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Abstract. We consider the stabilization of the wave equation by weak dynamic boundary feedback
laws at one extremity. This system is not uniformly stable but we prove a polynomial stability.
Our method consists in combining an observability inequality for the associated undamped problem
obtained via sharp spectral results with regularity results of the solution of the undamped problem
with a specific right-hand side. The optimality of the decay is also shown again thanks to precise
spectral results of the operator associated with the damped problem.
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1 Introduction

We consider the following one-dimensional evolution problem with a dynamical control at one
extremity, described as follows:
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(Pb)



ytt(x, t)− yxx(x, t) = 0, 0 < x < 1, t > 0,
y(0, t) = 0, t > 0,
aytt(1, t)+ yx(1, t)+η(t) = 0, t > 0,
ηt(t)− yt(1, t)+bη(t) = 0, t > 0,
y(x,0) = y0(x), yt(x,0) = y1(x), 0 < x < 1,
η(0) = η0,

where y represents the transverse displacement of the vibrating string and η denotes the dynamical
control variable. Here a and b are positive constants. The damping of the system is made via the
indirect damping mechanism at the extremety 1 that involves a vibrating mass and the first order
differential equation in η . The notion of indirect damping mechanisms has been introduced by
Russell in [19], and since this time, it retains the attention of many authors, for instance, let us quote
the papers of Alabau [1, 2] for recent general studies on hyperbolic systems with indirect boundary
stabilizations. Note nevertheless that the above system does not enter in the framework of these
papers.

The case a = 0 was considered in [21] where a polynomial decay in 1
t was proved for initial data

in the domain of the associated operator. In the case a > 0 the third equation in (Pb) is a so–called
dynamic boundary condition. Dynamic boundary conditions arise in many physical applications, in
particular they occur in elastic models. For instance, these conditions appear in modeling dynamic
vibrations of linear viscoelastic rods and beams which have attached tip masses at their free ends.
See [4, 9, 12, 16, 8, 13] and the references therein for more details. Using the compact perturbation
result of Russell [18], the dissipative system (Pb) is not uniformly stable (see below). Hence we are
interested in proving a weaker decay of the energy. More precisely we will show that the energy
of our system decay polynomially as 1√

t for initial data in the domain of the associated operator.
Contrary to [21] we here use a technique, inspired from [3, 14], that consists in combining an
observability inequality for the associated undamped problem obtained via sharp spectral results
with regularity results of the solution of the undamped problem with a specific right-hand side. This
allows to obtain a polynomial decay for less regular initial data. Moreover using a careful spectral
analysis of the operator associated with (Pb) we show that our obtained decay rate is optimal. In
comparison with [21], we can say that, with the same regularity assumption on the initial data, the
additional term aytt(1, t) in the feedback law affects the decay rate.

The paper is organized as follows. The second section deals with the well-posedness of the
problem obtained by using semigroup theory. In section 3, we perform the spectral analysis of the
operator associated with the conservative system and deduce the strong stability of the dissipative
system. Section 4 is devoted to the proof of some regularity results on the conservative system with
a special right-hand side. In section 5 we show the polynomial decay via the observability estimate
and these regularity results. Finally the optimality of the decay is shown in section 6.

Let us finish this introduction with some notation used in the remainder of the paper: For a
bounded domain D, the usual norm and semi-norm of Hs(D) (s ≥ 0) are denoted by ∥ · ∥Hs(D) and
| · |Hs(D), respectively. Furthermore, the notation A . B and A ∼ B means the existence of positive
constants C1 and C2, which are independent of A and B such that A ≤C2B and C1B ≤ A ≤C2B.

2 Well-posedness results

In order to study the system (Pb) we use a reduction order argument and introduce the new unknown
ayt(1, ·). Hence if we set

u := (y,yt ,ayt(1, ·),η) ,
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as vectorial unknown, the previous problem (Pb) is formally equivalent to

ut = A u, u(0) = u0, (2.1)

where u0 = (y0,y1,ay1(1),η0) and A (y,z,ξ ,η) = (z,yxx,−yx(1)−η ,z(1)−bη) if ξ = az(1).
In order to justify this formal argument, we need a proper functional setting. Let

V = {y ∈ H1(0,1) : y(0) = 0}

and define the energy space
H =V ×L2(0,1)×C2,

endowed with the inner product

(u, ũ)H =
∫ 1

0
< yx, ỹx > dx+

∫ 1

0
< z, z̃ > dx+

1
a
< ξ , ξ̃ >+< η , η̃ >,

where u = (y,z,ξ ,η), ũ = (ỹ, z̃, ξ̃ , η̃) ∈ H , and < ., . > represents the Hermitian product in C. The
associated norm will be denoted by ∥ · ∥H . Next, we define the linear operator A by

D(A ) = {u = (y,z,ξ ,η) ∈ H : y ∈ H2(0,1),z ∈V,ξ = az(1)},
A u = (z,yxx,−yx(1)−η ,z(1)−bη), ∀u = (y,z,ξ ,η) ∈ D(A ).

The following proposition concerns the well-posedness of problem (2.1) in H .

Proposition 2.1. (i) For an initial datum u0 ∈ H , there exists a unique solution
u ∈C([0,+∞), H ) to problem (2.1). Moreover, if u0 ∈ D(A ), then

u ∈C([0,+∞), D(A ))∩C1([0,+∞), H ). (2.2)

(ii) For each u0 ∈ D(A ), the energy E(t) of the solution u of (2.1), defined by

E(t) =
1
2
∥u(t)∥2

H ,

satisfies
Et(t) =−b|η(t)|2, (2.3)

therefore the energy is non-increasing.

Proof. (i) By Lumer-Phillips’ theorem (see [15, 20]), it suffices to show that A is maximal dissipa-
tive.

We first prove that A is dissipative. Take u = (y,z,ξ ,η) ∈ D(A ). Then, integrating by parts
and since u ∈ D(A ), we have

ℜ[(A u,u)H ] = ℜ[
∫ 1

0 < zx,yx > dx+
∫ 1

0 < yxx,z > dx

− 1
a
< yx(1)+η ,ξ >+< z(1)−bη ,η >]

= ℜ[< yx(1),z(1)>−< yx(0),z(0)>

− 1
a
< yx(1)+η ,az(1)>+< z(1)−bη ,η >]

= ℜ[< yx(1),z(1)>−< yx(1)+η ,z(1)>+< z(1)−bη ,η >]
= ℜ[−b < η ,η >]
= −b|η |2.

(2.4)
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This shows the dissipativeness of A .

Let us now prove that A is maximal, i.e. that λ I −A is surjective for some λ > 0.
Let u1 = (y1,z1,ξ1,η1) ∈ H . We look for u = (y,z,ξ ,η) ∈ D(A ) solution of (λ I−A )u = u1,

or equivalently 
(i) λy− z = y1,
(ii) λ z− yxx = z1,
(iii) λξ + yx(1)+η = ξ1,
(iv) λη − z(1)+bη = η1.

(2.5)

Suppose that we have found u solution of (2.5) with the appropriate regularity. Then from (i)
and (ii), y satisfies

λ 2y− yxx = z1 +λy1, (2.6)

where we remark that the function f1 = z1 +λy1 is in L2(0,1). The general solution of (2.6) is

y(x) = c1eλx + c2e−λx +
1

2λ
(
∫ 0

x−1
eλu f1(x−u)du+

∫ x

0
e−λu f1(x−u)du),∀x ∈ [0,1], (2.7)

where c1,c2 are constants.
Since y(0) = 0, we get

c2 =−c1 −
1

2λ

∫ 1

0
e−λ s f1(s)ds. (2.8)

Now from (i), z = λy− y1 and recalling that

ξ = az(1) = aλy(1)− y1(1),

the two last equations (iii),(iv) of (2.5) lead to the following linear system with unknowns c1 and
η : {

λ e−λ (1+ e2λ +a
(
−1+ e2λ) λ

)
c1 +η = v1(u1,λ )(

e−λ − eλ) λ c1 +(λ −b)η = v2(u1,λ ),

where vi(u1,λ ), i = 1,2, depend only on the datum u1 and on λ . This system admits a unique
solution if and only if its determinant is different from zero. This determinant is actually equal to

λ e−λ
(
−1−b+ e2λ −be2λ +λ +abλ + e2λ λ −abe2λ λ −aλ 2 +ae2λ λ 2

)
.

Hence it is clear that this determinant does not vanish for λ large enough. For such a λ > 0 the
solution (c1,η) furnishes a solution u = (y,z,ξ ,η) through the identities (2.7) and (2.8). Finally we
easily verify that u ∈ D(A ) and consequently A is maximal.

(ii) For an initial datum in D(A ) from (2.2), we know that u is of class C1 in time, thus we can
derive the energy E(t):

Et(t) = Re[(ut ,u)H ] = Re[(A u,u)H ] =−b|η(t)|2 ≤ 0.

Hence the energy is non-increasing. �

To end up this section, let us notice that for an initial datum in D(A ), it is a simple exercice to
check that the solution u = (y,z,ξ ,η) of (2.1) having the regularity (2.2), it restores a solution (y,η)
of problem (2.1) with the relations z = yt , ξ = ayt(1, ·).
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3 The conservative problem

3.1 Formulation

In this section, we introduce another operator A in H , which corresponds to the conservative prob-
lem associated with (Pb):

(P0)


ytt(x, t)− yxx(x, t) = 0, 0 ≤ x ≤ 1,
y(0, t) = 0,
aytt(1, t)+ yx(1, t)+η(t) = 0,
ηt(t)− yt(1, t) = 0.

In other words, we have put b = 0 in problem (Pb).
The abstract formulation of (P0) is:

(P0) ut = Au, u(0) = u0, u0 ∈ H ,

where the linear operator A is defined by:

D(A) = D(A ),
Au = (z,yxx,−yx(1)−η ,z(1)), ∀u = (y,z,ξ ,η) ∈ D(A).

A is clearly a skew adjoint operator with a compact resolvent, then there is an orthonormal
system of eigenvectors of A which is complete in H . Moreover, from the proof of Proposition 2.1
we see that A is dissipative and monotone. Consequently the well-posedness of problem (P0) holds.

Proposition 3.1. For an initial datum u0 ∈ H , there exists a unique solution

u ∈C([0,+∞), H )

to problem (P0). Moreover, if u0 ∈ D(A ), then u ∈C([0,+∞), D(A ))∩C1([0,+∞), H ).

Before going on let us notice that as A is skew adjoint and A −A is a compact operator, using
the compact perturbation result of Russell [18], the dissipative system (Pb) is not uniformly stable
(i.e. exponentially stable).

3.2 Spectral analysis

Here we give some properties of the system of eigenvalues and eigenvectors associated with the
problem (P0), that we need in the sequel.

3.2.1 The characteristic equation

The main result of this section is in the following lemma:

Lemma 3.2. Denote {λk = iµk}k∈Z the sequence of eigenvalues of A, the sequence µk being strictly
monotone, then the family {µk}k∈Z are the roots of the characteristic equation

h(µ) = µ cos µ +(1−aµ2)sin µ = 0. (3.1)
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The algebraic and geometrical multiplicity of each eigenvalue is one. The associated eigenvectors
ϕk are :

ϕ0 = (y0,z0,ξ0,η0) =
1√
2
(x,0,0,−1),

ϕk = (yk,zk,ξk,ηk) =
1√

N(µk)
(sin(µkx), iµk sin(µkx), iaµk sin(µk),sin(µk)),∀k ∈ Z\{0},

(3.2)
where the factor of normalization N(µ) is:

N(µ) = µ2 +(1+aµ2)sin2 µ. (3.3)

Moreover the system of eigenvectors {ϕk}k∈Z is complete in H and forms an orthonormal basis of
H .

Proof. First, it is easy to see that 0 is an eigenvalue of A with multiplicity 1 and the associated
eigenvector ϕ0 (satisfying ∥ ϕ0 ∥H = 1) is given in (3.2).

Now, let λ , 0, and let ϕ = (y,z,ξ ,η) be a non-trivial associated eigenvector. This means that
ϕ satisfies:

Aϕ = (z,yxx,−yx(1)−η ,z(1)) = λ (y,z,ξ ,η), (3.4)

y(0) = z(0) = 0, (3.5)

ξ = az(1). (3.6)

Eliminating z in (3.4) we see that
yxx = λ 2y.

Thus y is a linear combination of the fundamental basis (eλ ,e−λ ). From (3.5), we get

y(x) = sinh(λx),

(up to a factor) and z(x) = λ sinh(λx).
From (3.4) and (3.6), y(1) = η and −yx(1)−η = (aλ 2 +1)y(1). Eliminating η we find

−yx(1) = (aλ 2 +1)y(1),

which leads to
h0(λ ) = (aλ 2 +1)sinhλ +λ coshλ = 0. (3.7)

In the previous characteristic equation, we set λ = iµ,µ ∈ R, and we conclude that ϕ is a non-
trivial solution of the eigenvalue problem if and only if µ satisfies the characteristic equation (3.1).

Remark that our above considerations show that the eigenvector ϕ corresponding to λ = iµ
takes the form

ϕ = (y,z,ξ ,η) = (sin(µx), iµ sin(µx), iaµ sin µ,sin µ), (3.8)

and a simple calculation of its norm gives

∥ϕ∥2
H = N(µ),

where N(µ) is given by (3.3).
It remains to look at the algebraic multiplicity: Since h′(0) = 2, the algebraic multiplicity of 0

is one. Suppose that µ ∈ R∗ satisfies h(µ) = h′(µ) = 0, then we have :{
(i) µ cos µ +

(
1−a µ2

)
sin µ = 0,

(ii)
(
2−a µ2

)
cos µ − (1−2a)µ sin µ = 0.
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π
2
+3π1√

a

π
2
+(k0 −1)π

Figure 1. The transcendental equation tanx =
x

ax2 −1
with a =

1
8

, k0 = 2.

From (i), we eliminate cos µ in (ii) to deduce that(
2− (−1+a) µ2 +a2 µ4

)
sin µ

µ
= 0.

Thanks to (i), we see that sin µ , 0. As we easily check that the polynomial 2− (−1+a)µ2+a2 µ4

has no roots in R, for all a > 0, we conclude that such a µ cannot exist. �

Remark 3.3. If a = 0 in problem (Pb), then problem (Pb) becomes (formally) the problem studied in
[21]. Moreover we see that lima→0 h0(z) corresponds to the characteristic equation of the associated
conservative problem encountered in [21]. Hence an asympotic analysis as a goes to zero could be
of interest.

3.2.2 Asymptotic behavior of the eigenelements

Since for all k ∈ Z,µ−k =−µk and ϕ−k = ϕk, we only need to study the pair (µk,ϕk) for all k ∈ N∗.

Lemma 3.4. For k →+∞, we have the following asymptotic behaviors

µk+1 = kπ +
1

akπ
+o(

1
k2 ), (3.9)

N(µk+1) = k2π2 +o(k), (3.10)

and
ηk+1 = (−1)k 1

ak2π2 +o(
1
k2 ), (3.11)

where N is given by (3.3) and ηk+1 is the last component of ϕk+1 (see Lemma 3.2, (3.2)) .

Proof. If there exists l ∈ N which satisfies a(
π
2
+ lπ)2 = 1, then µk0 =

π
2
+ lπ =

1√
a

is a root of

h (this case furnishes at most two roots ±µk0). On the contrary (i.e if a(
π
2
+ lπ)2 , 1,∀l ∈ N),

7



h(µk) = 0 is equivalent with

tan µk =
µk

aµ2
k −1

.

Let k0 ∈N∗ be the smallest integer satisfying
1√
a
≤ π

2
+(k0−1)π. Since the function g 7→ x

ax2 −1

is non-increasing and negative on the interval ]0,
1√
a
[, while it is non-increasing and positive on the

interval ]
1√
a
,
π
2
+(k0 −1)π], it is easy to see that h has exactly k0 roots in ]0,

π
2
+(k0 −1)π]. Now,

on each interval ]
π
2
+(k−1)π;

π
2
+kπ[, with k ≥ k0, the function g is non-negative, non-increasing,

thus the equation g(x) = tanx admits one and only one solution on this interval (see Fig. 1), or
equivalently there is exactly one root of h in this interval, which is µk+1. Since limx→∞ g(x) = 0, we
obtain the first asymptotic expansion

µk+1 = kπ + εk,εk = o(1).

Inserting the previous equality in the characteristic equation and using the Taylor series of g at
infinity, we get

tan(kπ + εk) = tan(εk) =
kπ +o(1)

a(kπ +o(1))2 −1
=

1
akπ

+o(
1
k2 ).

Therefore

εk = arctan(
1

akπ
+o(

1
k2 )) =

1
akπ

+o(
1
k2 ),

thus the asymptotic behavior (3.9) holds. Inserting the expansion (3.9) in (3.3) we obtain (3.10).
Analogously, inserting (3.9) and (3.10) in the expression of ηk given in (3.2), we get (3.11). �

3.3 Strong stability of the dissipative system

As a consequence of the previous Lemma, we can prove the following proposition.

Proposition 3.5. We have
lim

t→+∞
E(t) = 0 (3.12)

for all solution u of (Pb) with u0 in H .

Proof. First, we show that A has no eigenvalues on the imaginary axis. If it is not the case, let iµ
be an eigenvalue of A with µ ∈ R and let ϕ = (y,z,ξ ,η) be its associated eigenvector. Then

ℜ(A ϕ ,ϕ)H = ℜ[iµ(ϕ ,ϕ)H ] = 0,

and from (2.4) we deduce that η = 0. That means bη = 0 and therefore A ϕ = Aϕ = iµϕ , i.e ϕ is
an eigenvector of the operator A. But from (3.2) and (3.1) for such an eigenvector, η is different
from 0, this is a contradiction.

Now, we can apply the main theorem of Arendt and Batty [5]: Since σ(A )∩ iR is empty, we
obtain (3.12). �
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4 A regularity result and an a priori estimate

In the next section we study the polynomial decay of the energy towards 0. In order to get the result
we split up the dissipative system (Pb) into a conservative one with the same initial datum and a
remainder one. In this section, we collect some technical results needed for this remaining system.

Lemma 4.1. The function H(x,λ ) =
−sinh(λx)

λh0(λ )
admits the following expansion:

for all x ∈ [0,1] and for all λ ∈ C,λ , λk, for all k ∈ Z

H(x,λ ) =− x
2λ

− ∑
k∈Z∗

1
λ −λk

sinh(λkx)sinh(λk)

N(−iλk)
, (4.1)

where the λk
′s are the roots of the characteristic equation h0(λ ) = 0, h0 is given by (3.7) and the

function N is given by (3.3).

Proof. First, remark that (4.1) holds for x = 0, thus we assume now that x , 0. We recall that the
roots of h0 are of order 1, isolated, and they are situated on the imaginary axis, then clearly H(x,λ )
has a singularity of order one in λk, λk , 0. In the special case λ = 0, it is easy to see that we also
have a singularity of order one. Therefore by Mittag-Leffler’s theorem, there exists a function Θx,
holomorphic on C, such that

∀λ , λk,k ∈ Z,H(x,λ ) = ∑
k∈Z

Res(λ=λk)(H(x,λ ))
λ −λk

+Θx(λ ).

Now we compute the residues: for k = 0 (i.e λk = 0), obviously we have

Res(λ=0)(H(x,λ )) =
−x
2
. (4.2)

On the other hand if k , 0, then

Res(λ=λk)(H(x,λ )) =
−sinh(λkx)

λkh′0(λk)
. (4.3)

We further need an explicit expression of h′0(λk) and, in the sequel, in order to simplify notations,
the index k is omitted. From the definition (3.7) of h0 we have

h′0(λ ) =
(
2+aλ 2) coshλ +(1+2a)λ sinhλ .

Setting λ = iµ, with µ ∈ R, we obtain

h′0(iµ) =
(
2−a µ2) cos µ − (1+2a)µ sin µ.

The identity (3.1) then leads to

µh′0(iµ)sin µ =−
(
2+µ2 −a µ2 +a2 µ4) sin2 µ.

Again (3.7) yields
µ2 cos2 µ = (1−aµ2)2 sin2 µ,

which gives us

µ2 = (1+µ2 −2a µ2 +a2 µ4)sin2 µ,
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and using this last identity in (3.3), we obtain

N(µ) = (2+µ2 −aµ2 +a2µ4)sin2 µ =−µh′0(iµ)sin µ. (4.4)

Thanks to (4.4) we have found

Res(λ=λk)(H(x,λ )) =−sinh(λkx)sinh(λk)

N(−iλk)
. (4.5)

Using (4.2) and (4.5), we arrive at (4.1) provided Θx ≡ 0.
Let n ∈ N∗ and C2n be the square whose vertices are

±(2n+
1
2
)π ± i(2n+

1
2
)π. (4.6)

We first give estimates of H(x,λ ) on each edge of C2n. Let

λ = 2nπ +
π
2
+ it, t ∈ [−2nπ − π

2
,+2nπ +

π
2
].

We have

−sinh((2nπ +
π
2
+ it)x) =−icosh(tx) sin((2nπ +

π
2
)x)− cos((2nπ +

π
2
)x)sinh(tx),

thus
|− sinh((2nπ +

π
2
+ it)x)| ≤ 2e(2n+ 1

2 )πx ≤ 2e(2n+ 1
2 )π . (4.7)

We have also for n large

h0(2nπ +
π
2
+ it)∼ 2an2π2e2nπ . (4.8)

We deduce from (4.7)-(4.8) that for n large enough we have:

∀t ∈ [−2nπ − π
2
,2nπ +

π
2
], |H(x,2nπ +

π
2
+ i t)| . 1

n3 . (4.9)

In the same way, for λ =−2nπ − π
2
+ it, t ∈ [−2nπ − π

2
,+2nπ +

π
2
], the estimate (4.9) still holds.

Now let
λ = t + i(2nπ +

π
2
), t ∈ [−2nπ − π

2
,2nπ +

π
2
],

then
−sinh(λx) =−cos((2nπ +

π
2
)x) sinh(tx)+ icosh(t x) sin((2nπ +

π
2
)x)

and thus
|− sinh(λx)| ≤ 4e|t|x ≤ 4e|t|. (4.10)

Now, with
λ = t + i(2nπ +

π
2
), t ∈ [−2nπ − π

2
,2nπ +

π
2
],

we first remark that |h0(t +(2nπ +
π
2
)|= |h0(−t +(2nπ +

π
2
)|, thus for the following estimates we

will suppose that t ≥ 0. We have

ℜ(h0(λ )) = −t((4n+1)π cos(2nπ)+ sin(2nπ))cosh(t)

+
1
4
(((4πn+π)2 −4(t2 +1))sin(2nπ)−2(4n+1)π cos(2nπ))sinh(t)

= −t(4n+1)π cosh(t)− 1
2
(4n+1)π sinh(t),
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therefore
∀|t| ≥ 1, |ℜ(h0(λ ))| ≥ 4nπ cosh(t)≥ 2nπe|t|. (4.11)

As previously, we compute ℑ(h0(λ )), replace cos(2nπ) by 1, sin(2nπ) by 0 and find

ℑ(h0(λ )) = t sinh(t)− 1
4
(
(4πn+π)2 −4

(
t2 +1

))
cosh(t).

Thus, for n great enough, we have

∀|t| ≤ 1, |ℑ(h0(λ ))| ≥ 4n2π2 ≥ 2nπe|t|. (4.12)

Therefore, combining (4.11) and (4.12), we find that, for n great enough

∀t ∈ [−2nπ − π
2
,2nπ +

π
2
], |h0(t + i(2nπ +

π
2
)| ≥ 2nπe|t|.

Hence, using the previous estimate and (4.10) we deduce that for n large enough:

∀t ∈ [−2nπ − π
2
,2nπ +

π
2
], |H(x, t + i(2nπ +

π
2
)| . 1

n2 .

The same calculations give the same estimation for λ = t − i(2nπ +
π
2
), with

t ∈ [−2nπ − π
2
,2nπ +

π
2
].

Finally, we have proved that for n large enough:

∀λ ∈ ∂C2n, |H(x,λ )| . 1
n2 . (4.13)

For a fixed λ , λk, for all k ∈ Z, the general term of the series in the right-hand side of (4.1) can
be estimated by

| 1
λ −λk

sinh(λk) sinh(λkx)
N(−iλk)

| = | 1
λ − iµk

sin(µk)sin(µkx)
N(µk)

|

.
1

µ3
k
,

and recalling that µk ∼ kπ, this shows the absolute convergence of the series.
Let us denote the series in the right-hand side of (4.1) by

H1(x,λ ) = ∑
k∈Z

1
λ −λk

ck(x).

By the estimates (3.9) and (3.10) we have |ck(x)| .
1
k3 (notice that due to (3.9) and the fact that k is

an integer, we also have sin(µk)∼ 1/k as k → ∞).

For λ = 2nπ +
π
2
+ it, t ∈ [−2nπ − π

2
,2nπ +

π
2
] we have | 1

λ −λk
| ≤ 1

2nπ
. Thus,

|H1(x,2nπ +
π
2
+ it)| ≤ 1

2nπ ∑
k∈Z

|ck(x)| .
1

2nπ
. (4.14)

The same estimate holds for λ =−2nπ − π
2
+ it, t ∈ [−2nπ − π

2
,2nπ +

π
2
].
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Now, let λ = t + i(2nπ +
π
2
), t ∈ [−2nπ − π

2
,2nπ +

π
2
]. Since λ2n ∼ 2niπ, then

∀k ∈ Z, |λ −λk| ≥ min(|i(2n+
π
2
)−λ2n|, |i(2n+

π
2
)−λ2n+1)| ≥

π
4
.

Hence,

|H1(x,λ )| = | ∑
k∈Z

1
λ −λk

ck(x)|

≤ ∑
k≤n

1
|λ −λk|

|ck(x)|+
π
4 ∑

k≥n+1
|ck(x)|

≤ 1
nπ ∑

k≤n
|ck(x)|+

π
4 ∑

k≥n+1
|ck(x)|

.
1
n
+

π
4 ∑

k≥n+1

1
k3

.
1
n
.

The same estimate holds for λ = t − i(2nπ +
π
2
), t ∈ [−2nπ − π

2
,2nπ +

π
2
].

Finally, we have shown that:

∀λ ∈ ∂C2n, |H1(x,λ )| .
1
n
. (4.15)

Therefore estimates (4.13) and (4.15) give :

|Θx(λ ,x)|= |H(λ ,x)−H1(λ ,x)| .
1
n
,∀λ ∈ ∂C2n.

By the maximum principle, this estimate obtained on the boundary of C2n is still valid on the
whole square. By letting n →+∞, this implies that Θx ≡ 0. �

Now, let us introduce the vector F0 = (0,0,0,1) ∈H . Since {ϕk}k∈Z is an orthonormal basis of
H , we can write

F0 = ∑
k∈Z

ηkϕk = ∑
k∈Z

ηk(yk,zk,ξk,ηk), (4.16)

where ϕk = (yk,zk,ξk,ηk),k ∈ Z, is given by (3.2).
Next, we consider the following problem : Let T > 0 be fixed and f a function in L2(0,T ), find

u = (y,z,ξ ,η) satisfying
ut = Au+ f (t)F0, u(0) = 0. (4.17)

This is equivalent to 

ytt(x, t)− yxx(x, t) = 0, in (0,1)× (0,T ),
y(0, t) = 0, on (0,T ),
aytt(1, t)+ yx(1, t)+η(t) = 0, on (0,T ),
ηt(t)− yt(1, t) = f (t), on (0,T ),
y(x,0) = 0,yt(x,0) = 0, in (0,1),
η(0) = 0.

(4.18)

Lemma 4.2. Assume that f ∈ L2(0,T ). Then problem (4.18) has a unique solution (y,η) ∈
H1((0,1)× (0,T ))×H1(0,T ) which satisfies yt ∈C([0,T ];H1(0,1)) and

∥y∥H1((0,1)×(0,T ))+∥η∥H1(0,T ) . ∥ f∥L2(0,T ). (4.19)
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Proof. Firstly, remark that the uniqueness is obvious since the difference between two solutions is
solution of (P0) with initial condition u0 = 0, and therefore the difference vanishes. We extend f
by 0 on R \ [0,T ]. Because system (4.18) is reversible in time, the solution (ỹ, η̃) of (4.18) with f̃
instead of f and replacing (0,T ) by R coincides with (y,η) on (0,T ). For shortness, we still denote
(ỹ, η̃) by (y,η). Let ŷ(x,λ ) (resp. η̂(λ ), f̂ (λ )) where λ = γ + iω,γ > 0,ω ∈ R, be the Laplace
transform of y with respect to t.

Then (ŷ, η̂) satisfies
λ 2ŷ(x,λ )− ŷxx(x,λ ) = 0, in (0,1),
ŷ(0,λ ) = 0,
aλ 2ŷ(1,λ )+ ŷx(1,λ )+ η̂(λ ) = 0,
λ (η̂(λ )− ŷ(1,λ )) = f̂ (λ ),

(4.20)

where ℜλ > 0. Consequently, from the previous first and second equations, ŷ(x,λ ) = α sinh(λx),
for some constant α . Hence the third and fourth equations reduce to{

aλ 2α sinh(λ )+λα cosh(λ )+ η̂(λ ) = 0,
λη̂(λ )−λα sinh(λ ) = f̂ (λ ).

Eliminating η̂(λ ) we get

α =
−1

λ [sinh(λ )(aλ 2 +1)+λ cosh(λ )]
f̂ (λ ) =

−1
λh0(λ )

f̂ (λ ),

where h0(λ ) is the characteristic equation given by (3.7). Remark that the previous equality has a
meaning since we know that the roots of h0 are situated on the imaginary axis.

Therefore, we get

ŷ(x,λ ) =
−sinh(λx)

λh0(λ )
f̂ (λ ), (4.21)

and

η̂(λ ) =
aλ sinh(λ )+ cosh(λ )

h0(λ )
f̂ (λ ). (4.22)

Denoting by L −1 the inverse Laplace transform, the solution of problem (4.18) is given by

y(x, t) = L −1(
−sinh(λx)

λh0(λ )
)⋆ f , η(t) = L −1(

aλ sinh(λ )+ cosh(λ )
h0(λ )

)⋆ f .

In order to study the regularity of y and η , we need to estimate the functions λ 7→ −sinh(λx)
λh0(λ )

and λ 7→ aλ sinh(λ )+ cosh(λ )
h0(λ )

on the line Cγ = {λ : λ = γ + iω,γ > 0,ω ∈ R}.

Since
sinh((γ + iω)x) = cos(ωx)sinh(γx)+ icosh(γx)sin(ωx),

then
∀x ∈ [0,1],∀λ ∈Cγ , |sinh(λx)| ≤ eγ . (4.23)

On the other hand h0 has no roots on the line Cγ and one can show that

|h0(γ + iω)| ∼ ω2, if |ω| → ∞.
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This implies that there exists a positive constant M(γ) such that |−sinh(λx)
h0(λ )

| ≤ M(γ) on the line

Cγ . In the same way,
|aλ sinh(λ )+ cosh(λ )| . |ω|, if |ω| → ∞.

Thus there exists a positive constant M1(γ) such that

|λ ||(aλ sinh(λ )+ cosh(λ ))
h0(λ )

| ≤ M1(γ) on the line Cγ . (4.24)

Thanks to estimates (4.23) and (4.24), we can directly apply the proof of Lemma 4.2 of [14] and
obtain the estimate (4.19).

It remains to check the initial conditions. Let us denote F(x, t) = L −1(H(x,λ )); from Lemma
4.1 we have

F(x, t) =− x
2
+ ∑

k∈Z∗
eiµkt sin(µkx)sin(µk)

N(µk)
.

We remark that F ∈ L∞([0,T ];L2(0,1)), therefore

y(x, t) =
∫ t

0
F(x, t − s) f (s)ds, ∀t ∈ [0,T ],

and we deduce that
y(x,0) = 0.

Now, for t ∈ [0,T ],

∂y
∂ t

(x, t) = F(x,0) f (t)+
∫ t

0

∂F
∂ t

(x, t − s) f (s) =
∫ t

0

∂F
∂ t

(x, t − s) f (s)ds. (4.25)

Indeed,

F(x,0) = − x
2
+ ∑

k∈Z∗

sin(µkx)sin(µk)

N(µk)

= ∑
k∈Z

yk(x)ηk,

recalling that yk,ηk are given in Lemma 3.2. However, we know that F0 = (0,0,0,1) = ∑
k∈Z

ηkϕk =

∑
k∈Z

ηk(yk,zk,ξk,ηk) (see (4.16)), thus F(x,0) is the first component of F0 and consequently F(x,0) =

0.

As we have
∂F
∂ t

(x, t) = ∑
k∈Z∗

iµkeiµkt sin(µkx)sin(µk)

N(µk)
, then

∂F
∂ t

(x, t) may be view as the first

component of the function

∑
k∈Z∗

iµk
sin(µk)√

N(µk)
eiµktϕk.

Moreover, from Lemma 3.4 we have

|iµk
sin(µk)√

N(µk)
eiµkt | ∼ 1

k
,

then this function belongs to H and we deduce that
∂F
∂ t

(., t)∈H1(0,1), with the following estimate

independent of t ∈ [0,T ]:

∥∂F
∂ t

(., t)∥H1(0,1) . ∑
k∈Z∗

1
k2 .
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Consequently

∥∂y
∂ t

(., t)∥H1(0,1) .
∫ t

0
| f (s)|ds .

√
t∥ f∥L2(0,T ).

This shows that
∂y
∂ t

∈C([0,T ];H1(0,1))

and that
∂y
∂ t

(x,0) = 0.

It remains to compute η(0) = 0. Since η(t) =−aytt(1, t)−yx(1, t), we firstly look at aytt(1,0).
From (4.25), we may write:

aytt(1, t) = a
∂F
∂ t

(1,0) f (t)+a
∫ t

0

∂ 2F
∂ t2 (1, t − s) f (s)ds,

and

a
∂F
∂ t

(1,0) = ∑
k∈Z

iaµk
sin(µk)√

N(µk)

sin(µk)√
N(µk)

= ∑
k∈Z

ηkξk = 0,

since ∑
k∈Z

ηkξk is the third component of F0 (see (4.16)). Consequently

aytt(1, t) = a
∫ t

0

∂ 2F
∂ t2 (1, t − s) f (s)ds

and hence

ytt(1,0) = 0. (4.26)

Secondly, we have
∂y
∂x

(x, t) =
∫ t

0

∂F
∂x

(x, t − s) f (s)ds, (4.27)

and
∂F
∂x

(x, t) =−1
2
+ ∑

k∈Z∗
eiµkt µk cos(µkx)

sin(µk)

N(µk)
,

with the estimate

|eiµkt µk cos(µkx)
sin(µk)

N(µk)
| . 1

k2 .

This gives a meaning to (4.27) and proves that

∂y
∂x

(x,0) = 0. (4.28)

In conclusion, (4.26) and (4.28) lead to η(0) = 0. �
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5 Polynomial stability

5.1 An observability inequality

Lemma 5.1. Let u be the solution of problem (P0) with an initial datum u0 ∈ D(A), then there exist
a time T > 0 and a constant C > 0 depending on T such that

∫ T

0
|η(t)|2dt ≥C(|u(0)0 |2 + ∑

k∈Z∗

|u(k)0 |2

k4 ), (5.1)

where u0 = ∑
k∈Z

u(k)0 ϕk.

Proof. Since the solution of problem (P0) admits the following expansion:

u(t) = ∑
k∈Z

u(k)0 eiµktϕk,

then
η(t) = ∑

k∈Z
u(k)0 ηkeiµkt .

Moreover, from (3.11) we have η2
k ∼ 1

a2k4π2 , and, from (3.9), the sequence (µk)k∈Z satisfies the
spectral gap condition. The conclusion follows by using the so-called Ingham’s inequality (see for
instance Theorem 1.5 of [6]). �

5.2 Polynomial decay of the energy

We start with an interpolation inequality.

Lemma 5.2. For all u0 ∈ D(A), we have:

∥u0∥3
H ≤ ∥u0∥D(A−2)∥u0∥2

D(A).

Proof. Since for all s ∈ R, ∥u0∥2
D(As) ∼ |u(0)0 |2 + ∑

k∈Z∗
k2s|u(k)0 |2, where u0 = ∑

k∈Z
u(k)0 ϕk, we apply

Hölder’s inequality to get the result. �

Now we can state the main result of this paper.

Theorem 5.3. Let u be the solution of problem (Pb) with an initial datum u0 ∈ D(A ), then the
energy decays polynomially, i.e,

E(t)≤ C√
1+ t

∥u0∥2
D(A ),

for some C > 0.

Proof. It follows the arguments of Theorem 2.2 of [3] but adapted to our specific problem. Let
u ∈ C([0,+∞), D(A ))∩C1([0,+∞), H ) be the solution of problem (Pb) with an initial datum
u0 ∈ D(A ). Then it can be splitted up in the form

u = u(1)+u(2) = (y(1),z(1),ξ (1),η(1))+(y(2),z(2),ξ (2),η(2)),
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where u(1) is the solution of problem (P0) (with an initial datum u0) and u(2) is solution of problem
(4.18) with f (t) =−bη(t). By Lemma 5.1 we have∫ T

0
|η (1)(t)|2dt ≥C∥u0∥2

D(A−2), (5.2)

if T is great enough. But we may write

∥η(1)∥L2(0,T ) ≤ ∥η∥L2(0,T )+∥η(2)∥L2(0,T ), (5.3)

and from Lemma 4.2
∥η (2)∥L2(0,T ) . ∥η∥L2(0,T ). (5.4)

Therefore, combining the estimates (5.2)-(5.4) we get

∥u0∥D(A−2) . ∥η∥L2(0,T ). (5.5)

Integrating the equality (2.3) of Proposition 2.1 between 0 and T where T is sufficiently large,
and using (5.5) we obtain

E(T )≤ E(0)−K∥u0∥2
D(A−2), (5.6)

for some K > 0. Thanks to Lemma 5.2, (5.6) becomes

E(T )≤ E(0)−K
∥u0∥6

H

∥u0∥4
D(A)

,

which leads to

E(T )≤ E(0)−K
E(0)3

E1(0)2 , (5.7)

where we set E1(0) =
1
2
(∥u0∥2

H +∥Au0∥2
H ).

Since the energy is non-increasing we have also

E(T )≤ E(0)−K
E(T )3

E1(0)2 . (5.8)

Following the method used in [3] (see also [14]) we arrive at

εk+1 ≤ εk −K1ε3
k+1, (5.9)

for some K1 > 0, where we have set

εk =
E(kT )
E1(0)

. (5.10)

Using Lemma 5.2 of [3], we deduce from (5.9) that:

εk ≤
M√
1+ k

,∀k > 0,

where M is a constant which depends only on K1.

The result follows from the previous inequality, from the definition (5.10) of the sequence (εk),
and from the fact that E(t) is non-increasing. �

17



Remark 5.4. In comparison with the case a = 0 treated in [21], we see that the additional term
aytt(1, t) in the feedback law affects the decay rate, since with initial data in D(A ), we get a decay

in
1√

t
instead of

1
t

.

Remark 5.5. We could alternatively use the method developed in [21] and derived from [17]. But
in this case, the obtained estimate of the energy is only valid for more regular initial data, namely it
is in the form

E(t)≤C
∥u0∥2

D(A 2)

t
. (5.11)

This is why we have chosen another method to obtain a decay of the energy for less regular data.
On the other hand, using Proposition 3.1 of [7] and Theorem 5.3 we recover the estimate (5.11).

6 Optimal energy decay rate

Since, in the sequel, we need the dependency of the eigenvalues and eigenvectors of A with respect
to the parameter b, we now write Ab instead of A . Denote further by {λb,k}k∈Z the set of eigenvalues
of Ab enumerated according to their algebraic multiplicity and such that

ℑ(λb,k)≤ ℑ(λb,k+1),∀k ∈ Z.

If u0 ∈ D(A) (remark that D(Ab) = D(A)), we define the optimal rational decay rate ω(u0) by

ω(u0) = sup{α ∈ R : E(t) =
1
2
∥u(t)∥2

H ≤ c
tα }. (6.1)

From Theorem 5.3, we know that ω(u0)≥
1
2

for any u0 ∈ D(A ). Our goal is to prove that this

upper bound is optimal, i.e, for any ε > 0 there exists uε
0 ∈ D(A ) such that ω(uε

0) =
1
2
+ ε.

Firstly, we recall the following result (see [11], [21]).

Lemma 6.1. Consider a C0-semigroup T (t) acting on a (real or complex) Hilbert space H with
infinitesimal generator A . Assume the following

(i) For k ∈N∗, the eigenvalue λ̃k of A is of the form λ̃k =−σk + iτk with σk >
c1

kδ , where c1 > 0

and δ > 0 are independent of k.
(ii) The eigenvectors ϕ̃k,k ≥ 1 associated with the eigenvalues λ̃k form a Riesz basis of H .
(iii) Let u0 ∈ H be such that

u0 = ∑
k≥1

akϕ̃k, |ak| ≤
c2

kq ,c2 > 0,q >
1
2
.

Then there exists a constant c > 0 depending on u0 such that ∥T (t)u0∥H ≤ c
t(q−1/2)/δ , ∀t > 0.

Remark 6.2. Note that if σk ∼
1
kδ and |ak| ∼

1
kq , then the equivalence

∥T (t)u0∥H ∼ 1
t(q−1/2)/δ , ∀t > 0,

holds.
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The following Lemma deals with the spectrum of Ab:

Lemma 6.3. The eigenvalues of Ab are the roots of hb given by

hb(z) = (b+ z)cosh(z)+(1+az(b+ z))sinh(z), (6.2)

and consequently satisfy
λb,k = λb,k.

Moreover, their geometrical multiplicity is one.

Proof. Let λ ∈ C be an eigenvalue of Ab and u = (y,z,ξ ,η) be an associated eigenvector. Then it
follows: 

yxx(x) = λ 2y(x), 0 < x < 1,
y(0) = 0,
aλ 2y(1)+ yx(1)+η = 0,
λη −λy(1)+bη = 0.

(6.3)

From the two first equations of (6.3), we find that a general solution is given by y(x)=C sinh(λx)
for some constant C. Since we easily check that λ = −b cannot be an eigenvalue of Ab, then the

fourth equation gives η =
λ

λ +b
y(1). Inserting η in the third equation we find that λ is an eigen-

value of Ab if and only if

λ
b+λ

((b+λ )cosh(λ )+(1+aλ (b+λ ))sinh(λ )) = 0. (6.4)

Notice that λ = 0 is not an eigenvalue of Ab, then we find that the eigenvalues of Ab are the roots
of the function hb given by (6.2). Clearly, from the previous considerations, if λ is an eigenvalue of
Ab then dim(Ab −λ I) = 1. �

Lemma 6.4. There exists an integer n0 such that, for n ≥ n0, the function hb(z) has 2n+ 3 roots
(taking into account their multiplicity) in the square

Cn = [−(n+
1
2
)π,(n+

1
2
)π]× [−(n+

1
2
)π,(n+

1
2
)π].

The roots of hb are simple, except for at most four eigenvalues which are also roots of the polynomial

P(z) = a2z4 +2a2bz3 +(a2b2 −1)z2 −2(1+a)bz+3−b2 −2ab2. (6.5)

Proof. From the proof of Lemma 3.4, we know that the function h0 has exactly 2n+3 roots (which
are simple) in the square Cn. So, we will prove that hb and h0 has the same number of roots in Cn,
for n large enough. By Rouch’s theorem, it suffices to prove that

|hb(z)−h0(z)|< |h0(z)|,∀z ∈ ∂Cn. (6.6)

In fact, hb(z)− h0(z) = b(cosh(z) + azsinh(z)) =
b
z
(h0(z)− sinh(z)). Thus |hb(z)− h0(z)| ≤

b
|z|

(|h0(z)|+ |sinh(z)|). But some easy calculations allow to verify that |sinh(z)| ≤ |h0(z)| on ∂Cn

for n great enough. Hence (6.6) holds.
Now, we remark that hb(z) = 0 is equivalent to f (z) = 0 where f is given by

f (z) = e2z(1+b+ z+abz+az2)− (1−b− z+abz+az2). (6.7)
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Since f (z) has the form f (z) = e2zP1(z)−P2(z), with

P1(z) = 1+b+ z+abz+az2,P2(z) = 1−b− z+abz+az2, (6.8)

we get f ′(z) = e2z(2P1(z)+P′
1(z))−P′

2(z). Hence if there exists z0 such that f (z0) = f ′(z0) = 0 then

P(z0) = (P′
1(z0)+2P1(z0))P2(z0)−P1(z0)P′

2(z0) = 0.

The conclusion follows since P(z) = (P′
1(z)+2P1(z))P2(z)−P1(z)P′

2(z) is given by (6.5). �

Remark 6.5. For all a > 0 and all b > 0, we conjecture that all the roots of hb are simple. Un-
fortunately, this is not easy to prove. However this conjecture is confirmed numerically using the
Newton-Raphson method.

The following result concerns the algebraic multiplicity of the eigenvalues of Ab:

Lemma 6.6. For all k ∈ Z, the algebraic multiplicity of λb,k (as eigenvalue of Ab) is equal to its
multiplicity as root of hb, and is between 1 and 4.

Moreover we have the following cases:
a) If λb,k is simple (algebraic multiplicity one), then its associated eigenvector is given by

ϕb,k =
1

λb,k
(sinh(λb,kx),λb,k sinh(λb,kx),aλb,k sinh(λb,k),

λb,k

λb,k +b
sinh(λb,k)) (6.9)

and satisfy
∥ϕb,k∥H ∼ 1. (6.10)

b) If λb,k is of algebraic multiplicity p0 ∈ {2,3,4}, then there exists k′ ∈ Z such that

λb,k = λb,k′ = λb+k′+1 = ...= λb+k′+p0−1

and again its associated eigenvector is

ϕb,k′ =
1

λb,k′
(sinh(λb,k′x),λb,k′ sinh(λb,k′x),aλb,k′ sinh(λb,k′),

λb,k′

λb,k′ +b
sinh(λb,k′)), (6.11)

while its associated generalized eigenvectors are

∀ j = 2, ..., p0,ϕb,k′+ j−1 =
∂ j−1

∂λ j−1 ϕb,k′ |λ=λb,k′
. (6.12)

Proof. First, we start by proving (6.9), (6.10) and (6.11). From the proof of Lemma 6.3, we
already know that if λ is an eigenvalue of Ab then an associated eigenvector u is on the form

u = C(sinh(λx),λ sinh(λx),aλ sinh(λ ),
λ

λ +b
sinh(λ )) and λ is a root of the function f given by

(6.7), or equivalently, λ satisfies e2λ =
P2(λ )
P1(λ )

, with P1,P2 given by (6.8). Since |λ | goes to infinity,

we deduce that limℜ(λ ) = 0. Moreover by simple calculations we find that ∥u∥2
H ∼C2|λ |2. Thus,

choosing C = λ−1 we arrive at (6.9), (6.10) and (6.11), replacing λ by λb,k.
Now, let λ be a root of hb or equivalently a root of f , and let p0 its multiplicity. If p0 ≥ 5 then

f (p)(λ ) = 0, p = 0, ..,4. If we set

f1 = f ′−2 f , f2 = f ′1 −2 f1, f3 = f ′2 −2 f2, and f4 = f ′3,

20



then

f (λ ) = f1(λ ) = f2(λ ) = f3(λ ) = f4(λ ) = 0.

However

f4(λ ) = 8P′
2(λ )−12P(2)

2 (λ )+6P(3)
2 (λ ) = 8(−1+a(−3+b+2λ )) = 0,

which gives λ =
1+3a−ab

2a
. Consequently, λ ∈ R− and necessarily

b > 3+
1
a
. (6.13)

We also remark that f3 = 8P2 − 12P′
2 + 6P(2)

2 is a polynomial of order 2 and since f3(λ ) =
f ′3(λ ) = 0, the discriminant ∆ of f3 vanishes. A computation gives

∆ = 1−4a+3a2 +2ab+a2b2,

and implies

b =
−a±

√
4a3 −3a4

a2 .

Since b > 0, then

0 < a <
4
3

and b =
−a+

√
4a3 −3a4

a2 . (6.14)

An easy computation shows that (6.13) and (6.14) are incompatible and therefore p0 ≤ 4.
Finally, let λ be an eigenvalue of Ab and u be its associated eigenvector that, up to a multiplica-

tive factor, takes the form

u = (sinh(λx),λ sinh(λx),aλ sinh(λ ),
λ

λ +b
sinh(λ )) = (y,z,ξ ,η),

and let v ∈ D(Ab) be a solution of
(Ab −λ I)v = u. (6.15)

A direct computation shows that if v∈D(Ab) satisfies the two first equations and the fourth equation
of (6.15), then necessarily

v = (xcosh(λx),xλ cosh(λx)+ sinh(λx),a(λ cosh(λ )+ sinh(λ )),
(bλ +λ 2)cosh(λ )+bsinh(λ )

(λ +b)2 )

=
∂u
∂λ

,

(6.16)

modulo an element in ker(Ab −λ I).
It remains to look at the third equation of (6.15) which is:

−ỹx(1)− η̃ −λ ξ̃ = ξ ,

where we have set v = (ỹ, z̃, ξ̃ , η̃).

Since v =
∂u
∂λ

, then the third equation of (6.15) may be rewritten as

∂
∂λ

(−yx(1)−η −λξ ) = 0.
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But, from (6.4), −yx(1)− η − λξ = −λ +b
λ

hb(λ ). Consequently, the previous equation is

equivalent with h′b(λ ) = 0 since hb(λ ) = 0.
That already proves that if λ is simple (as root of hb) then ker(Ab −λ I)2 = ker(Ab −λ I), thus

the algebraic multiplicity of λ is also one. Else dimker(Ab −λ I)i = i, i = 1,2 and (u,v =
∂u
∂λ

) is a

basis of ker(Ab −λ I)2, with u ∈ ker(Ab −λ I). Now, in order to determine ker(Ab −λ I)3 we have
to solve

w = (Ab −λ I)v. (6.17)

For that, we proceed as for the computation of v: Solving the first, second and the fourth equation

of (6.17), we find that necessarily w =
∂v
∂λ

. Then the third equation of (6.17) is satisfied if and only

if h(2)b (λ ) = 0 (i.e p0 = 3). In the same way, we will reiterate this argument if p0 = 4. In conclusion
we have proved that the algebraic multiplicity of an eigenvalue of Ab corresponds to its multiplicity
as root of hb and the corresponding system of generalized eigenvectors is given by (6.11-6.12). �

We now look at the asymptotic behavior of the eigenvalues {λb,k}k∈Z.

Lemma 6.7. There exists k0 large enough such that

λb,k+1 = i(kπ +
1

akπ
− 1

3a3k3π3 )−
b

a2k4π4 +o(
1
k4 ),∀|k| ≥ k0. (6.18)

Proof. Since the eigenvalues λb,k are the zeroes of f , we have

e2λb,k =
1−b−λb,k +abλb,k +aλ 2

b,k

1+b+λb,k +abλb,k +aλ 2
b,k

= 1−
2(b+λb,k)

1+b+λb,k +abλb,k +aλ 2
b,k

,

since 1+b+λb,k +abλb,k +aλ 2
b,k = 0 and f (λb,k) = 0 imply λb,k =−b, that is impossible since −b

is not an eigenvalue of Ab. Thus, there exists k′ ∈ Z such that

λb,k = ik′π +
1
2

ln(1−
2(b+λb,k)

1+b+λb,k +abλb,k +aλ 2
b,k

). (6.19)

Moreover, by Lemma 6.4, if k is great enough then the number k′ in (6.19) is k′ = k−1, if k > 0, or
k′ = k+1, if k < 0. Since |λb,k| goes to infinity, we have the following asymptotic expansions

λb,k+1 = ikπ +o(1), (6.20)

and
1

λb,k+1
=− i

kπ
+o(

1
k2 ). (6.21)

From (6.19) and using the Taylor series of ln(1−
2(b+λb,k+1)

1+b+λb,k+1 +abλb,k+1 +aλ 2
b,k+1

) in
1

λb,k+1

we find

λb,k+1 = ikπ − 1
aλb,k+1

+
− 1

3a3 +
1
a2

λ 3
b,k+1

− b
a2λ 4

b,k+1
+o(

1
λ 4

b,k+1
). (6.22)

Using (6.21) in (6.22) we successively get:

λb,k+1 = ikπ +
i

akπ
+o(

1
k2 ),
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1
λb,k+1

=− i
kπ

+
i

ak3π3 +o(
1
k4 ), (6.23)

1
λ 3

b,k+1
=

i
k3π3 +o(

1
k4 ), (6.24)

1
λ 4

b,k+1
=

1
k4π4 +o(

1
k4 ). (6.25)

Inserting (6.23), (6.24) and (6.25) in (6.22) we obtain (6.18). �

The previous results lead to the next Riesz basis property.

Lemma 6.8. The system {ϕb,k}k∈Z of eigenvectors of Ab forms a Riesz basis of H .

Proof. Firstly, we prove that the system {ϕb,k}k∈Z is quadratically close to the Riesz basis (here an
orthogonal basis) {ϕk}k∈Z of H , i.e

∑
k∈Z

∥ϕk −ϕb,k∥2
H <+∞. (6.26)

Indeed by (3.2) we have

i
√

N(µk)ϕk = (sinh(λkx),λk sinh(λkx),aλk sinh(λk),sinh(λk)), (6.27)

where we recall that λk = iµk.
On the other hand, using estimates (3.9) and (6.18) we have

|sinh(λkx)− sinh(λb,kx)| . |λk −λb,k| .
1
k2 , (6.28)

and
|cosh(λkx)− cosh(λb,kx)| . |λk −λb,k| .

1
k2 . (6.29)

By estimates (3.10) and (6.18) we have also√
N(µk)∼ |λb,k| ∼ |k|. (6.30)

Combining (6.28), (6.29) and (6.30), we get

∥ϕk −ϕb,k∥2
H .

1
k2 . (6.31)

This shows that (6.26) holds.
Using Lemma A.6 of [9], the system {ϕb,k}k∈Z is ω-linearly independent, (i.e, for any sequence

(ck)k∈Z such that ∑
k∈Z

ckϕb,k = 0 in H , then ck = 0, for all k ∈ Z), and since this system is quadrati-

cally close to the Riesz basis {ϕk}k∈Z, the conclusion follows applying Bari’s theorem (see Theorem
2.3 of [10]). �

We are finally able to prove the optimal energy decay rate.

Theorem 6.9. For u0 ∈ D(A), let ω(u0) defined by (6.1). Then we have:

inf
u0∈D(A)

ω(u0) =
1
2
. (6.32)
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Proof. Let ε > 0 and define uε
0 by

uε
0 = ∑

k∈Z∗

1
k3/2+ε ϕb,k.

Then we have

Abuε
0 = ∑

k∈Z∗

λb,k

k3/2+ε ϕb,k.

By estimate (6.18), we deduce that

|
λb,k

k3/2+ε | ∼
1

k1/2+ε .

Since {ϕb,k}k∈Z forms a Riesz basis of H , we obtain

∥Abuε
0∥2

H ∼ ∑
k∈Z∗

|
λb,k

k3/2+ε |
2 ∼ ∑

k∈Z∗

1
k1+2ε < ∞.

Consequently uε
0 ∈ D(Ab), and thanks to (6.18), we can apply Remark 6.2 with q =

3
2
+ ε and

δ = 4, to deduce that

Eε(t) =
1
2
∥uε(t)∥2

H ∼ t
−

1+ ε
2 , ∀t > 0.

It follows that
ω(uε

0) =
1+ ε

2
.

Then, from Theorem 5.3, we have

1
2
≤ inf

u0∈D(A )
ω(u0)≤

1+ ε
2

.

Hence, we deduce (6.32) since ε is arbitrarily small. �
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