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Abstract

In a recent paper, Chacha and Bensayah [2], after the one of Paumier [7], have studied the
asymptotic modelling of Coulomb frictional Signorini static problem of linear plate and nonlinear
von Karman plate. Their main result is that the leading term of the asymptotic expansion is
solution of a two-dimensional Signorini problem but without friction. In this paper, we extend this
study for dynamical frictionless problem.
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1 Introduction

The modelling of unilateral contact problems of elastic bodies with friction is quite challenging and en-
counters some difficulties. The first formulation of the problem (without friction) has been established
by Signorini in 1933. Its mathematical analysis is due to Fichera [5] using an equivalent minimizing
problem. Some existence results for a class of problems are established by Duvaut and Lions [1] where
they have pointed out an open problem of existence and uniqueness in the case of Coulomb friction
law (local). In 1980, Nécas, Jarusek and Haslinger [9] have established only the existence of a solution
under the condition that the friction coefficient is small enough. After that, more general results have
been established by Jarusek [8], Kato [17], Eck and Jarusek [3]. R. Hassani, P.Hild and I.Ionescu [10]
have found a sufficient condition for non uniqueness result.

Thin structures are elastic bodies for which one dimension is small compared with other ones,
standard exemples are plates, shells and rods. Under realistic mechanical hypotheses, some models are
proposed by Kirchhoff, Love, Mindlin, Reissner, Koiter and Naghdi. In 1979, Ciarlet and Destyunder
[12] performed a mathematical justification of some of these models. The unilateral contact problem of
thin plate with Coulomb friction was treated by Dhia [(] using a penalty method. In 2003, J.C.Paumier
[7] has studied the linearized elastostatic Signorini problem with Coulomb friction of a plate where he
has proved that the three dimensional problem converges strongly to the solution of the two-dimensional
Signorini problem without friction. By mean of formal asymptotic expansions, Chacha and Bensayah
[2] have got the same result in the non-linear case (von Karman equations), this was pointed out by
J.C.Paumier as an open problem. Léger and Miara [1] studied a linear frictionless shallow shell by the
use of the convergence method.
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The aim of this paper is to extend the work of Paumier [7] to a dynamic state problem but without
friction by using at first the formal asymptotic expansion method and then the convergence method.
First, we give the strong formulation of the three-dimensional contact problem. Next, we rewrite
the problem in a weak form. Using a convenient scaling of the unknowns and data, we get the scaled
variational problem. For the first method, called the displacement-stress approach, we insert the formal
asymptotic expansion of the unknowns in the scaled variational problem. In that way we characterize
the problem solved by the leading term (u?, %) of the expansion. For the second method, called the
convergence method, we prove that a subsequence of the sequence (u(g),o(¢)) has a weak star limit
denoted (u(0),c(0)) which solves the same two dimensional problem than (u", V).

2 Setting of the problem

In this work, we use the following conventions and notations; Greek indices belong to the set {1,2},
Latin indices belong to the set {1,2,3}, the symbols of differentiation 0; = 9/0x;, 0 = 0/0z5,
% =1, % = 1, 0;; the Kronecker symbols, and the summation convention with respect to the repeated
indices is used. Let w C R? be a bounded domain with a Lipschitz boundary 7. We consider a plate
as a three-dimensional body, occupying the volume Q°F = wx] — €,¢[, where ¢ is small parameter
(0 < e <1). We denote the lateral boundary by I'fj = v x [—¢,¢], the upper and the lower faces
respectively by IS, = w x {+¢} and I'> = w x {—e}. We denote by © the trace of v onT% and by
v the trace of v on I'® | or simply by v if there is no confusion. We restrict ourselves to the case of an
isotropic and homogeneous elastic body with Lamé constants A > 0, ¢ > 0 in its natural configuration
and having p® as a volume density. This plate is subjected to body force f¢ on Q° x |0, +oo[ and to
surface force ¢° on I'°. x ]0,4+00[ and is in unilateral contact on IS with a rigid obstacle which
occupies the domain O° = {2° € R*/ (25, 25) € w,x§ > €}. The contact condition is defined by the
inequality v3 < 0. We assume that this system is in dynamic state and the contact is without friction.

3 Strong and weak Formulation of the problem

Using the above assumptions one can state the following classical elastodynamic Signorini problem
without friction:

Find (uf,0°%) := (u®(2,t),0%(u®)) such that for all ¢ > 0:
O o
v — 0505, = fi in Q° x]0, +oo]
o5ns = g; onI'? x 0, +oo]
u® =0 on I x]0,+o0],

with Signorini boundary conditions
a3 < 0,053 <0,053u3 =00onI'S. x |0, +o0].

The contact is without friction that is interpreted by 053 = 0 on I'. x ]0, 4-00[, and finally the initial
conditions are
u®(.,0) = p%,4°(.,0) = ¢,

5 (u®) = Aep,(u®)di; + 2uef;(u®) are the components of the stress tensor, and also represent

ij
the constitutive equation of the elastic material, ef;(u®) = i (8fu§ + 8juf> being the components of

where o

the linearized deformation tensor.



The vector field o;;n; represents the force acting on the surface section ds whose the unit outward

normal vector n®. The quantity o% = an]nz is the component of the pression force and o =
o°n® — ofyn’ is the friction force. In our case, oy = 053 and 05, = (073,055,0) on I':.. Note that we
keep the same notation of the function to denote its trace.

We rewrite the above boundary value problem in the following weak form, by using Green’s formula,
we show that any smooth solution of the boundary value problem also satisfies the following variational

problem (V P¢):

Find (u°(t),0°(t)) € K(Q°) x L2(€), ¢ > 0 such that

2

gﬂpe/ uividz® + a®(uf,v%) = L°(v°) + (053, 05), Vo € V(Q°), ¢ >0
Qe
(033, v3 — u3) > 0,Vv3 € K (Q),t>0
Ufj (u®) = )\e;p(ue)(sij + 2,uefj(u5)

w (., 0) =p°,a°(,,0) = ¢,

where
/ o5 (u®) O5vidx®
Qe
- Qa ( )+ 2ue (ua)efj (UE)] dx*®
1
eij(u) = 5 (9705 + )
1) = [ geotaet+ [ giusar.
re
(033, ¢5) means the duality pairing onI' .
and

V() = {0 e H' () /o =00onT§ },K(QF) = {v° € V(QF)/ 5 <0},
V() = V(QF) x V(QF) x V(QF), K () = V(QF) x V(QF) x K(F),

L) = {r° = (7)) € (L*(2))"; 5 = 75,

g = T
As described in [10], under the assumptions ff € W?2>(0,T, LZ(QE)) g € W2>(0,T, L*(I'%) N
H~Y2(T2)) and the initial conditions p5, ¢f are in H'(QF) with dive®(p®) € (L?(Q°))3, the prob-
lem (VP?) admits a solution uf verifying u¢ € L*®(0,T,K (Q)), 4 € L*®(0,T,(L*(QF))3) and
4 € D'(0, T (L?(92¢))3). The stress tensor o°(uf) belongs to D'(0,T, E.q(g°)) N L>®(0, T, (L*(QF))?)
with Euq(g°) = {75 € L2(Q°); divr® € (L*(92))3,755 = 0 and 753 <0 on I'S ; 7°n° = ¢° on I'° }.
The duality palrlng (053, 5) on I'S. can be expressed as an integral on I'y . Indeed, we have 055 € L?()°)
and 0505, € L?(QF) then 053 € L?(I'9), in sense of trace, with |53l L2 (re ) < C(||033||L2(QE) +
1050531125 QE))l/2 (see [15] page 219). More general, elements of H(div, Q%) = {7° = (1) € L2(QF); divre

€ (L*(9¢))?} have normal traces yy(0¢) on I'S.

Remark 3.1. The problem (V P?) is formally equivalent to the variational inequality: Find a displace-
ment u® : [0,7] — K(QF) such that

{ P° Joe U5 (V5 — 0f)da® + af (u, v° — 0F) > L (v° — 4°), Vo© € K(Q¥), aet>0 (3.1)

U
u(.,0) = p°,a°(.,0) = ¢°.



4 Asymptotic study

In this section, we follow [13]. First we transform the shell problem into a scaled problem posed over a
set 2 independent of €. After that, according to the basic Ansatz of the method of formal asymptotic
expansions, we inject the formal expansion of the unknowns in the scaled variational problem. Finally,
we identify the leading term of the formal expansion of the scaled displacement and the scaled stress
tensor.

4.1 Assumptions on data
Let the mapping:

X Q-=0°

(x1,22,23) —  (25,25,25) /25 = 1,25 = x2,25 = €x3
hence

X () 050 =wx|-1L+1[;x°(I'2) =T_ =w x {-1}
X°T2) = T =wx{+1}; x°(TF) =T = 0w x [—1,+1]

We assume that p° = £2p and make the change (scaling) of unknowns:

Uq (€), u§ox® =elug(e)
va (), v§ox° =clus(e) (4.1)
o5 (uf)

3 e __ 2
Uy O X =€
€ e _ 2
Vo O X =€

2055 (uF), gase) = P05, (uF), oa3(e) =&~

oaple) =€~

The scaling of the contact condition is defined by : v3 < 0
Then we denote

V() = {veH (Q)/u=0 on I}, V(Q)=V(Q)x V(Qx V
K@) = {veV(Q)/53<0 on Iy}, K(Q)=V(Q) x V(Q) x K (Q)
]LE(Q) = {T = (Tij) € (LQ(Q))Q; Tij = Tji}.
For the forces we suppose that the following scaling holds: there exists f;, g; independent of € such

that
fo oxXF=¢Efar f5 oX"=£f3
€ € 3 € € 4 (4‘2>
ga OX =& gon 93 OX =é& 93
We finally suppose that
Pe = %pal€), 0§ = ep3(€), ¢ = £°4ale), 6§ = eqs(e) (4.3)

The scaling of the differential operators is clearly governed by
05, = 04,05 =105 (4.4)

4.2 The scaling of the variational problem

Inserting the upper scalings in the variational problem lead to the following:



Proposition 4.1. The variational problem (V P?) is equivalent to the following scaled variational
problem (SV P (g)): Find (u(e)(t),o(e)) € K () x L2(Q),t > 0 such that

2 2
gt?p/gug (e) vsdx + 62(;12p/ Uq (€) vodr + /Q oij (€) Ojvidx
=L (v) 4 (o33 () ,03) Vo e V(Q),t >0 (4.5)
(o33 (€),03 —us (g)) >0, Yvg € K (2),t>0
u(e)(-, 0) = p(e), u(e)(-, 0) = q(e)
ap() = Ay (u(€))dap + 2peas(u (€)) + e~ *Aess(u (¢))
0as(e) = e 22ueqs(u (¢)) (4.8)
o35() = £ (0 + 20) €531 () + e ey (u (6))

where

eij(u(e)) = % (D () + Jjui(e))

U):/fivid$+/ giv;dl’
Q r_

Since the problem (V P¢) has at least a solution u® then the problem (SV P(¢)) has at least a
solution u(e) with the regularity u(e) € L>®°(0,T,K (Q)), u(e) € L>(0,T,(L*())3) and i) €
D'(0,T, (L*(2))?). The tensor o(g) belongs to D'(0,T, E.q(g)) N L0, T, (L*(2))?) with E.4(g) =
{r € L2(Q); divr € (L*(Q))*,7a3 =0and 733 <0onT'y;7n=gon I'_}.

4.3 Two-dimensional problem

We assume that the scaled displacement-stress (u(e),o(¢)) admits a formal asymptotic expansion of
the form:

(u(e),o(e)) = (u°,0%) + e(ul, o) + 2(u?, 0?) + ..., (4.9)
w e V(Q),ul e (H'(0)3,0% 07 e L2(Q), g {1,2,...},t >0 (4.10)

We introduce the space of Kirchhoff-Love admissible displacement

Vir () = {v=(v;) € (H'(2)>,es(v) = 0} (4.11)

_ v= (1) € (Hl (Q))3 / Vo = Mo — 30473, v3 = 13 such that
N € Hy (W), 13 € H (w)

Suppose that there exists p*, ¢*, k = 0,1,2, ... such that p(e) = p° +ep* +e%p? + ..., q(e) = ¢* +e¢* +
202+ ... with p(e) — p(0) in V() and ¢;(¢) — ¢;(0) in L2(€2) when £ goes to 0 . Suppose also that there
exist ¢;,1; independent of &3 such that pd = o, — 230403, 05 = ©3, and ¢8 = a — 230003, @5 = V3.

In the next proposition, we give the problem that characterizes (u’, ") the leading term in the

expansion of the scaled displacement-stress (u(e), o(e)).



Proposition 4.2. The leading term (u°, a°) of the expansion (4.9) is a solution of the problem (V Py ):
Find (u°(t),0°(t)) € (Vg () NEK (Q) xL2Q), t >0 such that

2
8/)/ ujvsdx + / ol:0jvidx = L (v) + (095, 03) , Vv € V(Q),t>0 (4.12)
(093,75 —u3) > 0,Yu3 € K (Q), t >0 (4.13)
agﬁ = N ey (u0)0ap + 2peas(u’) with \* = Nt (4.14)
u’(.,0) = p%4%(.,0) = ¢° (4.15)
where )
cap(u”) = o (Oauy + Opugy).
1 A
Proof. The inverted constitutive equation reads e j( °) = A\op,0i+ ,ua ; with Ay = —m.
Then the scaled deformation tensor reads
1
eap (U (€)) = M0y (€) 6ap + ﬂaaﬁ(&“) + &2\1033(€)dagp,
1
eas (u(g)) = 5250(13(5), (4.16)
€33 (’LL (6)) = 62)\10' (8) + 64&033(6).
” e (3X + 2p1)
Inserting (4.9) in the system (4.16), we obtain
1
0y _ 0 0
601/3(1,1/ ) = —>\10',y,y(5a/3 —+ ﬂaaﬁ, (417)
eas(u’) = 0, (4.18)
es3(u’) = 0. (4.19)

From (4.18) — (4.19) and the contact condition, we deduce that u® € Vi, () N K (). The equation
(4.12) is obtained by inserting (4.9) in (4.5). By the same mean, we obtain (4.6). m

In the next proposition, we re-write the problem (VPY;) in terms of &, and &. Hence we get a
two dimensional problem (P°(0)) whose solutions are &, and &3. The vector field (&;) represents the
(scaled) displacement of the middle surface w of the plate.

Proposition 4.3. If (u°, 0°) is a solution of (V P%;) such that u = &y — 230a&3 and vl = &3, with
€a, &3 sufficiently smooth. Then &, &3 verify with Jg3, at least formally, the two-dimensional boundary
value problem (P(0)):

Find &, € H' (w),& € HE (w),£& <0, for a.et>0 such that

82
Q@pgg + kA%63 = hl 4+ hl 4+ B3 4+ 093 on w x ]0, +-00] (4.20)
—~Jpnap = hY  on w x )0, +o0] (4.21)
09563 =0 in w x 10, +00[, 09 <0 in H*(w) (4.22)
23
where
8 Atu o, [ o
) hi = Zd '7hi: Zd (4 ) = Yi 3 7_1
3o /1f L3+ i /1 230; fidxs — 0i9; ,9; = gi (x1,72,—1)
AAp
nap = N0, (§) bap + dpeas (§)



Proof. Let u® be a solution of the problem (VPY,) then &,,& verify &, € H}(w), & € HE(w),
&3 < 0. Substituting
eap(u’) = eap(€) — 130083

n (4.14), we obtain

1 3
with
A p
Nag = 4)\ ¥ ou Eyy (6) 5ocﬂ + 4,ueocﬁ (6)
4 AL
o = AE3d, On 4.25
Magp 3(A+2 £300p + ﬁ€3> (4.25)

We take v = (—z301m3, —x302m3,7m3) then the second term in the left hand side of the equilibrium
equation in the problem (VPY;) becomes

1 3
/QO'gﬁagvadx = /Q B nagxgaagngdw—l-/ —imgmagﬁaﬁngda;

22
= / 2()\+2 A&EAN3 + 21100,583008M3) d

4 2
= 3/()\+g A&E3AN3 + 21104,5£3048M3) d

For n3 € D(2) we have,
/A§3A?73dl“/ = /A2f3773d96'
[ tustadupmts’ = [ Neamas

which, by density, still holds for elements of H3(w). Hence

8 Ap 2 /
od A dx'. 4.2
/ Tagdpvads = 3T 2 /w Eamzd (4.26)

On the other hand, the right hand side of the equation becomes

L(U)+<Ug3,173> :/favad:l:—i— /fg’l)gdx—l-/ g;vadI‘—i—/ g3 v3dl’
Q Q T_ T_
Ly
+1
= / {/ 1:38afadx3 - aagc;} 773dx/
w —1

+1
+/ { fadzs +g3_}773dx'+/03?3173dx'
w —1 w

= / (P3 + he, + 03s) 132’ (4.27)

w
with ho f+1 fidxs + g, , hl jll x30; fidrs — 0;g; , g; trace of g; on I'_. Then, from (4.26) and
(4.27) we obtain (4.20), in sense of distributions. By taking 3 = 0 (resp. 3 = 2u3) in the inequality

in the problem (VP{.;) we find <ag3,£3> = 0 (resp. <ag3,n3> > 0, for all 3 € HZ(w) with 3 < 0,

7



which leads to 093 < 0 in H 2(w)). This proves (4.22). Now, we take v = (11,72, 0) in the left hand
side of the equilibrium equation in the problem (V P, ), we obtain

/Qagﬁaﬁnadx:/gfanadx—i-/ G Nadl, Y11, m0 € Hi (w).

Therefore
/naﬁﬁmadfcl :/hgﬂad$'7vn1,772 € Hy(w),
w w

hence we find (4.21) in sense of distributions. m

The next proposition is devoted to the characterization of 0,93.

Proposition 4.4. If (u°, 6°) is a solution of the problem (V PY,) and &, &3 verify the problem (PP (0)),
then u® and o° are given by:

uy = ba— 230aks, u§ =&, (4.28)
1 3

Jgﬁ == 5 Nap + §x3ma5, (429)

a3 = 1(1 — x3)05Map + 5(1 + x3) X Jadys — /1 fadys + 5(:U3 —1)g,- (4.30)

Finally 095 satisfies in sense of distributions:

B309 = pés — Ba005 — f3 in Q x]0, +o0], (4.31)
093 = —g3 onT_ x]0,+o0[, (4.32)
09363 = 0, 093 <0 on Ty x]0,+oo[. (4.33)

Proof. The proof of this proposition follows essentially the same pattern as in |14, Thm 4.8-1, p.301]
or in |13, Thm 1.7-1, p.38]. The equations (4.28) — (4.29) are already obtained in the Proposition 4.3.
Using test function v = (v1,v2,0) in the equation (4.12), we obtain, formally that ¢ verifies in sense
of distributions the quasistatic boundary value problem

D300, = —Oﬁagﬁ — foin Q x]0,+o0]
0-33 = 79; on I'_ X ]07 +OO[
0%5=0 on Ty x]0,+o0]

Integrating the first equation over [—1, x3] and taking in account the boundary conditions, we obtain
(4.30).
For the computation of ¢f;, we take as test functions v = (0,0,vs) in the equation (4.12) then we
obtain

2
gt?p/ ugvgda:+/ 03383v3d:1c: —/ 0236av3dx+/ favsdx (4.34)
Q Q Q Q

+/ g3usdl’ +/ Jggﬁng,va e V(Q),t>0.
ry

On the other hand, by Green’s formula and taking into account the cancelations on the boundary Iy,
we have formally that

/Qagi)ﬁgvgda: = —/Qﬁgagy)vgdzv —I—/ 0395 T3dl’ —/ 09305dL, Y3 € V(Q),t > 0 (4.35)

Iy r_



and
/ 00,0, v3d = —/ Da05v3dr, Y3 € V(Q),t > 0. (4.36)
Q Q

Inserting (4.35) and (4.36) in (4.34) we find that

82
8t2p/ ugvgdx—l—/ 830837)3d:z = —/ 8aag3v3da:—/ fgvgdx—/ ggygdf—/ Ug3y3dF,VU3 eV(Q)
Q Q Q Q j Tr_

We derive from the inequality (4.13) that 09; must formally verifies (4.33). In summary the boundary
value problem (4.31)-(4.33) is formally satisfied. m

5 Convergence study
In this section, we suppose that u(e) is a solution of (P(¢).V), the forces verify f, f € L>(0,T, L*(£2))
and g, ¢ € L°°(0,T, L*>(T'_)) and we study the limit of the sequence (u(e)), after that, we compare the
results. To this end, we introduce the tensor k(e,v) defined as following

Kap(€,0) = eqp(v), Kas(e,v) = 5_16a3(v), k33(e,v) = 6_2633(’[)) (5.1)
Then, the bilinear form a®(u(e),v) can be rewritten as following

a®(u(e),v) = /Q[)\nii(a,u)mjj(e,v) + 2pKi5(e, u)Kij(e, v)|de (5.2)

The space L2(Q2) of symmetric, square integrable tensors equipped with the scalar product (o, 7) =
fQ 0;jTijdx is a real Hilbert space. As it is known, the norms

lofla = (40,0)'"2, lollo0 (5:3)

are equivalent where (Ao, 7) = [ (AowiTj; + 2uoTijd).

Proposition 5.1. If u(e) is a solution of the problem (P(g).V') then, for € small enough, the se-
quences (u(e)), (kij(€)) are bounded, respectively, in Lo°(0, T, V(Q)) and L°(0,T,1L2()) hence, there
exists a subsequences also denoted by (u(e)) and (ki;j(e)) which admit a weak star limits respectively in

L>(0,T,V(Q)) and L>(0,T,L2(Q)) denoted respectively by (u(0)) and (ki;(0)).

Proof. Taking v = 4 in the equation (4.5), we obtain

p/Qilz (e) 3 () du + €2P/Qila () e (¢) d + a*(u(e), ile)) = L (u(e)) + (o33 (¢) ,us(e))  (5.4)

By putting v = u(t £ h) in (4.6) and letting h — 0 we obtain (033,u3) = 0, then the equation (5.4)
leads to the inequality

P /Q iig (€)1 (£) dz + €2p /Q o () o (¢) dz + af(u(e), a(e)) = L (a(e)) (5.5)

We can rewrite this inequality as
d . 2 2 2 . 2 € y
i |0 Vi3 €) Pz 223 | i () P+ a* (o). ule) | = L (i) (56)
a=1

9



Integrating (5.6) from 0 to t on 7 and taking in account the initial conditions, we get

2 t
p/Q |3 (¢) |*dx —i—,o;/ﬂ et () Pdz +  af(u(e),u(e)) = 2/0 L (u(r))dr (5.7)

2
o [laPdntp [ leaaPde o)
Q a=1 Q

/tL(ﬁ(T))dT:/t/ fud:cd7+/t/ gudldr (5.8)

Using integration by parts, the inequality ab < gaQ—l— o b%,0 > 0 and the assumptions on u(z, 0), 1(z, 0),

We have

and on f, g which allow us to define f and g at t = 0 (see [!] page 45), we obtain

/0 t /Q fudzdr = /Q (f(z, tyu(z,t) — f(x,0)u(z,0))dz — /0 t /Q fudzdr (5.9)
0 1 v

< é”f”%Z(Q)*‘ﬁHUHQL?Q + [V 0u0lde+ [ [ \fujdrar .10

< ¢1(01,T7)+ 29 |u\|L2 //|u! dzdr,t €]0,T) (5.11)

Using the same argumentation, and the continuity of trace mapping H'(Q) — H'/?(I'y) we obtain

t
T
// gudldr < C2(02,T>+03( ) ul[?
0 _ 292

Then there exist constants ¢z, ¢ and ¢7 (depending on T') such that

t €]0,T],V02 > 0, (5.12)

t t
/ L(u(r))dr <cs+ %6 ||u(z—:)|\iQ + 67/ / lu(e)|2dzdrVe > 0. (5.13)
0 0 JQ

The assumptions on the limits of p(¢) and ¢(e) yields the existence of €9 > 0 such that these limits are
bounded independently of £ < gy. Under adequate choice of § and the coercivity of a®(.,.) there exists
constants cg and cg such that the inequality (5.8) becomes

2 ¢
/|u3 (5)|2d:c+2/ it (¢) P + |u(e) g <08+09/ /|u(5)|2d:vd7 (5.14)
Q = Ja 0 Jo

Using Gronwall’s lemma, we get

u(e) € L=(0,T,V(Q)) and is(e), eiig (e) € L¥(0,T, L*()) (5.15)
Using the continuity of the form a®(.,.), the assumptions (5.1) and the equivalence of the norms (5.3),
we get
leas(u(e) o0 < ¢, leas(u(e)) o0 < ec lless(u(e))log < e, for a.e t €]0,T] (5.16)
[

Proposition 5.2. The weak star limits u(0) and x(0) verify the following

w(0) € Vir(Q) N K (Q), for a.e t €]0,T], (5.17)
kap(0) = eqp(1(0)), ka3(0) = 0, Kk33(0) = 3 ;; eaa(u(0)), for a.e t €]0,T]. (5.18)
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Proof. From (5.16) and the lower semi-continuity of the norm
llei; (u(0))]jo,o < lirgionf lleij(u(e)) o, for a.e t €]0,T (5.19)

we deduce that e33(0) = 6a3( ) =0, for a.e t €]0,T].
From the weak closeness of K (), we deduce that

u(0) € K(), for a.e t €]0,T)]

Then
u(0) € L=(0, T, Vir,(Q) N K(Q)) (5.20)

The equality kas(0) = eqas(u(0)) derives from rag(u(e)) — Kap(u(0)) in L>°(0,T, L*(2)) weak star
and eqg(u(€)) = eas(u(0)) in L>®(0,T, L?(£2)) and the uniqueness of the weak limit.

To prove ka3(0) = 0 a.e t €]0,T], we choose as test function ¢(t)(ev1,ev2,0), vy € V() and ¢(t) €
D(0,T) in (4.5) after that we integrate from 0 to T we obtain

T T T
i} c = v)dt. .
p/o gb(t)/Qe uasvadxdt+/0 o(t)a (u(e), ev)dt —/0 o(t)L(ev)dt (5.21)

The term pfoT o(t) fQ e2iigevadadt goes to 0 when ¢ — 0. Indeed, integrating by parts we obtain
pfOT d(t) [q eHiaevadzdt — 0 when € — 0, reminding that (¢(t)v, € L1(0, T, L3(R))).
The term

T T
/ s(t)af(u(e),ev)dt = e / 6(1) / Neii (e, w) k52, 0) + 2k (e, wrig (e, v)dadt (5.22)
0 0 Q
T
= < [ 600 [ Mwaleulesse) + 2pas(e,u)eas(e)dadt
0 Q

T
+ /0 d)(t)/gQ;mag(s,u)(aavg—i—@gva)dxdt

T
+ L /0 6(1) /Q (ias(2, 1) + 2p1rs3 (e, w))ess (v)dadt

€

T
= 5/0 qb(t)/g))\/@ii(e,u)eﬁg(v)+2u;@a5(e,u)ea5(v)dxdt

T
+ / ¢(t)/2ﬂﬁa3(€au)a3vadxdt7
0 Q

due to the choice of the test function. We now pass to the limit in (5.21) and get

e—0

T
lim d)(t)/ 2ukas(e, u)O3vadrdt = 0,Y¢ € D(0,T)
0 Q

Then
/ 2pka3(1(0))d3vadr = 0 a.e for t €)0,T), Vv, € V().
Q

Recalling that of [15, Theorem 3.4-1] states that any w € L?*(Q2) such that [, wdsvdz = 0 for all
v € C*®(Q) that satisfy v = 0 on v x [—1,1] then w = 0, we deduce that kq3(u(0)) = 0 in Q
in sense of distribution for a.e ¢t €]0,7]. To prove x33(0)

#(t)(0,0,e%v3),03 = 0, v3 € V() and ¢(¢) € D(0,T) in (4
(4.5) then, we pass to the limit and obtain

= )\+2#eaa(u(0)) we use as test function
.5) after that we integrate from 0 to T in

/()\nii(O) + 2uk33(0))d3vsde = 0 a.e for t €]0,T],Yvg € V().
Q

11



The result follows. m

Proposition 5.3. The sequence (o33(¢)) verifies

o33() — 033(0) in L*°(0,T, H %(w)) weak star (5.23)
and verifies with u(0) the inequality

(033(0),u3(0)) < iig(l)(dgg(e),ug(s» in L°°(0,T). (5.24)

Proof. We recall that among unknowns of the problem is the contact stress os3(e) on I'y. Now,
we prove that also this quantity has weak limit when ¢ tends to zero.
We prove now that

/ ig(e)vgde — / ii3(0)vsdz in D'(0,T) (5.25)
Q Q
Let ¢ € D(0,T), we have

/OTqﬁ( )/u3 Jugdr = — / /U3 (t)vsdx.

From (5.15) we deduce that there exists x € L>(0, T, L?(f2)) such that

u3(e) — x in L®(0,T, L*(Q)) weak star (5.26)
ie T -
| tisteraorae = [ cateninvg e 10.7.22@)) (5:27)
For g(z,t) = ¢(t)w(z) such that ¢(¢t) € D(0,T) and w € L*(Q), we have
Jo Gis(e), d(O)w())dt = — [ (us(e), p(t)w(-))dt. (5.28)

On the other hand u(g) converges strongly to u(0) in the space L>(0,T, L?(Q2)). Therefore

/{)T(ﬂ3(€),¢( ))dt — — /u3 Jw(-))dt = /OT(iL3(0)7¢(t)w('))dt~

From the density of functions ¢(t)w(z) in L*(0,T, L*(Q2)) we deduce that

T
[ Gsteromia [ tcowiave e 207 1200) (529)
with x = u3(0). That means
u3(e) — u3(0) in L>=(0,T, L*(Q)) weak star (5.30)

Therefore x = 13(0) by virtue of the uniqueness of weak limit. Since 3(g) — 3(0) in L>(0, T, L*(Q2))
weak star and ¢vz € L1(0,T, L?(2)) then

fo Jo us(e)p(t)vgde  — fo Jo s )qb(t)vgdl’:—fonﬂ’iig(O)QS(t)’Ugd.'E (5.31)
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From (4.5), we get for all v € Vi 1(Q) and ¢ € D(0,T)

T T T
| ot on@mar = - / o) L(v)dt + p / o(1) (iis (<), vs) dt
0
+ep/¢> (iia(e vadt+/¢ o)t

when ¢ goes to 0, we obtain that for all v € Vir(Q2) and ¢ € D(0,T)

T
/0 ¢(t) (033(8),U3>dt—>/0 $(t)(a2(u(0),v) — L(v) + p iiz(0), vs))dt

Then
(033(2), va) = a2(u(0),v) — L(v) + p i3 0), va) inD/(0,T)

such that

al(u(0),v) = /QUQE(O)(‘)gvadx with 0,3(0) = A ey (u(0))dap + 21e0p(u(0)) with A* =

(5.32)

2
A+ 2u

The map vy — al(u(0),v) — L(v) + p (ii3(0), v3) defines a linear form on H3(w). Then the sequence
033(¢) admits a weak star limit in L°°(0, T, H?(w)) denoted by o33(0) which verifies the equation

p (ig(0),vs) + aS(u(O),fu) = L(v) + (o33(0),v3), Vv € Vk1.(Q), a.e t €0, T
From (5.33), we deduce 033(0) verifies with «(0) the equation
p (ii3(0), u(0)) + al(u(0), u(0)) = L(u(0)) + (o33(0), u3(0)) a.e t €0, .

We prove now that
<033(0),U3 — U3(0)> >0, Yus € K(Q), a.et G]O,T[.

To do this, we must verify that
(033(0),u3(0)) < lim (o33(¢),us(e)), for a.et €0, 7.

e—0

then letting e goes to 0, we obtain (5.35).
We take in (4.6) first v3 = 0 and secondly vs = 2u3 and obtain that (o33(¢),us(e)) = 0 then

(033(8),us(e)) = 0in L>°(0,T) weak star.

We have that
15(0)[1% = a2(u(0), u(0))

hence for a.e t €]0,T[

(033(0), u3(0))

1£(0) 1% — L(0) + p (ii(0), u3(0))

< timint (1K ()I% — L) + p ia(e), us(2)
< liI6n>ionf<033(6),U3(€)>
<

lim {033(¢), us(€))

(5.33)

(5.34)

(5.35)

(5.36)

(5.37)

Indeed, since uz(e) converges weak star to ug(0) in HZ(Q) for a.e t €]0, T[ then converges strongly in
HE(Q) and iiz(e) converges weak star to ii3(0) in H—(Q) for a.e ¢t €]0,T[ then, we have proved (5.36)

therefore (5.35). For the initial conditions, u(0) verifies
uj,_o(0) = p(0), 1y, _, (0) = ¢(0)
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In summary we have proved the following theorem:
Theorem 5.1. If u(e) is a solution of the problem (P(g).V') then

u(e) — w(0)in L=(0,T,V(Q)) weak — *
o33(s) — 033(0) in L>®(0, T, H %(w)) weak — *

where u(0) is a solution of the problem (V Pk (0)) :
Find w(0) € Vg (Q)NK (2
p (ii3(0),v3) + a(u(0),v) = L(v) + {033(0),v3) , Vv € V()
<033(0),1}3 — U3(0 > 0, Yvg € K(Q)
Ul (0) = p(0)7u\z:o (0) = ¢(0)

for a.e t € [0,T] such that

)
)

v

with

2uA
A+2u°

a2 (u(0),v) = /Qaa,g(())agvadx,aag(O) = Aeyy(u(0))dap + 21eap(u(0)), \* =

Notice that the solution (u",0°) of problem (VPY,) from Proposition 4.2 is also a solution of
problem (V P, (0)), but since the uniqueness of the solution of this last problem is not garanteed we
cannot conclude that (u’, o%) = (u(0),7(0)).

6 Conclusion

We have shown that the weak limit of the subsequence (u(g), o33(e)) of the three-dimensional unilateral
problem is solution of a two-dimensional unilateral problem. Furthermore the solution of the other
two-dimensional problem which derives from the asymptotic method is also solution of the one deduced
from the convergence method. As there is no uniqueness result for this problem, we cannot conclude
that the solutions coincide. Nevertheless is it possible to prove the strong convergence of the whole
sequence by using the variational inequality (3.1)7 Another open problem is to prove similar results
for the time-dependent Signorini problem with Coulomb friction.
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