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Abstract. We consider the stabilization of the wave equation by weak dynamic boundary feedback
laws at one extremity. This system is not uniformly stable but we prove a polynomial stability.
Our method consists in combining an observability inequality for the associated undamped problem
obtained via sharp spectral results with regularity results of the solution of the undamped problem
with a specific right-hand side. The optimality of the decay is also shown again thanks to precise
spectral results of the operator associated with the damped problem.
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1 Introduction

We consider the following one-dimensional evolution problem with a dynamical control at one
extremity, described as follows:
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(Vi (x,1) = yee(x,2) = 0, 0<x<1,t>0,
v(0,7) =0, t>0,
P ay;(1,1)+y:(1,1)+n() =0, >0,
n:(t) =y (1,2) +bn(r) =0, t>0,
¥(x,0) = yo(x), »:(x,0) =y1(x), 0<x<1,
L 1(0) = 1o,

where y represents the transverse displacement of the vibrating string and 1) denotes the dynamical
control variable. Here a and b are positive constants. The damping of the system is made via the
indirect damping mechanism at the extremety 1 that involves a vibrating mass and the first order
differential equation in 1. The notion of indirect damping mechanisms has been introduced by
Russell in [19], and since this time, it retains the attention of many authors, for instance, let us quote
the papers of Alabau [1, 2] for recent general studies on hyperbolic systems with indirect boundary
stabilizations. Note nevertheless that the above system does not enter in the framework of these
papers.

The case a = 0 was considered in [21] where a polynomial decay in % was proved for initial data
in the domain of the associated operator. In the case @ > 0 the third equation in (P,) is a so—called
dynamic boundary condition. Dynamic boundary conditions arise in many physical applications, in
particular they occur in elastic models. For instance, these conditions appear in modeling dynamic
vibrations of linear viscoelastic rods and beams which have attached tip masses at their free ends.
See [4, 9, 12, 16, 8, 13] and the references therein for more details. Using the compact perturbation
result of Russell [18], the dissipative system (P,) is not uniformly stable (see below). Hence we are
interested in proving a weaker decay of the energy. More precisely we will show that the energy
of our system decay polynomially as % for initial data in the domain of the associated operator.
Contrary to [21] we here use a technique, inspired from [3, 14], that consists in combining an
observability inequality for the associated undamped problem obtained via sharp spectral results
with regularity results of the solution of the undamped problem with a specific right-hand side. This
allows to obtain a polynomial decay for less regular initial data. Moreover using a careful spectral
analysis of the operator associated with (P,) we show that our obtained decay rate is optimal. In
comparison with [21], we can say that, with the same regularity assumption on the initial data, the
additional term ayy(1,¢) in the feedback law affects the decay rate.

The paper is organized as follows. The second section deals with the well-posedness of the
problem obtained by using semigroup theory. In section 3, we perform the spectral analysis of the
operator associated with the conservative system and deduce the strong stability of the dissipative
system. Section 4 is devoted to the proof of some regularity results on the conservative system with
a special right-hand side. In section 5 we show the polynomial decay via the observability estimate
and these regularity results. Finally the optimality of the decay is shown in section 6.

Let us finish this introduction with some notation used in the remainder of the paper: For a
bounded domain D, the usual norm and semi-norm of H*(D) (s > 0) are denoted by || - || zs(py and
| - |1s(p)» respectively. Furthermore, the notation A < B and A ~ B means the existence of positive
constants C; and C,, which are independent of A and B such that A < ;B and C1B <A < (B.

2  Well-posedness results

In order to study the system (P,) we use a reduction order argument and introduce the new unknown
ay,(1,-). Hence if we set

u= (yvytaayt(lﬁ ')717)7



as vectorial unknown, the previous problem (P,) is formally equivalent to
uy = A u, u(0)=uy, 2.1

where uo = (yo,y1,ay1(1), M) and & (y,2,8,M) = (2, yxx, —yx(1) = 1,2(1) = b)) if & = az(1).
In order to justify this formal argument, we need a proper functional setting. Let

v ={yeH"0,1):y(0) =0}

and define the energy space
H =V xL*(0,1) x C?,

endowed with the inner product
1 1 1 -
(u,d)jf:/ <yx,)7x>dx+/ <z,z>dx+5<<§,§ >+ <n, M >,
0 0

where u = (v,2,&,1), i = (7,7,&,7) € A, and < .,. > represents the Hermitian product in C. The
associated norm will be denoted by || - || ». Next, we define the linear operator <7 by

D(A)={u=vz,E,n) € :yc H (0,1),z€V,E =az(1)},
Au= (Z7yxxa_)’x(1) —7772(1) _bn)vvu = ()’7175777) S @('Q{)

The following proposition concerns the well-posedness of problem (2.1) in 7.

Proposition 2.1. (i) For an initial datum uy € F€, there exists a unique solution
u € C([0, 4o0), F) to problem (2.1). Moreover, if uy € (<), then

u € C([0, +), 2(27))NC([0, +oo), 7). (2.2)

(ii) For each ug € 9(<), the energy E(t) of the solution u of (2.1), defined by

E() = 5 o) Py

satisfies

E/(t) =—bn(t), (2.3)

therefore the energy is non-increasing.

Proof. (i) By Lumer-Phillips’ theorem (see [15, 20]), it suffices to show that .7 is maximal dissipa-
tive.

We first prove that 7 is dissipative. Take u = (y,z,&,1) € 2(7). Then, integrating by parts
and since u € Z(<7), we have

Rl(Au,u) ) = Rlfg <zoye>dx+ fy <yeoz>dx
L)+ m,E >+ < (1) b >)
= R[<y(1),2(1) > = <y:(0),2(0) >
S < n{1) 4 mae(1) >+ < (1) = b, >)

= R[<ye(1),2(1) > = <ye(1) +1,2(1) > + <z(1) =bn,n >]
= %[_b <mnn >]
= —bnf.

2.4)



This shows the dissipativeness of <7.

Let us now prove that .7 is maximal, i.e. that AI — &7 is surjective for some A > 0.
Let u; = (y1,21,&1,M1) € . We look for u = (y,z,§,m) € Z(7) solution of (Al — &/ )u = u,
or equivalently
(i) Ay-z = i,
(ii) AZ—Yx = z,
(i) Ac+y()+n = ¢,
(v) An—z(l)+bn = mn.

Suppose that we have found u solution of (2.5) with the appropriate regularity. Then from (i)
and (ii), y satisfies

(2.95)

A‘zy — Y =11 +3~Y1, (26)

where we remark that the function f; = z; + Ay, is in L? (0,1). The general solution of (2.6) is

0 X
y(x) = c1e? 4 cpe M 4 217L(/ M fi (x — u)du +/ e M fi (x — u)du),Vx € [0,1], (2.7)
x—1 0

where ¢, ¢, are constants.
Since y(0) = 0, we get

1
cr=—c1—= | e Mfi(s)ds. (2.8)
0
Now from (i), z = Ay — y; and recalling that

& =az(1) = ady(1) —yi(1),

the two last equations (iii), (iv) of (2.5) lead to the following linear system with unknowns ¢ and
n:
Aet (1 +e** 4q (—1 —i—e”) ?L)cl +1 = vi(u,A)
(e*—e*)Aer+(A—b)n = w(ur,A),

where v;(u1,A),i = 1,2, depend only on the datum u; and on A. This system admits a unique
solution if and only if its determinant is different from zero. This determinant is actually equal to

Ae (—1—b+e“fbez’l+7t+ab7t+e”lfabe“lfalquaez’lkz).

Hence it is clear that this determinant does not vanish for A large enough. For such a A > 0 the
solution (c1,n) furnishes a solution u = (y,z,&,n) through the identities (2.7) and (2.8). Finally we
easily verify that u € Z(.«7) and consequently ¢/ is maximal.

(ii) For an initial datum in 2(7) from (2.2), we know that u is of class C! in time, thus we can
derive the energy E(t):

E/(t) = Re[(u;,u) 5] = Re[(/u,u) ] = —b|n (1) <O0.
Hence the energy is non-increasing. O
To end up this section, let us notice that for an initial datum in Z(<7), it is a simple exercice to

check that the solution u = (y,z,&,1) of (2.1) having the regularity (2.2), it restores a solution (y,n)
of problem (2.1) with the relations z = y,, & = ay,(1,-).
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3 The conservative problem

3.1 Formulation

In this section, we introduce another operator A in .7#°, which corresponds to the conservative prob-
lem associated with (Pp):

Yir (%,1) = yxe(3,1) = 0, 0<x<I,
y(oat) = 07
ayu(1,8) +yx(1,)+1(t) =0,

(PO) 7 )
ne(t) —y:(1,¢) = 0.

In other words, we have put b = 0 in problem ().
The abstract formulation of (F) is:

(Py) ur = Au, u(0) = ug, up € A,
where the linear operator A is defined by:

P(A) = 2(),
Au = (Zayxm_yx(l) - 7772(1))7 Vu = (%L‘Sﬂ]) € 9(A)

A is clearly a skew adjoint operator with a compact resolvent, then there is an orthonormal
system of eigenvectors of A which is complete in .7°. Moreover, from the proof of Proposition 2.1
we see that A is dissipative and monotone. Consequently the well-posedness of problem (Py) holds.

Proposition 3.1. For an initial datum uy € F€, there exists a unique solution
u € C([0, 4o0), )
to problem (Py). Moreover, if ug € 9(</), then u € C([0, +o0), 2(27)) NC' ([0, +o0), ).

Before going on let us notice that as A is skew adjoint and <7 — A is a compact operator, using
the compact perturbation result of Russell [18], the dissipative system (F,) is not uniformly stable
(i.e. exponentially stable).

3.2 Spectral analysis

Here we give some properties of the system of eigenvalues and eigenvectors associated with the
problem (P), that we need in the sequel.

3.2.1 The characteristic equation

The main result of this section is in the following lemma:

Lemma 3.2. Denote { A = il }rez the sequence of eigenvalues of A, the sequence L, being strictly
monotone, then the family { Ly }rcz are the roots of the characteristic equation

h(p) = peosp+ (1 —au?)siny = 0. (3.1



The algebraic and geometrical multiplicity of each eigenvalue is one. The associated eigenvectors
Oy are :

P = (y07Z07€07n0) \[1()(70707 )

O = Vs 2a, i, i) = \/7 (sin(px), ipy sin(pyex), iapy sin(py ), sin(w)), vk € 2\ {0},

3.2)
where the factor of normalization N(l) is

N(u) = p* + (1 +ap?)sin’ u. (3.3)

Moreover the system of eigenvectors { @ }rez is complete in 7 and forms an orthonormal basis of

H.

Proof. First, it is easy to see that 0 is an eigenvalue of A with multiplicity 1 and the associated
eigenvector @y (satisfying || @ || = 1) is given in (3.2).

Now, let A # 0, and let ¢ = (y,z,&,7n) be a non-trivial associated eigenvector. This means that
¢ satisfies:

A(P:(Zayxxy_yx(l)_nvz(l)):)‘(yaz’gvn)a 34
¥(0) =z(0) =0, (3.5)
& =az(1). (3.6)

Eliminating z in (3.4) we see that
Yxx = }Lzy-

Thus y is a linear combination of the fundamental basis (e*,e~*). From (3.5), we get
y(x) = sinh(Ax),

(up to a factor) and z(x) = A sinh(Ax).
From (3.4) and (3.6), y(1) =1 and —y,(1) — 1 = (aA?+1)y(1). Eliminating 1 we find

—vi(1) = (aR? + 1)y(1),
which leads to
ho(A) = (aA* +1)sinh A + A coshA = 0. (3.7)

In the previous characteristic equation, we set A = iy, 4 € R, and we conclude that ¢ is a non-
trivial solution of the eigenvalue problem if and only if u satisfies the characteristic equation (3.1).

Remark that our above considerations show that the eigenvector ¢ corresponding to A = iu
takes the form

¢ = (»,2,§,n) = (sin(px), iu sin(px), iap sin 1, sin 1), (3.8)

and a simple calculation of its norm gives

1911% = N(u),
where N (1) is given by (3.3).
It remains to look at the algebraic multiplicity: Since /'(0) = 2, the algebraic multiplicity of 0
is one. Suppose that u € R* satisfies h(u) = #'(1) = 0, then we have :

(i) ucos,u—i—(l—auz)sinuzo,
(i) (2—ap?)cosp—(1—2a)usinp=0.
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Figure 1. The transcendental equation tanx = —
ax

From (i), we eliminate cos t in (if) to deduce that

(2—(—1+a) u*+d*p*) sinp _
u

0.

Thanks to (i), we see that sin u # 0. As we easily check that the polynomial 2 — (—14-a) u? +a® u*
has no roots in R, for all @ > 0, we conclude that such a  cannot exist. O

Remark 3.3. If a = 0 in problem (F,), then problem (P,) becomes (formally) the problem studied in
[21]. Moreover we see that lim,_,o i0(z) corresponds to the characteristic equation of the associated
conservative problem encountered in [21]. Hence an asympotic analysis as a goes to zero could be
of interest.

3.2.2 Asymptotic behavior of the eigenelements

Since for all k € Z, i = —p and ¢_; = ¢, we only need to study the pair (uy, ¢) for all k € N*.

Lemma 3.4. For k — +oo, we have the following asymptotic behaviors

1 1
M1 —kﬂ'—f‘%—i‘()(kfz), 3.9
N(wer1) = K*m® +o(k), (3.10)

and
= (—1)k ! ! 3.11
M1 = (—1) m_'_o(ﬁ)a (3.11)

where N is given by (3.3) and M4 is the last component of @11 (see Lemma 3.2, (3.2)) .

T T 1
Proof. If there exists [ € N which satisfies a(a +1Im)? =1, then yy, = =~ +In = —~= is a root of

2 Va

T
h (this case furnishes at most two roots £i,). On the contrary (i.e if a(i +1 7r)2 # 1,VI € N),



h() = 0 is equivalent with

k
tan Wy = a'LL‘l;— R
k
1 7'L'
Let kg € N* be the smallest integer satisfying 7 > + (ko — 1)7. Since the function g — R
1

is non—increasing and negative on the interval |0, [, while it is non-increasing and positive on the

b

T
interval | —, — + (ko — 1) @], it is easy to see that & has exactly ko roots in |0, 3 + (ko — 1)m]. Now,

f 2
T
on each interval ] 5 +(k—1)m; > + kx|, with k > ko, the function g is non-negative, non-increasing,

thus the equation g(x) = tanx admits one and only one solution on this interval (see Fig. 1), or
equivalently there is exactly one root of 4 in this interval, which is 1. Since lim,_, g(x) = 0, we
obtain the first asymptotic expansion

M1 = kTt + &, & = o(1).

Inserting the previous equality in the characteristic equation and using the Taylor series of g at
infinity, we get

km+o(1) 1 1
an(km + &) = tan(&) akm+o())2=1 akn +0(k2)
Therefore
& = arctan(—— ! +o (l)) L—i—o(l)
£ akn V2T akm T UNE”

thus the asymptotic behavior (3.9) holds. Inserting the expansion (3.9) in (3.3) we obtain (3.10).
Analogously, inserting (3.9) and (3.10) in the expression of 7); given in (3.2), we get (3.11). O

3.3 Strong stability of the dissipative system

As a consequence of the previous Lemma, we can prove the following proposition.

Proposition 3.5. We have
lim E(t) =0 (3.12)

t—>oo

for all solution u of (P,) with ug in 7.

Proof. First, we show that .2/ has no eigenvalues on the imaginary axis. If it is not the case, let iy
be an eigenvalue of o/ with u € R and let ¢ = (y,z,&, 1) be its associated eigenvector. Then

R(AP,0) 0 = R[in(9,0) ] =

and from (2.4) we deduce that ) = 0. That means b1 = 0 and therefore &7/¢ =A¢ =iud,ie ¢ is
an eigenvector of the operator A. But from (3.2) and (3.1) for such an eigenvector, 7 is different
from O, this is a contradiction.

Now, we can apply the main theorem of Arendt and Batty [5]: Since o (<) NiR is empty, we
obtain (3.12). U



4 A regularity result and an a priori estimate

In the next section we study the polynomial decay of the energy towards 0. In order to get the result
we split up the dissipative system (F,) into a conservative one with the same initial datum and a
remainder one. In this section, we collect some technical results needed for this remaining system.

—sinh(Ax)

Lemma 4.1. The function H(x,A) = admits the following expansion:

Aho(A)
forallx € [0,1] and for all A € C,A # A, forallk €Z
X 1 sinh(Agx)sinh(Ay)
H(.x,k) - 21 kEZZ;* )v _lk N(—llk) ? (41)

where the A;'s are the roots of the characteristic equation hy(A) = 0, ho is given by (3.7) and the
function N is given by (3.3).

Proof. First, remark that (4.1) holds for x = 0, thus we assume now that x # 0. We recall that the
roots of A are of order 1, isolated, and they are situated on the imaginary axis, then clearly H(x,A)
has a singularity of order one in Ay, Ax # 0. In the special case A = 0, it is easy to see that we also
have a singularity of order one. Therefore by Mittag-Leffler’s theorem, there exists a function @y,
holomorphic on C, such that

Res(p—,)(H(x,1))
A=A

VA # Mo k€ZH(x,A)=) +0,(1).

keZ

Now we compute the residues: for k = 0 (i.e A; = 0), obviously we have

—X
Res(p—o)(H(x,1)) = > (4.2)
On the other hand if k£ # 0, then
— sinh(Azx
Resi—ay (H(x.2)) = i @3
0

We further need an explicit expression of /((A;) and, in the sequel, in order to simplify notations,
the index k is omitted. From the definition (3.7) of hy we have

hy(A) = (2+a2?) coshA + (1 +2a)A sinhA.
Setting A = iy, with u € R, we obtain
ho(ip) = (2—ap®) cosp — (1+2a) u sinp.

The identity (3.1) then leads to

who(ip)siny = — (2—i—,u2 —a,u2+a2u4) sin? .

Again (3.7) yields
p?cos? = (1—au®)?sin’u,

which gives us

u? = (1+u>—2ap*+a* p?)sin’ u,



and using this last identity in (3.3), we obtain

N(u) = 2+ u?—ap®+a*p*)sin® u = —phl(ip)sin . (4.4)
Thanks to (4.4) we have found
sinh(A;x) sinh(A)
Resip—p (H(x,A)) = — . 4.5
es(a—=) (H(x,1)) N (A (4.5)
Using (4.2) and (4.5), we arrive at (4.1) provided O, = 0.
Let n € N* and C,, be the square whose vertices are
1 1
+(2n+ E)ﬂtﬂ:i(Zn—i—E)n:. (4.6)
We first give estimates of H(x,A) on each edge of C,,. Let
A= 2nm+ g Vit e [—2nm— §,+2m+ g].
We have
—sinh((2nm + 5+ it)x) = —icosh(tx) sin((2nm + E)x) —cos((2nm + E)x) sinh(tx),
thus - 1 1
| —sinh((2n7+ 2 +ir)x)| < 2021127 < (2427, 4.7
We have also for n large
ho(2n7 + g Fif) ~ 2an* T2, 4.8)
We deduce from (4.7)-(4.8) that for n large enough we have:
1
vi € [-2nm— 2 2nm+ D), [H(x 204 5 i) < . 4.9)

T T T
In the same way, for A = —2n7m — 5 +it,t € [-2nmw— 5 +2nm + 5], the estimate (4.9) still holds.

Now let

. T T T
A=t+i2nw+ E)J € [—2n7r—§,2n7r—|— 5],

then

_sinh(Ax) = —cos((2n T+ g)x) sinh(1x) + icosh(1 x) sin((2n 7 + g)x)

and thus
| —sinh(Ax)| < 4el'™ < 4elfl, (4.10)
Now, with

. T /1 T
A=t+i2nw+ E)J € [—2n7r—§,2n7r—|— 5],

we first remark that | (7 + (2nmw + g)\ = |ho(—t+ (2nm+ g) |, thus for the following estimates we
will suppose that # > 0. We have
R(ho(A)) = —t((4n+1)mcos(2nm)+ sin(2nx))cosh(r)
4 %(((47:11 72— 4(2 4+ 1)) sin(2n7) — 2(4n+ 1)z cos(2n7)) sinh(7)
= —t(4n+1)mcosh(t)— %(411 + 1)msinh(z),
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therefore
V|e| > 1,|R(ho(1))| > 4nmcosh(r) > 2nmel. (4.11)
As previously, we compute 3 (/o(A)), replace cos(2nm) by 1, sin(2n7) by 0 and find
1
3(ho(%)) =1sinh(r) - 4 ((4mn+m)* —4 (> + 1)) cosh(z).

Thus, for n great enough, we have

V|e] < 1, |3 (ho(R))| > 4n’n? > 2nmel’l. (4.12)
Therefore, combining (4.11) and (4.12), we find that, for n great enough
Vi e [~2nm — g,zmwr g], lho(t -+ i(2n7 + g)y > 2nmel.
Hence, using the previous estimate and (4.10) we deduce that for n large enough:
Vt € [-2nm — g,Znﬂ?—l— g], |H (x,t +i(2nmw + g)\ S 5
The same calculations give the same estimation for A =t —i(2n7 + 5), with
t€[—2nm— §,2n7H— g]
Finally, we have proved that for n large enough:
(4.13)

1
VA € dCap, [H(x,1)| S —.

n
For a fixed A # Ay, for all k € Z, the general term of the series in the right-hand side of (4.1) can
be estimated by

| 1 sinh(A;) sinh(A4x) 1 sin(py) sin(ugx)
A= N(—ik) a %*iﬂk N ()

N

—,
M

and recalling that L, ~ k7, this shows the absolute convergence of the series.
Let us denote the series in the right-hand side of (4.1) by

1
By the estimates (3.9) and (3.10) we have |cx(x)| < s (notice that due to (3.9) and the fact that & is

an integer, we also have sin(t) ~ 1/k as k — oo).
1

T T T 1
FOI'A, :2n7‘1:—|—§+it,t e [—21’175—572717[4- 5] we have ‘m‘ S % Thus,
V(207 4+ © 4 i) < — Y Jee®)] < ! (4.14)
x,2n — i — c(x)] $ —. .
e 2 =20 &' onm

T T T
The same estimate holds for A = —2n7 — 5 +it,t € [-2nmw— 5,2n7r+ 5]

11



T T T
Now, let A =1+ i(2nmw + 5),1 € [-2nm— E,Znn' + 5] Since Ay, ~ 2nim, then

. b4
Vk € Z,|A — Ak| > min([i(2n+ = ) Aoul, li(2n+ 2) Aons1)| > 7
Hence,
|Hi(x,A)] = |
g;a 2
T
< ek (x)| + ek (x)]
i 42
< *Z\Ck |+Z Y la(x)|
) k<n 1 k>n+1
T
S -+ —
n 4k2§’+1 k3
1
S -,
n
. . T T T
The same estimate holds for A =7 —i(2nm + E)J € [-2nm— E,Znﬂ—i— 5]
Finally, we have shown that:
1
VA € dCo, |Hi (x,1)] S —. (4.15)
n

Therefore estimates (4.13) and (4.15) give :
1
|O:(A,x)| = |H(A,x) —H(A,x)| S ;,Vl € dCy,.

By the maximum principle, this estimate obtained on the boundary of C,, is still valid on the
whole square. By letting n — +oo, this implies that @, = 0. O

Now, let us introduce the vector Fy = (0,0,0, 1) € JZ. Since { @ }rez is an orthonormal basis of
J€, we can write

Fo=Y mb =Y, Mz & M), (4.16)

keZ keZ

where ¢ = (Y&, 2k, &k, k), k € Z, is given by (3.2).
Next, we consider the following problem : Let T > 0 be fixed and f a function in L?(0,T), find

u=(y,z,§,n) satisfying

w = Au-+ f(t)Fo, u(0) = 0. @.17)
This is equivalent to
(Y (x,1) — yre(x,2) =0, in (0,1)x(0,7),
¥(0,2) =0, on (0,7),
aylt( ) )+)’x(1af>+77<) 0 on (OaT)v
20 =3 (1.0) =10, on (0,7), (19
( 0) Ve (x,0) =0, in (0,1),
n(0) =

Lemma 4.2. Assume that f € L*(0,T). Then problem (4.18) has a unique solution (y,n) €
H'((0,1) x (0,T)) x H'(0,T) which satisfies y, € C([0,T];H'(0,1)) and

¥z 0,1y % 0,0 + M E1 0,7y S 220,19 (4.19)
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Proof. Firstly, remark that the uniqueness is obvious since the difference between two solutions is
solution of (Py) with initial condition up = 0, and therefore the difference vanishes. We extend f
by 0 on R\ [0, T]. Because system (4.18) is reversible in time, the solution (¥,7) of (4.18) with f
instead of f and replacing (0,7) by R coincides with (y,n) on (0, T). For shortness, we still denote
(¥,7) by (y,1). Let $(x,4) (resp. A(A),f(A)) where A = y+im,y > 0, € R, be the Laplace
transform of y with respect to t.

Then (9,17) satisfies

lzﬁ(x l)—)’/\xx(x,l):(), in (0,1),
(4.20)

where RA > 0. Consequently, from the previous first and second equations, y(x,A) = asinh(Ax),
for some constant ¢. Hence the third and fourth equations reduce to

{ al*asinh(A) +Aocosh(A) +1 (1) =0,
A7(X) — Aasinh(A) = F(L).

Eliminating 1) (1) we get

-1 ~ -1 .
* = TemhA) @A+ D)+ Acosh@)’ M = oy’ *):

where ho(A) is the characteristic equation given by (3.7). Remark that the previous equality has a
meaning since we know that the roots of /g are situated on the imaginary axis.
Therefore, we get

$(02) = s 72, @an)
and
A1) = ar smh(hko)(;—)cosh(k)f(l). 4.22)

Denoting by .#~! the inverse Laplace transform, the solution of problem (4.18) is given by

—sinh(Ax) a sinh(A) + cosh(A)

1) =L *f, nit)=2"" * f.
) =27 (S ) = 2 (T

In order to study the regularity of y and 1, we need to estimate the functions A — W

0
and A — at smh(:)(i—)cosh(?t) onthelineCy={A: A =y+iw,y>0,0 cR}.
0
Since
sinh((y+ i®)x) = cos(@x) sinh(7yx) + icosh(yx) sin(wx),
then
Vx € [0,1],VA € Gy, |sinh(Ax)| <. (4.23)

On the other hand /¢ has no roots on the line Cy and one can show that

lho(y+iw)| ~ @?, if |@| — oo.

13



—sinh(Ax)
ho(A)

This implies that there exists a positive constant M(7y) such that | | < M(7) on the line

Cy. In the same way,
|aA sinh(A) +cosh(A)| < o], if |@] — eo.
Thus there exists a positive constant M (y) such that
(aA sinh(A4) +cosh(1))
ho(2)
Thanks to estimates (4.23) and (4.24), we can directly apply the proof of Lemma 4.2 of [14] and
obtain the estimate (4.19).

It remains to check the initial conditions. Let us denote F(x,t) = .~ !(H(x,1)); from Lemma
4.1 we have

Al | < M () on the line C,. (4.24)

x e ST (PeX) sin ()
F __Z 1yt
(x,1) 5 +ké*e N ()

We remark that F € L=([0,T];L*(0,1)), therefore

) = /0 Pt —s)f(s)ds, ¥t € [0,T],

and we deduce that

y(x,0) =0.
Now, for ¢ € [0,7],
20 =010+ [ G toi=76) = [ Sr(or-9)fhds. @29)
Indeed, (1) i1
X s Ugx ) sin( My
F(r,0) = -2+ Yy SRDSHA)
0= T LT N
= Y w@m,
keZ

recalling that yy, 1 are given in Lemma 3.2. However, we know that Fy = (0,0,0,1) = Z NePx =
keZ
Z Mk (Vi 2k €k, M) (see (4.16)), thus F(x,0) is the first component of Fy and consequently F (x,0) =

kezZ
0.

oF
, then — (x,7) may be view as the first

oF e SI(X) sin (44
As we have W(x’t) = Z iugettnt TR STk =

kezZ* N (Auk )
component of the function

sin(ft)

L

M gy

Moreover, from Lemma 3.4 we have

Sln(uk) eiu’kt‘ ~ 1

’iﬂkm A

JoF
then this function belongs to .7#” and we deduce that —(.,¢) € H Yo, 1), with the following estimate

ot
independent of 7 € [0,T|:
JdF 1
Hg(«ﬁ)”Hl(m) S Z 2

kezZ*
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Consequently
dy !
5, G0l oy S/O £ ($)lds < Vel fllzr):

This shows that

dy .7yl
5 € C([O7T}’H (07 1))
and that
dy B
E(X,O) —0

It remains to compute 1n(0) = 0. Since (1) = —ay, (1,1) — yx(1,1), we firstly look at ay,(1,0).

From (4.25), we may write:

oF

t 92
aytt(lvt) =a ot (1,0)f(l)+a/0 T:(lvt_s)f(s)dsa

and

a%f(l,m =Y o SR SO g e

keZ VN() /N() iz

since Z Ni&x is the third component of Fy (see (4.16)). Consequently
kez

1 92F
ay(1,t) =a A W(l,t—S)f(S)ds

and hence
ylt ( l 5 0) — 0
Secondly, we have
dy 1 oF
5(%1) =/, E(x,t—s)f(s)ds,
and
JdF 1 , sin( )
— (1) =—=+ ) ™ g cos(ux) ,
ox 2 kg* N([Jk)
with the estimate
; sin(ue), 1
LUt < .
| p cos () N 1<
This gives a meaning to (4.27) and proves that
dy
——(x,0) =0.
dx (x,0)

In conclusion, (4.26) and (4.28) lead to 1(0) = 0.
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5 Polynomial stability

5.1 An observability inequality

Lemma 5.1. Let u be the solution of problem (Py) with an initial datum uy € 2 (A), then there exist
a time T > 0 and a constant C > 0 depending on T such that
T (k)2
0 u
[ m@par=ci?p+ y 5 6.1)
0 ez K

where uy = Z u(()k) O.
keZ

Proof. Since the solution of problem (P,) admits the following expansion:
u(t) = Y uy g,
keZ

then

n(t) = Y ug mee™.
keZ

Moreover, from (3.11) we have n,f ~ 3 and, from (3.9), the sequence (L )rez satisfies the

2
a
spectral gap condition. The conclusion follows by using the so-called Ingham’s inequality (see for
instance Theorem 1.5 of [6]). O
5.2 Polynomial decay of the energy

We start with an interpolation inequality.

Lemma 5.2. Forall up € Z(A), we have:
lioll% < Nluoll g a2y luollZa)-

Proof. Since for all s € R, HuoH%j(As) ~ |u§)0)]2 + Y kzs\u(()k)|2, where uo = Y u(()k)(])k, we apply
kez* keZ
Holder’s inequality to get the result. O
Now we can state the main result of this paper.
Theorem 5.3. Let u be the solution of problem (B,) with an initial datum uy € 9(<7 ), then the

energy decays polynomially, i.e,

¢ 2
E(t) < ﬁ\luo\\,@w),

for some C > 0.

Proof. 1t follows the arguments of Theorem 2.2 of [3] but adapted to our specific problem. Let
u € C([0, +), 2(a7)) N C' ([0, +o0), 5#) be the solution of problem (P,) with an initial datum
upg € 2(<7). Then it can be splitted up in the form

w=u 4@ = (30 0 M p()y L (@) @) ) p@)y
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where u(!) is the solution of problem (Py) (with an initial datum ug) and u? is solution of problem
(4.18) with f(r) = —bn(¢). By Lemma 5.1 we have

T
| P = Cluol 52)
if T is great enough. But we may write

||n(l)HL2(0,T) <Mz, + Hn(z)llu(o,r), (5.3)
and from Lemma 4.2
Hn(z)HLZ(O,T) S nllz o) 54
Therefore, combining the estimates (5.2)-(5.4) we get
luoll a2y S 1M l20,7)- (5.5)

Integrating the equality (2.3) of Proposition 2.1 between 0 and 7 where T is sufficiently large,
and using (5.5) we obtain
E(T) < E(0) — K uol% 2. (5.6)

for some K > 0. Thanks to Lemma 5.2, (5.6) becomes

E(T) SE(O)—KM7

H”OH%Q(A)
which leads to
E(r) < E(0) - k O 5.7)
= E] (0)2 i .
1
where we set E(0) = §(||uo||if + || Auo]|% ).
Since the energy is non-increasing we have also
E£(r) < E(0) - k ET) (5.8)
- E; (0)2 . '
Following the method used in [3] (see also [14]) we arrive at
i1 < & — K€, (5.9)
for some K; > 0, where we have set
E(KT)
& = . 5.10
“=E0) (5.10)

Using Lemma 5.2 of [3], we deduce from (5.9) that:

& < k>0,

M
V1+k
where M is a constant which depends only on Kj.

The result follows from the previous inequality, from the definition (5.10) of the sequence (&),
and from the fact that E(¢) is non-increasing. o

17



Remark 5.4. In comparison with the case a = 0 treated in [21], we see that the additional term
ayy (1,t) in the feedback law affects the decay rate, since with initial data in D(.2/), we get a decay
in — instead of —.
Vi
Remark 5.5. We could alternatively use the method developed in [21] and derived from [17]. But
in this case, the obtained estimate of the energy is only valid for more regular initial data, namely it
is in the form 5
[luoll5

E(r) < C%Wz).
This is why we have chosen another method to obtain a decay of the energy for less regular data.
On the other hand, using Proposition 3.1 of [7] and Theorem 5.3 we recover the estimate (5.11).

(5.11)

6 Optimal energy decay rate

Since, in the sequel, we need the dependency of the eigenvalues and eigenvectors of <7 with respect
to the parameter b, we now write o7}, instead of .. Denote further by {2 x } rcz the set of eigenvalues
of o7, enumerated according to their algebraic multiplicity and such that

S (i) <3 (Ap k1), Vk € Z.

If up € 2(A) (remark that 2(.%,) = Z(A)), we define the optimal rational decay rate @(uo) by

(o) = supfa € B E(1) = 3 Ju(n)][3 <

c
ﬁ .

6.1)

1
From Theorem 5.3, we know that @ (up) > 3 for any up € Z(.<7). Our goal is to prove that this

1
upper bound is optimal, i.e, for any & > 0 there exists u§ € Z(./) such that @(ug) = 3 +e.
Firstly, we recall the following result (see [11], [21]).

Lemma 6.1. Consider a C°-semigroup T (t) acting on a (real or complex) Hilbert space S with
infinitesimal generator 7. Assume the following

(i) For k € N*, the eigenvalue )~Lk of < is of the form ik = —oy + it with o > Ii—], where ¢ >0

and 0 > 0 are independent of k.
(ii) The eigenvectors @y, k > 1 associated with the eigenvalues Ay form a Riesz basis of € .
(iii) Let ug € F¢ be such that

~ (&) 1
up = Z‘U{‘Pka lax| < k7’62 >0,q > 7
>1

Then there exists a constant ¢ > 0 depending on ug such that || T (t)uo|| » < ; vt > 0.

c
(¢=1/2)/8°

1 1
Remark 6.2. Note that if o} ~ 5 and |a| ~ @ then the equivalence
T(t 1 V>0
” ( )MOHJ"f ~ t(qfl/Z)/S’ >0,

holds.
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The following Lemma deals with the spectrum of .7}:

Lemma 6.3. The eigenvalues of <), are the roots of hy, given by
hy(z) = (b+z) cosh(z) + (1 +az(b+z)) sinh(z), (6.2)

and consequently satisfy

Aok = Ap g
Moreover, their geometrical multiplicity is one.

Proof. Let A € C be an eigenvalue of <7, and u = (y,z,&,n) be an associated eigenvector. Then it

follows:
Y (x) = AZy(x), 0<x<l,
¥(0) =0,
al?y(1)+y«(1)+n =0,
An—Ay(1)+bn =0.

From the two first equations of (6.3), we find that a general solution is given by y(x) = Csinh(Ax)
for some constant C. Since we easily check that A = —b cannot be an eigenvalue of 7, then the

(6.3)

fourth equation gives 1 = (1). Inserting 7 in the third equation we find that A is an eigen-

A+b
value of ¢, if and only if

bil((b—i-l)cosh(l)—i-(l+ak(b+l))sinh(l)) =0. (6.4)

Notice that A = 0 is not an eigenvalue of .<7,, then we find that the eigenvalues of .7}, are the roots
of the function £, given by (6.2). Clearly, from the previous considerations, if A is an eigenvalue of
<, then dim(e7, — AI) = 1. i

Lemma 6.4. There exists an integer ny such that, for n > ny, the function hy(z) has 2n+ 3 roots
(taking into account their multiplicity) in the square

G = [ ), (1 5)7] % [~(n+ 3)7, (n+ 3)7].

The roots of hy, are simple, except for at most four eigenvalues which are also roots of the polynomial
P(z) = a’z* 4+ 2a°b7° + (a*b* — )22 —2(1 +a)bz + 3 — b* — 2ab*. (6.5)

Proof. From the proof of Lemma 3.4, we know that the function % has exactly 2n + 3 roots (which
are simple) in the square C,. So, we will prove that &, and A has the same number of roots in C,,
for n large enough. By Rouch’s theorem, it suffices to prove that

|hp(z) — ho(z)| < |ho(z)],Vz € IC,. (6.6)
. b :
In fact, hy(z) — ho(z) = b(cosh(z) + azsinh(z)) = E(ho(z) —sinh(z)). Thus |hy(z) — ho(z)| <
m(|h0(z)| + | sinh(z)|). But some easy calculations allow to verify that |sinh(z)| < |ho(z)| on dC,
z

for n great enough. Hence (6.6) holds.
Now, we remark that /,(z) = 0 is equivalent to f(z) = 0 where f is given by

f(z) = e*(1 +b+z+abz+az*) — (1 —b—z+abz+az?). (6.7)
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Since f(z) has the form f(z) = ¢**Py(z) — P>»(z), with
Pi(z) =1 +b+z+abz+az*,Py(z) = | —b—z+abz+az?, (6.8)
we get f'(z) = e*(2P;(z) + P|(z)) — P5(z). Hence if there exists zo such that f(z9) = f(z0) = O then
P(z0) = (P{(z0) +2P1(20))P2(20) — Pi(20)P3(z0) = O.
The conclusion follows since P(z) = (P (z) +2Pi(z))P>(z) — P1(z)P;(z) is given by (6.5). o

Remark 6.5. For all a > 0 and all » > 0, we conjecture that all the roots of A, are simple. Un-
fortunately, this is not easy to prove. However this conjecture is confirmed numerically using the
Newton-Raphson method.

The following result concerns the algebraic multiplicity of the eigenvalues of .7,:
Lemma 6.6. For all k € Z, the algebraic multiplicity of Ay (as eigenvalue of <7,) is equal to its
multiplicity as root of hy, and is between 1 and 4.

Moreover we have the following cases:
a) If Ak is simple (algebraic multiplicity one), then its associated eigenvector is given by

¢b.k = i (sinh(?tb_kx), )vb k sinh()Lb kx),a?tb k sinh(kb k), ﬂ sinh(?tb_k)) (69)
T Mk ’ ’ ’ ’ " Mg +b ’

and satisfy
| Op il ~ 1. (6.10)

b) If Ap . is of algebraic multiplicity py € {2,3,4}, then there exists k' € Z such that
Mok = Mok = Ak 11 = oo = Apyii g po—1

and again its associated eigenvector is

Ay 1
¢b‘k’ == L (Sinh(/lb.k/x), l},.k/ sinh(l;, k/x) s a?L;,.k/ sinh(/l;, k’), L Sinh(l;,.k/», (6.1 1)
T A ' ' ’ ’ " Apw +b ’

while its associated generalized eigenvectors are

. 977!
VJ = 27"‘7p07¢h,k'+j—1 = W(Pb»k,h:lh,k" (612)

Proof. First, we start by proving (6.9), (6.10) and (6.11). From the proof of Lemma 6.3, we
already know that if A is an eigenvalue of <7, then an associated eigenvector u is on the form

A
u = C(sinh(Ax), A sinh(Ax),aA sinh(1), 14 sinh(4)) and A is a root of the function f given by
Py(A
(6.7), or equivalently, A satisfies e2* = PZE A%’ with P;, P, given by (6.8). Since |A| goes to infinity,
|

we deduce that lim%R(A) = 0. Moreover by simple calculations we find that ||u%, ~ C*|A|. Thus,
choosing C = A~ we arrive at (6.9), (6.10) and (6.11), replacing A by Ab k-

Now, let A be a root of &, or equivalently a root of f, and let pg its multiplicity. If po > 5 then
fP(A)=0,p=0,..,4. If we set

hi=f=2f,h=f-2f.s=f,—2f, and fyi=f;,
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then

fA)=HA) = f£2(A) = f5(A) = fa(A) = 0.
However
£1(A) =8Py(A) — 12PP (A) + 6P (1) = 8(—1+a(—3+b+21)) =0,

14+3a—ab

which gives A =
2a

. Consequently, A € R~ and necessarily

1
b>3+;. (6.13)

We also remark that f3 = 8P, — 12P; + 6P2(2) is a polynomial of order 2 and since f3(A) =
f3(A) =0, the discriminant A of f3 vanishes. A computation gives

A=1—4a+3d>+2ab+a’b>,

and implies

—a+ Via® —-3a*

b= 5

a
Since b > 0, then

—a+ V4a’ —3a*
a? ’
An easy computation shows that (6.13) and (6.14) are incompatible and therefore pg < 4.
Finally, let A be an eigenvalue of .7, and u be its associated eigenvector that, up to a multiplica-
tive factor, takes the form

4
O<a<§and b= (6.14)

u = (sinh(Ax), A sinh(Ax),aA sinh(1), /li—b sinh(1)) = (y,z,&, 1),

and let v € Z(.%) be a solution of
(etp— AD)v = u. (6.15)

A direct computation shows that if v € (.«7,) satisfies the two first equations and the fourth equation
of (6.15), then necessarily

v = (xcosh(Ax),xA cosh(Ax)+sinh(Ax),a(A cosh(A)+sinh(A)),

(bA + A?%)cosh(2) + bsinh(1)
(A +b)? ) (6.16)

ou
oA’
modulo an element in ker(.<7%, — A1).

It remains to look at the third equation of (6.15) which is:

()= -28=¢,

where we have set v = (7,7, 5, ).
Ju

oA’

Since v = then the third equation of (6.15) may be rewritten as

(1) =0~ 28) =0
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But, from (6.4), —y,(1) —n — 1§ = _l+b

equivalent with /), (1) = 0 since h;(A) = 0.
That already proves that if A is simple (as root of /) then ker(.e7}, — A1) = ker(.o7}, — AI), thus

hp(A). Consequently, the previous equation is

the algebraic multiplicity of A is also one. Else dimker(.27, — AI) =i,i=1,2 and (u,v = ﬁ) isa
basis of ker(.«7, — AI)?, with u € ker(.%, — AI). Now, in order to determine ker(.«%, — A1)* we have

to solve

= (o) — Al)v. (6.17)
For that, we proceed as for the computation of v: Solving the first, second and the fourth equation

d
of (6.17), we find that necessarily w = i

if hf) (A) =0 (i.e po = 3). In the same way, we will reiterate this argument if py = 4. In conclusion
we have proved that the algebraic multiplicity of an eigenvalue of <, corresponds to its multiplicity
as root of /;, and the corresponding system of generalized eigenvectors is given by (6.11-6.12). O

Then the third equation of (6.17) is satisfied if and only

We now look at the asymptotic behavior of the eigenvalues {kb,k}kez-

Lemma 6.7. There exists ko large enough such that

1 ) b
akr  3d3K3m) Q2kAnt

Proof. Since the eigenvalues A, 4 are the zeroes of f, we have

1
Abk-&-l —l(k717+ +O(F>7Wk| > ko. (6.18)

1-b— )Lch —i—abkb,k —l—a)t;k B 2(b+ lb,k)

2k —
e = = 1= 5
1+b+Api+abp i +al§k 1+b+Ap i +abp i +aA§k

since 1 +b+ Ay +ab i +al§k =0and f(Apx) = 0imply Ajx = —b, that is impossible since —b
is not an eigenvalue of «7,. Thus, there exists k' € Z such that

2(b+Ap i)
1+b+ lb,k —I—ab?LbJ( + a)Lb%k .

1
l@k =ikm+ 5 11’1(1 — (6.19)

Moreover, by Lemma 6.4, if k is great enough then the number &’ in (6.19) is ¥’ =k —1,if k > 0, or
k' =k+1,if k < 0. Since |2, x| goes to infinity, we have the following asymptotic expansions

A«b’k+1 = ikﬂ+0<1), (6.20)
and
1 . +o(—= ! 5)- (6.21)
= —_—— 0] .
Ap i+ kﬂ k2
2(b+ A 1
From (6.19) and using the Taylor series of In(1 — (bt A rr) 5—) in
Vb4 Apjer1 +abhp st +aky ;" Apgr
we find
1 n 1
1 383 2 b 1
Ap g1 = ik — + 24 a- + o ). (6.22)
alp j+1 7Lb37k+ 1 azz’lik-i—] )‘; k+1

Using (6.21) in (6.22) we successively get:

1
Ab,k-&-l lkﬂ—|—7+0(k2)

22



1 i i 1
=——4 +o(7z). (6.23)

Ab,k-&-l B g ak3m3
1 [ 1
—— =—=—=+to(=), (6.24)
llikﬂ e ke
1 1 1
—— =—F—+to(—). (6.25)
k[f: k1 k4 w4 k*
Inserting (6.23), (6.24) and (6.25) in (6.22) we obtain (6.18). O

The previous results lead to the next Riesz basis property.
Lemma 6.8. The system { @y, i }kcz of eigenvectors of <7, forms a Riesz basis of 7 .

Proof. Firstly, we prove that the system { @ s }rez is quadratically close to the Riesz basis (here an
orthogonal basis) { @ }rez of 7, i.e

Y 110k — Gl 5 < +oo. (6.26)
keZ

Indeed by (3.2) we have

i/ N(,Ltk)(])k = (sinh(lkx) s Ak sinh(lkx),alk sinh(lk), sinh(/lk)), (6.27)

where we recall that A, = i.
On the other hand, using estimates (3.9) and (6.18) we have

1

|sinh(2,kx) - sinh(),b’kx)\ < |)Lk — Ab,k| < ki’ (6.28)
and |
|COSh(2,kx) — COSh(lb7kx)| < M~k — lb,k’ < ﬁ (6.29)

By estimates (3.10) and (6.18) we have also

VN () ~ |Ap | ~ |kl (6.30)

Combining (6.28), (6.29) and (6.30), we get

1
10 — ol 5 < 2 (6.31)

This shows that (6.26) holds.
Using Lemma A.6 of [9], the system { @}, x }xcz is w-linearly independent, (i.e, for any sequence

(ck)rez such that Z ckPpr = 0in 7, then ¢ = 0, for all k € Z), and since this system is quadrati-
keZ
cally close to the Riesz basis { ¢ }rcz, the conclusion follows applying Bari’s theorem (see Theorem

2.3 of [10]). ]

We are finally able to prove the optimal energy decay rate.

Theorem 6.9. For uy € Z(A), let ®(uo) defined by (6.1). Then we have:

1
inf @ = . 6.32
M()GI%(A) (MO) 2 ( )
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Proof. Let € > 0 and define u{ by

1
ug =y, M‘Pb,k-

kezZ*
Then we have A
b,k
Apuy = Z k3/72+8¢b,k~
kezZ*
By estimate (6.18), we deduce that
lb,k 1

|k3/2+£| ~ Ki2re
Since { @« }xez forms a Riesz basis of .77, we obtain

2
| ~ Y. ’k3/2+g ~ ) Kiree <
kezZ* kezZ*

3
Consequently uf; € Z(%), and thanks to (6.18), we can apply Remark 6.2 with ¢ = > + € and

0 = 4, to deduce that
1+¢

1 o
Eelt) = Sl )|Bp ~1 2 ¥e>0.

It follows that |
£
o) = —£.

Then, from Theorem 5.3, we have

1 1+¢

-< inf ® < —

2 T wea() (MO) - 2
Hence, we deduce (6.32) since € is arbitrarily small. O
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