a weak form) and reminding that 8 div u,, + mep, = —cf,, we find that
(AU, Up,+) 3 = / (B0 div £ + pu? f1 i) Fipwf? - tn + g' (Jw*@p + mby) F iJwg?@n + chby)) da,
Q

or equivalently

(AU, Up )3 = iiw/ (Fiwpf' -t — pf? - n FiwJg' Gn — Jg*@n) da
Q

+ / (Bdiv f1 + mg* + ch)b,, dz.
Q
But
/ (Bdiv f! +mg* + ch), dz = 0,
Q

13



because 6, is constant and due to the condition (9) satisfied by AU, therefore the last identity
becomes

(AU, U2 ) = iiw/ (Fiwpf' - — pf? - Uy FiwJg' @n — Jg*@y) da.
Q
Comparing this identity with (43) we have shown that

(AU, Uy, 1) = £iw(U, Uy 4 )1,

and the conclusion follows (since w # 0). m
The same phenomenon occurs in the first situation of Lemma 3.4 as (34) holds.

Lemma 3.6 Assume that (34) holds. Let n € N* be such that (39)-(40) hold. Then U € D(A) is
orthogonal to Uy, + (resp. Up,—) if and only if AU is orthogonal to U, 4 (resp. Up,_).

Proof. For shortness we drop the index (V. Let U = (u,v,p,¢,0)" € D(A) be fixed and
denote by AU = (f1, f2,¢%,¢% h)". By the definition (41) of U,, 4+, we see that (for shortness we
write w = v/ Ay,)

(U, Up,+)n = / (Vo - Vo, + Eoppn F Jiwdg, — mb@, + bdivug,) d.
Q
Since — div(6Vep) + o + bdivu — mf = —Jg? and ¢ = g', we find that

(44) (U,Up.+)y = / J (—92 F iwgl) @ dx.
Q

In the same manner we have
(AU, Uy, 1)y = / (6Vgl V&, + ¢ @n FiJwg?@n — mh@, + bdiv flgén) dx.
Q

By (37) we find that

(AU, Uy )3 = /

2
(gl(Jw2 — —ﬂz )on F iJng@n — mhg, + bdiv flcﬁn) dx,
Q

or equivalently

(AU, U 1) = / (g e F ig?)@n dz — /
Q

2
) <”Zg1 +mh— bdivf1> Bn de.

If we show that
m? 1 . 1\ =
(45) 9 +mh —bdiv f* | ¢, dx =0,
Q
then the last identity becomes

(AU, U )3t = /

J(g'w Fig?) @, da = iz‘w/ J(Fiwg' — g%)pn dz.
Q

Q
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Comparing this identity with (44) we have shown that
<~AU7 Un,:t>?-£ = iiW<U7 Un,:l:>Ha

and the conclusion follows (since w # 0).
It then remains to check (45). Let us denote by I the left-hand side of (45). First writing
0 = — ", we see that

I= */Q (mg'6y, + chby, + bdiv f'@,,) da.
Reminding that div(kV6) — Bdivv —m¢ = ch (in a weak form) and ¢ = g' we find
I= /Q ((kV6 - V0, + Bdivel,) — bdiv f'¢,) da.
Hence recalling that 6,, is constant we find

I :/ (ﬁdivvén — bdivflgén) dr = —/(b—|— ﬂTm)divvgﬁn dz,
Q Q

recalling that v = f!. Hence an application of Green’s formula yields (recall that v € H}(Q)9)
I:/U-V[(b—&—ﬁ—m)@n}dmzo
o) C

due to (40). m

Remark 3.7 If all coefficients are constant, if v > 0 (i.e. if (34) holds) and if m # 0, we see that
the unique eigenvector of Ly satisfying (39)-(40) is the constant function wgl) = 1 with eigenvalue
)\51) =J e+ ’"72) In that case A has two eigenvectors

Uy = (0,0,1, i/ A, —%)T

of purely imaginary eigenvalue w = +i )\gl), Consequently the subspace Hy is reduced to the one
introduced in [18] (and used in a more restrictive setting than ours), namely

Ho = Hy () x L*(Q) x HL(Q) x L2(Q) x L2(),
where L2(Q) = {w € L*(Q) : [qwdz =0} and HY(Q) = {w € H'(Q) : [,wdz = 0}. Indeed we

directly see that
(U UL ) = / (&0 FiJ\ AV — m0> dz.
Q

Hence the conditions (U, Uy )y = 0 combined with (9) that here takes the form

/(00 + myp)dx =0
Q

/cpdx:/qbdx:/edxzo.
Q Q Q
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Remark 3.8 i) If v satisfies (34) and if m Z£ 0 in the sense that

m(z) #0 Va.e.x € Q,

then there exists at most one eigenvector <p£,” satisfying (39)-(40). Consequently in that case A
has at most two eigenvalues on the imaginary axis.

2
i) If y=0F=0b=0, m#0 and % is a constant function, then v, =1 of eigenvalue JHE+ )
and therefore at most one wu, ezists. Again in that case A has at most two eigenvalues on the
1Maginary aris.

The two above lemmas characterize the point spectrum of A on the imaginary axis, our next
goal is to show that the remaining set is in the resolvent set. Usually this is obtained by the fact
that D(A) is compactly embedded into H but here the presence of the term ve(v) does not allow
to prove this compactness property.

Lemma 3.9 If d = 1 we assume that Q is a finite union of intervals I;,i € {1,--- I} such that
Cit,» 01,5 by1,, Bjr, € Wbt (L), for all i = 1,--- I (later on we will say that C, &, b and B are
piecewise W) on the contrary if d > 2, we assume that b, 3 € W1>°(Q) and that

D(E) = {ue Hy(Q)%div[C(e(u))] € L*(Q)?},

D(Ds) = {p€ H'(Q);div(6Vy) € L*(Q),6Vp-n=0onT},
are compactly embedded into H}(Q)? and H'(Q) respectively (equipped with their natural norm,).
Ifd>2,~v%#0 and B # 0, we also require that D(Dy,) is compactly embedded into H(S)). For

any space dimension we further suppose that v € WH°°(Q). If (10) holds, then recalling that o(A)
denotes the spectrum of A, we have the identity

a(A)NiR = Sp (A) NiR.

Proof. First case: v = 0. We then show that D(A) is compactly embedded into H. Indeed
let Up = (Un, Vns Pns bns0n) | € D(A) such that ||U,|5, + [AU,|5, = 1 for all n € N, which is
equivalent to
2 2 2 2 2 2 . 2 2
[unll} o Fllvnll"+llenll} o +énl"+10n " +lvnllt o+ div (Cle(un) + v€(vn)) + (bpn — B0n)Id) "+ dnll} o
+ ||div(3Vpy,) — bdivuy, — Epp +mby,||* + ||div(kV6,) — Bdiv(v,) — mén|* = 1.

This implies that
[onlly,q + 1div (C(e(un)) + (bpn — B0n)Id)|| + [|div(6Ven)|| 4 [|div(kVE,)| < C,

where C' > 0.
The estimates [|0,,|| < C1, for some C; > 0 (consequence of ||U,|,, < 1) and ||div(kV0,)|| < C
imply that
[0nl1,0 < Co,

for some Cy > 0.
If d > 2, our assumptions on b and 8, the two previous estimates and the fact that (p,), are
uniformly bounded in H!(Q) lead to

[div C(e(un))l + [[div(6Ven) || < Cs,
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where C3 > 0. Hence we conclude by the compact embedding of D(E) into H ()%, of D(Ds) into
H(Q) and of H(Q) into L?().
If d = 1, the assumptions on b and S imply here that

”(C“M)»LHOI + ||(5<an)z||o,1i <Cy¥Vi=1,---,1,

where Cy > 0 and w, means the derivative of w with respect to . The assumptions on C' and §
guarantee that (u,), and (¢, ), are uniformly bounded in H?(I;) and we conclude as before.
Second case: v # 0. The above arguments fail because if d > 2 we will only obtain that
Hun + PYvnHD(E) S Ca

where C' > 0, while we only have the information ||v,|/; o < C. As a consequence we would get a

convergent subsequence of (u,, +7v,) in H*(Q)?, and a convergent subsequence of (v,) in L?(Q)<,
that do not yield a convergent subsequence of (u,) in H(Q)%.

Hence we have to find an alternative argument. Namely we try to characterize the set p(A)NiR*.
For w € R* and F = (f1, f2,91,92,h) ") € H, we look for U = (u,v,p,¢,0)T € D(A) solution of

(46) (A—iw)U = F,
or equivalently

v =1iwu + fi
¢ =1iwp + g

(47) div (Cle(u) + 1€(v)) + (bp — B0)1d) — ipwv = pfs
div(6Vy) —bdivu — o + mb — iwJp = Jgo
div(kV0) — g divv — me¢ — iwch = ch.

The main idea is to introduce the new unknown
(48) U =1u+yv.
Since v = iwu + f1, we deduce that

= (1+iwy)u—+fi.

Therefore
(49) u= 1200
14 dwy
and consequently
w 1

(50) v=tdwu+ f1 =

1+ iwyu 1 + iw'yfl'
The identity (49) allows to recover u if 4 is known (and f; given). Now using (48) and (50) into
(47) yield (equivalently)

v = l—i;uw'ya + 1+1w'y fl
¢ = 1w+ g
div (Ce(@) + (bp — BO)Id) — ipw (1 ST R fl) — ofs

div(§Vp) — bdiv (?;;f;) — o+ mb —iw] (iwp + g1) = Jgo

div(kV) — B div (Hifwa + ﬁfl) — m (iwp + 1) — iweh = ch.
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Hence we are reduced to look for @ € Hg(Q)¢, p € HY(2), § € H'(2) solution of
(51)
div (Ce(@) + (bp — BO)1d) + T5550 = pfo+ 555 f1 = pfo € L2(Q)

1+iwy
div(8V) — bdiv (HW o4 mb+wtTp = Jgs + bdiv ( 1 ) Fiwdgy = Jgs € L2(Q)
div(kV6) — ifw div (

14wy
Trioy ) — iwme —iwcd = ch +mg, + S div (H_MW) =:ch € L*(Q),
with the following boundary conditions
oVo-n=kV0-n=0onT.
If d > 2, we rewrite this system in the form

div (Ce(w)) — pu + div((bp — 86)Id) + 1Jﬂwu + pii = pfa
(52) div(§Vg) — Jy — bdiv (1+m) —Ep+mb+ (W +1)Jp = Jgo

div(kV0) — b — iwp div (

Trioy ) — twme — (=14 iw)cd = ch,

or in operator form

(53) L + R, = Fin H,

E =
6

where
H, = L*(Q)4 x L*(Q) x L*(Q)

with inner product

U U
e || ¥ = / (pud* + Jpp* + c6*)da
0 0* H1 Q
and
U p~tdiv(Ce(a)) — @
Ll ¢ | = J7Hdiv(6Vp) — ¢
9 L div(kVO) — 0

with domain
D(L) = D(E) x D(Ds) x D(Dy,)

and R, is the remainder defined by

i pdiv((bp — f0)1d) + LE2 G
Ro|l ¢ | = -vJ! dw(Hm) J o+ T Iml + (W? + D
0 —iwBe div( 1+M,y) (1 —iw)f — iwme Ly

It turns out that L is an isomorphism from D(L) into H; and since D(L) is compact embedded
into Hy, L' is a compact operator from H; into H;. Now we set
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Notice that find (@, ¢,0) " € D(L) is equivalent to find V' € H;. From the expression

=Ly,

E =

the identity (53) is equivalent to
(54) V+R,L™'W =F in H;.
Now we see that R, L' is a compact operator from H; into itself. Indeed
-1 3 compac continuous
Hy bemtens prpy 1Ot )t x HY(Q) x HY(Q) M s b

By the Fredholm alternative, we deduce that I + R,L~! is a Fredholm operator of index 0 from
H; into itself. Hence the inversibility of (54) is reduced to the nullity of the kernel of I + R,L™1.
Therefore V € ker(I + R,L™!) if and only if L™V = (@, p,0) " satisfies

U U 0
Ll ¢ |+Rs| ¢ | =] 0
0 0 0
From the equivalence between (52) and (53), we deduce that U = (u,iwu, ¢, iwe) T with u given
by u = ﬁ satisfies

(A —iw)U = 0.
In other words, if iw ¢ Sp(A), U = 0 and therefore V = 0. In conclusion, if iw ¢ Sp(A), for all

F € Hy, (54) has a unique solution and consequently coming back to (46), for all F € H, there
exists a unique solution of (46). This shows that

iR\(Sp(A) NiR) C p(A),

and the conclusion follows.

If d = 1, then the system (51) is a system of differential equations on each subdomain I; with a
complete set of boundary conditions. On each subdomain using a system of fundamental solutions,
we are reduced to a system of homogeneous differential equations with non homogeneous boundary
conditions. For this last system, using again a basis of fundamental solutions we are reduced to
solve a square system of N = 5] linear equations with N = 5] unknowns. Hence the existence of
a solution is reduced to its uniqueness, and again this mean that if iw ¢ Sp(A), the system (51)
has a unique solution. m

Remark 3.10 The assumption that D(E) (resp. D(Ds)) is compactly embedded into HZ ()4
(resp. H'(Q)) is very weak and holds in the many situations. For instance it holds if the coefficients
of C are C?(QY) (resp. of § are C%(Q)) and if the boundary of  is CYL. It also hold for piecewise
smooth coefficients, we refer to the book [9] for some illustrations.

The previous results and Theorem 3.2 yield to the following theorem:

Theorem 3.11 Assume that (4)-(7) and (10) hold. If the assumptions of Lemma 3.9 are satified,
then we can distinguish the following cases:

i) In the first case of Lemma 3.3, for all Uy € Ho, the solution of system (1)-(3) satisfies
it) In the second case of Lemma 3.3, for all Uy € H, the solution of system (1)-(3) satisfies
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In the first situation of Lemma 3.3, we denote by H; the vectorial space spanned by B :=
{Upn,+ : An > 0, n € N* such that (25)-(26) hold}. By definition, Ho and H; are orthogonal in A
and B forms an orthonormal basis of ;. Consequently if we denote by Up.j0 the orthogonal
projection of the initial datum Uy € H on Hy, then the solution U of (1)-(3) with an initial datum
Uy can be split up as follows:

Ut)=U09@1) + UM (1),
where U (t) = e'A(Uy — Uproj,0) and

U(l)(t) = etAUproj,O = Z eiitm(Uproj,Oa Un,i)?‘-{ Un,i-
Un,+€B

As )
|lv®®||, = 1ol

and since Uy — Uproj.0 belongs to Ho, applying Theorem 3.11 to the term e*4(Uy — Uprojo), we
have obtained the next result:

Corollary 3.12 Under the assumptions of Theorem 3.11, the energy of the solution U of (1)-(8)
with an initial datum Uy € H satisfies

. 1
lim E(t) = 5 HUPTOJ}0|

2
t—+too 2 M

4 Polynomial stability

Our main goal is here to prove the polynomial decay of the energy of solutions of (1)-(3). For that
purpose we use the following result from Theorem 2.4 of [6] (see also [3, 4, 15] for weaker variants).
Lemma 4.1 A Cy semigroup et* of contractions on a Hilbert space satisfies

|e"“Us|| < Ct~T||Usllpey,  YUo € D(L), Vit > 1,

for some constant C > 0 and for 1 > 0 if

(55) p(£) o{iB | B € R} =R,

and

(56) limsup = [[(i8 — £)7']| < oo,
1Bl B

where p(L) denotes the resolvent set of the operator L.

In view of this Lemma we need to check the properties (55) (see section 3) and (56).
The next lemmas show that (56) holds with £ = A and [ > 2.

Lemma 4.2 Assume that (4)-(5), (10) and (34) hold. Assume that m does not change of sign, in
the sense that there exist mg € R* and my > 0 such that

Mzml Y a.e. x €.

mo
If m = mgJ a.e. in Q or if there exists a positive real number K such that ¢ = KJ a.e. in §, then
the resolvent operator of A satisfies condition (56) for 1 > 2 in Ho (resp. H) in the first (resp.

second) case of Lemma 3.3.
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Proof. First assume that A has no eigenvalue on the imaginary axis (second case of Lemma 3.3).
Then we need to check (56) in H. For that purpose we use a contradiction argument, i.e., we
suppose that (56) is false for [ > 2. Then there exist a sequence of real numbers 3, — +oco and a
sequence of vectors z, = (Un, U, Pn, Gn,0n) " in D(A) with [|z,]|;, = 1 such that

(57) BL(iBn — A)zn |l — 0 as n — oo.

This directly implies that, by (4)-(6),

(58) Billvn — iBnunl1,0 = 0,

(59) BlliBron — dullLe — 0,

(60) BulliBron — p~H(Av[Ce(un) +ve(vn) + (bon — B8,) Id]|| = 0,
(61) BilliBudn — I~ H(div(6Vipn) — bdivu, — Epp +mby,)| = 0,
(62) BLiBnbn — ¢~ H(div(kV8,) — Bdiv v, —maey)|| — 0.

We first notice that
ﬂfz% ((iBn — A)zn, Zn>7-[ < ﬂfz (@6 — A)Zn”H ||Zn||7-z = BL |(iBn — A)ZnHH
and, by (13),
SR80~ Az )y = B [ (lelon) P+ 698, 98,)
Q

By Korn’s inequality, (5) and (34) we immediately deduce that
(63) Bhlonllf o+ 10413 o) = 0.

By (58) and (63), we obtain
(64) B2 lunllf o — 0.

As ||y is bounded due to ||z, ||;, = 1 and by (59) we see that there exists C' > 0 (independent
of n) such that

and therefore
(66) [pnll — 0.

Moreover, as
H(bn”LQ S ||¢n - iﬂn@n”l,ﬁ + /Bn H‘)OHHLQ )

with (59) and since [/, [|1, is bounded (||z,]|,; = 1), we obtain that

(67) By | Pnll1.q is bounded.
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As c is positive definite (see (4)) and using the compact embedding of H'(Q2) into L?(Q), we
can show that there exists a positive constant C' such that

(68) [16:]] §C(|9n|1,g+ / clp, dx ),VnGN.
Q
On the other hand the fact that z, € H implies that
(69) / cOp dr = — / (mepn + Bdivuy,) d.
Q Q

Therefore by Cauchy-Schwarz’s inequality and (66) and (64), we deduce that

/ ch,, dr — 0.
Q

This property and (63) in the estimate (68) allow to conclude that

(70) [0n]l1.0 — 0.

The same argument replacing (66) by (65) yields

(1) Brll0n 1,0 bounded
since [ > 2.

But this is not sufficient for our next purposes because we need that
(72) Bulehr 60) 0.

To prove this property, we first notice that (59) implies that

/ m(ifnon — én)dx — 0,
Q
since m € L?(2) and therefore
(73) iﬁn/ mp, dr — / me, dr — 0.
Q Q
Similarly as J € L?(Q2) by (61) we get
/(anJan — (div(6Vep,) — bdivu, — o, +mby,)) de — 0,
Q
and hence by Green’s formula and the boundary condition 6V, -n =0 on I', we find

/(i,@nmn (—bdivu — Epp + mbn)) dz — 0,
Q

Owing to ||z, |l;; = 1 we deduce that

(74) /Q T da — 0.
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In the case when m = mgJ, this condition guarantees that

/ mao,, dr — 0,
Q
and owing to (73) we arrive at
(75) ﬁn/ mepy dr — 0.
Q
Coming back to (69) we obtain
Bn /c@nd:r < Bn /mgondx + B 18] 1] div up |-
Q Q

Therefore by (64) and (75) we deduce that

Bn/ cb,, dx — 0.
Q

This property and (63) in the estimate (68) allow to conclude that

(76) Bullbnll1,0 — 0.

Consequently
B (ct, dn)| < 5280(37) B 0n]l |onll — 0,

by (76) and || z,|l,, = 1.
In the case when ¢ = K J for some positive real number K, we may write
(77)

= KBy [ 0u06, = Ma(J0) do+ KB, Ma(76,)( [ ,d0)

KB, /Q(en ~ Maf,)(J6n — Ma(J6,)) dz + KB, Ma(T6,)( [0, dr),

where Mquw = |Q|~! fQ wdzx is the mean in ) of w. Hence by Cauchy-Schwarz’s inequality we
obtain

for some positive constant C' independent of n. By Friedrichs’ inequality we deduce that
Bal (8, 60| < € (Balonlr,allénll + BullballMa(J60)] )
for some positive constant C’ independent of n. This proves that (72) still holds in that case

