STANDARD MONOMIAL THEORY FOR DESINGULARIZED
RICHARDSON VARIETIES IN THE FLAG VARIETY GL(n)/B

MICHAEL BALAN

ABSTRACT. We consider a desingularization I' of a Richardson variety X3, =
Xw N XY in the flag variety F¢(n) = GL(n)/B, obtained as a fibre of a
projection from a certain Bott-Samelson variety Z. We then construct a basis
of the homogeneous coordinate ring of I' inside Z, indexed by combinatorial
objects which we call wq-standard tableauz.

INTRODUCTION

Standard Monomial Theory (SMT) originated in the work of Hodge [19], who
considered it in the case of the Grassmannian G, of d-subspaces of a (complex)
vector space of dimension n. The homogeneous coordinate ring C[Gg,] is the
quotient of the polynomial ring in the Pliicker coordinates p;, .. ;, by the Pliicker re-
lations, and Hodge provided a combinatorial rule to select, among all monomials in
the p;, .., a subset that forms a basis of C[Gy,,]: these (so-called standard) mono-
mials are parametrized by semi-standard Young tableaux. Moreover, he showed
that this basis is compatible with any Schubert variety X C Gg,,, in the sense
that those basis elements that remain non-zero when restricted to X can be char-
acterized combinatorially, and still form a basis of C[X]. The aim of SMT is then
to generalize Hodge’s result to any flag variety G/P (G a connected semi-simple
group, P a parabolic subgroup): in a more modern formulation, the problem con-
sists, given a line bundle L on G/P, in producing a “nice” basis of the space of
sections H%(X, L) (X C G/P a Schubert variety), parametrized by some combina-
torial objects. SMT was developed by Lakshmibai and Seshadri (see [29] [30]) for
groups of classical type, and Littelmann extended it to groups of arbitrary type
(including in the Kac-Moody setting), using techniques such as the path model
in representation theory [32, B3] and Lusztig’s Frobenius map for quantum groups
at roots of unity [34]. Standard Monomial Theory has numerous applications in
the geometry of Schubert varieties: normality, vanishing theorems, ideal theory,
singularities, and so on [26].

Richardson varieties, named after [36], are intersections of a Schubert variety and
an opposite Schubert variety inside a flag variety G/P. They previously appeared
in [20, Ch. XIV, §4] and [38], as well as the corresponding open subvarieties in
[T0]. They have since played a role in different contexts, such as equivariant K-
theory [25], positivity in Grothendieck groups [5], standard monomial theory [7],
Poisson geometry [I3], positroid varieties [2I], and their generalizations [22] 2]. In
particular, SMT on G/P is known to be compatible with Richardson varieties [25]
(at least for a very ample line bundle on G/P).
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Like Schubert varieties, Richardson varieties may be singular [24] 23] [0l 1J.
Desingularizations of Schubert varieties are well known: they are the Bott-Samelson
varieties [4, 9, [14], which are also used for example to establish some properties
of Schubert polynomials [35], or to give criteria for the smoothness of Schubert
varieties [12] [§]. An SMT has been developed for Bott-Samelson varieties of type
A, in [28], and of arbitrary type in [27] using the path model [32] [33].

In the present paper, we shall describe a Standard Monomial Theory for a desin-
gularization of a Richardson variety. To be more precise, we introduce some no-
tations. Let G = GL(n,k) where k is an algebraically closed field of arbitrary
characteristic, B the Borel subgroup of upper triangular matrices, and T' C B
the maximal torus of diagonal matrices. The quotient G/B identifies with the
variety F¢(n) of all complete flags in k™. Let (ey,...,e,) be the canonical ba-
sis of k™. To each permutation w € S, we can associate a T-fixed point e,
in Ff(n): its ith constituent is the space generated by e, (1),...,€w). We de-
note by Fian the T-fixed point corresponding to the identity e of S, and Fopcan
the T-fixed point e,,, where wq is the longest element of S,,. The symmetric
group S, is generated by the simple transpositions s; = (i, + 1), i = 1,...,n.
We denote a permutation v € S,, with the one-line notation [u(1) u(2)... u(n)].
Denote by B~ the subgroup of G of lower triangular matrices and consider the
Schubert cells C,, = B.e, and the opposite Schubert cells C* = B~ .e,. The
Richardson variety X! C F¥¢(n) is the intersection of the direct Schubert variety
X = C,, with the opposite Schubert variety XV = Cv = WwoXwew- Fix a reduced
decomposition w = s;, ...s;, and consider the Bott-Samelson desingularization
Z = Zi,...is(Fean) — Xy, and similarly 2" = Z; ;. i, (Fopcan) — XV for a re-
duced decomposition wov = s;,8;,_, ... 8i,,,- Then the fibred product Z x gy(,) 2’
has been considered as a desingularization of X in [6], but for our purposes, it will
be more convenient to realize it as the fibre I'; (i =41 ...4%4%441 - . . i) of the projec-
tion Z; = Zi(Fean) — FU(n) over Fopcan (see Section |1] for the precise connection
between those two constructions).

In [28] 27], Lakshmibai, Littelmann, and Magyar define a family of line bundles
Lim (m = mq...m, € Z%,) on Z; (they are the only globally generated line
bundles on Z;, as pointed out in [31]), and give a basis for the space of sections
H°(Z;, Li m). In [28], the elements pr of this basis, called standard monomials, are
indexed by combinatorial objects T called standard tableaux: the latter’s definition
involves certain sequences J11 O -+ D Jimy, D - D Jp1 D -+ D Jpm, of subwords
of i, called liftings of T" (see Sectionfor precise definitions—actually, two equivalent
definitions of standard tableaux are given in [28], but we will only use the one in
terms of liftings). Note also that L; m is very ample precisely when m; > 0 for all
J (see [31], Theorem 3.1), in which case m is called regular.

The main result of this paper states that in this case, SMT on Z; is compatible
with Fi.

Theorem 0.1. Assume that m is regular. With the above notation, the standard
monomials pr such that (pr)r, # 0 still form a basis of HO(Ty, Lim)-

Moreover, (pr)r; # 0 if and only if T admits a lifting Ji1 D -+ D Jpm, such that
each subword Jy,;, contains a reduced expression of wy.
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We prove this theorem in three steps.

(1) Call T (or pr) wo-standard if the above condition on (Jk,, ) holds. We prove
by induction over M = 22:1 m; that the wp-standard monomials pr are
linearly independent on T';. (Here the assumption that m is regular is not
necessary.)

(2) In the regular case, we prove that a standard monomial pr does not vanish
identically on T if and only if it is wg-standard, using the combinatorics
of the Demazure product (see Definition [1.2)). It follows that wo-standard
monomials form a basis of the homogeneous coordinate ring of I'; (when T
is embedded in a projective space via the very ample line bundle L; y ).

(3) We use cohomological techniques to prove that the restriction map

HY(Z;, Lim) — H°(Ts, Lim)

is surjective. More explicitly, we define a family (Y;*) of subvarieties of Z;
indexed by S,,, with the property that ¥;* = Z; and ¥;"° = I';. We construct
asequence in S,,, e = ug < uj < --- < uy = wo, such that for every ¢, ¥;"***
is defined in Y;"* by the vanishing of a single Pliicker coordinate p;;, in such
a way that each restriction map H(Y;", Lim) — H°(Y;*", Li,m) can be

shown to be surjective using vanishing theorems (Corollary and Theo-
rem [5.23). This shows that the wg-standard monomials span H°(T';, Li m)-

Note that alternate bases for certain Bott-Samelson varieties have been con-
structed in [39], and the fibred products Z X py,y Z’ have been studied from this
point of view in [II].

Sections are organized as follows: in Section [l we first fix notation and re-
call information on Bott-Samelson varieties Z;, and then show that the fibre I'; of
Zy — FU(n) over Fypcan is a desingularization of the Richardson variety X7; this
fact is most certainly known to experts, but has not, to our knowledge, appeared
in the literature. In Section [2] we recall the main results about SMT for Bott-
Samelson varieties from [28], in particular the definition of standard tableaux. In
Section [3] we define wg-standard monomials and we prove that they are linearly
independent in T. In Section [@] we prove that when m is regular, a standard
monomial does not vanish identically on I'; if and only if it is wy-standard. Finally,
we prove in Section [f] that wo-standard monomials generate the space of sections
HO(T3, Lim)-

Acknowledgements. I would like to thank Christian Ohn for helpful discus-
sions. I am also grateful to Michel Brion for his valuable remarks, and especially
for pointing out gaps in the proofs of Proposition and Theorem [5.23]

1. DESINGULARIZED RICHARDSON VARIETIES

The notations are as in the Introduction. In addition, if &k, € Z, then we denote
by [k,l] the set {k,k+1,...,1}, and by [I] the set [1,1].

We first recall a number of results on Bott-Samelson varieties (see e.g. [35]).
Definition 1.1. Two flags F,G in F{(n) are called i-adjacent if they coincide

except (possibly) at their components of dimension i, a situation denoted by F’ ANe)
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Notations 1.2. For i € [n], we denote by F£(i) the variety of partial flags
VicVaCo - CViet CVig1 Coor CVp, (dimV; = j),
and by ¢; : Fl(n) — F£(i) the natural projection.

Then F' and G are i-adjacent if and only if they have the same image by ;.

Consider a word i = 43 ... 4, in [n—1], with w(i) = s;, ... s;, € S, not necessarily
reduced. A gallery of type i is a sequence of the form

(1) AR .

For a given flag Fy, the Bott-Samelson variety of type i starting at Fy is the set of
all galleries , i.e. the fibred product

Zi(Fo) = {Fo} X pygiyy FUN) X gy - X g,y FN)

(a subvariety of F¢(n)"). In particular, Z;, ; (Fp)is a Pl-fibration over Z;, ; _,(Fp),
which shows by induction over r that Bott-Samelson varieties are smooth.

Each subset J = {ji < --- < ji} C [r] defines a subword i(J) = (¢;,,...,%;,) of
i. We then write Z;(Fp) instead of Z;(;)(Fp), and we view it as the subvariety of
Z;(Fp) consisting of all galleries such that F;_, = F}; whenever j & J.

We denote by Feap : {€1) C {(e1,e2) C -+ C (e, ea,...,e,) the flag associated to
the canonical basis, and by Fopcan : {(€n) C {€n;€n—1) C -+ C (€n,€n_1,...,€1) the
opposite canonical flag. Note that Fopcan = €w,-

In the sequel, we shall only need galleries starting at Fian or at Fopcan; in
particular, we write Z; = Z;(Fran)-

The (diagonal) B-action on F'¢(n)" leaves Z; invariant. In particular, the T-fixed
points of Z; are the galleries of the form

Fean€urCuyus - Cuy oy
where each u; € S, is either e or Si;- This gallery will be denoted e; € Z;, where
J={jluy = s} = {1 < - < i}

For j € [r], we denote by prj: Zi — F¢(n) the projection sending the gallery
to Fj. Note that w(i(J)) = Sijy - Sij, =UL...Up, SO pr.(e) = €uyiu, = Cw(i(r))-

When i is reduced, é.e. w = sy, ... s;, is a reduced expression in S,,, a flag F' lies
in the Schubert variety X,, if and only if there is a gallery of type i = 4; ..., from
Frtan to F, hence the last projection pr, takes Z; surjectively to X,,. Moreover,
this surjection is birational: it restricts to an isomorphism over the Schubert cell
Cy: thus, pr, : Z; — X, is a desingularization of X,,, and likewise for the last
projection Z;(Fopcan) — X 0.

When i is not necessarily reduced, pr,(Z;) may be described as follows. Re-
call |28, Definition-Lemma 1] that the poset {w(i(J)) | J C [r]} admits a unique
maximal element, denoted by wyax(i) (80 Wimax (i) = w(i) if and only if i is reduced):

Proposition 1.3. Let i be an arbitrary word. Then pr,.(Z;) is the Schubert variety
X, where w = Wiaq(i).

Proof. Since pr,.(Z;) is B-stable, it is a union of Schubert cells. But Z; is a pro-
jective variety, so the morphism pr, is closed, hence pr, (Z;) is a union of Schubert
varieties, and therefore a single Schubert variety X, since Z; is irreducible. More-
over, the T-fixed points e; in Zj project to the T-fixed points e, (7)) in Xy, and
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all T-fixed points of X, are obtained in this way (indeed, if e, is such a point, then
the fibre pr;1(e,) is T-stable, so it must contain some e; by Borel’s fixed point
theorem). In particular, e, corresponds to a choice of J C {1,...,r} such that
w(i(J)) is maximal, hence the result. O

We now turn to the description of a desingularization of a Richardson variety
Xy =XuyNX", v<welsS, LetZ =12, ,, for some reduced decomposition
w =8 ...8, and Z' = Zir,,,idH(Fopcan) for some reduced decomposition wov =
8i,8i,_y -+~ 8ig.,- Oince Z desingularizes X,, and Z’ desingularizes X", a natural
candidate for a desingularization of X is the fibred product Z x py,y Z’. However,
we wish to see this variety in a slightly different way: an element of Z x Z’ is a pair

of galleries
Fcan£F12~ . -EFda
- - iq
FopcanLGrfl = s ilGda
and it belongs to Z X py(,) Z' when the end points Fy and G4 coincide: in this case,
by reversing the second gallery, they concatenate to form a longer gallery
Fean V2 2 F ™ F o

Thus, Z X Fe(n) Z' identifies with the set of all galleries in Z; = Z;,. ;. that end in
Fop can, @.e. with the fibre

Fi = pr;l(Fopcan)
of the last projection pr, : Z; — F¥(n). By construction, the dth projection pry
then maps I'; onto the Richardson variety X).
Proposition 1.4. In the above notation, the dth projection pry : I's — X7 is a
desingularization, i.e. pry s birational, and the variety I'y is smooth and irreducible.

Proof. We first compute the dimension of I';: since pr,. is surjective, there exists
a non-empty open set O in F¢(n) such that every point F' € O has a fibre of pure
dimension dim(Z;) — dim(F¥(n)). Since the flag variety F'¢(n) is irreducible, O
meets the open Schubert cell Cy,,. Let ' € O N CY,. Since pr, is B-equivariant,
the fibres of F' and Fypcan = €y, are isomorphic. In particular, they have the same
dimension, so dim(T;) = dim(Z;) — dim(F¥(n)).

Next we show that I'; is smooth. Let v € I';. We want to prove that the tangent
space T, (T;) of I'; at v and I'; have the same dimension. Let Q = pr;1(Cy,). Let
U be the maximal unipotent subgroup of B. This subgroup acts simply transitively
on the Schubert cell Cy,,. Consider the morphism

5: Cy,=Uey, — Q
Uy, > Uy

Since pr,. is U-equivariant, we have pr, os = id¢,, . Differentiating this equality in
ew, gives dpr,.(v) ods(ey,) = idr,, Fe(n)- In particular, the linear map dpr,(y):
T,(%:) — Te,, (FE(n)) is surjective. Moreover, T, (I') C ker(dpr,(v)). From this,
we deduce
dim(I;) < dim7,(T) < dim 7, (%Z;) — dim Te,, (F'¢(n))

< dim Z; — dim F'¢(n) (since Z; and F{(n) are both smooth)

< dim Fi,
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hence I'; is smooth.

Now we show that I'; is irreducible. Let C, ..., C, be the irreducible components
of I';. Since I'y is smooth, the C; are also the connected components of I';. The
variety €1 is open in Z;. In particular, €2 is irreducible. Since pr, is B-equivariant,

Q:OUbCi.

i=1beB

Let ; = Jpep bCi. The morphism f : U x I'y — €2, (b,y) + by is an isomorphism.
In particular, ; = f(U x C;) is an irreducible closed set in Q. So @ = [J;_, € is
a disjoint decomposition of €2 into irreducibles. Hence e = 1, and T; is irreducible.

Finally, to show that I'; — X is birational, we consider the projections pr, :
Z — X, and pr,_, : Z' — X". Since they are birational, there exist open subsets
Uyw C Xy and O C Z isomorphic under pr,, and open subsets UY C XV and O’ C Z’
isomorphic under pr,._;. Then the open set (O x O") N (Z X py(ny Z") of Z X pyny Z’
is isomorphic to the open set U, NU" of X}, under pr; : Z X pyny Z' — X,. Since
Xy and Z X py(ny Z' = Ty are irreducible, these open subsets must be dense. The
birationality of pr, : I't1 — X, follows. [

Remark 1.5. In characteristic 0, it can be proved more directly that the fibred
product Z X pypy Z' is smooth using Kleiman’s transversality theorem (cf. [16],
Theorem 10.8). Moreover, this theorem also states that every irreducible component
of Z Xpymy Z' is of dimension dim(Z) 4 dim(Z’) — dim(F¢(n)). To prove the
irreducibility of Z x pyny Z’, consider Z (resp. 0Z’) the union of all Bott-Samelson
varieties X with X C Z (resp. X € Z’). By Kleiman’s transversality theorem, the
dimension of (0Z X py(y) Z') U(Z X py(n) 0Z') is less than dim(Z X gg(n) Z'). So, on
one hand, the fibred-product O = (Z\ 9Z) X py(n) (Z'\ 0Z') meets each irreducible
component of Z X gy(,) Z', hence O is dense. On the other hand, O is isomorphic
to the open Richardson variety Cy = C,, N C", hence O is irreducible. Therefore,
Z X pyn) Z' is irreducible.

For i an arbitrary word, we may still consider the variety I'; of galleries of type
i, beginning at Fi,, and ending at Fopcan. In general this variety is no longer bira-
tional to a Richardson variety. But we still have

Proposition 1.6. Leti = iy...%. be an arbitrary word, and consider the pro-
jection pr; : I'y — FU(n). Then pr;(T;) is the Richardson variety X where

_ . . _ ' SN —1
Y = Wmag(i1...95) and £ = WoWmag(tj41...0,) "
irreducible.

Moreover, T’y is smooth and

Proof. The variety I'; is isomorphic to the fibred product

Zil...ij XFé(n) Zir...i_7~+1 (Fopcan)7
hence

prj (Fi) = pr](Z7.127) N prrfj(ZiT...'L-j_*_l (FOp can))
N on

Wmax (11-..15) Wmax (Tr---1541)

- X7,
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Eventually, we may prove that I'j is smooth and irreducible exactly as in the proof
of Proposition (1.4 (I

Example 1.7. We consider the Richardson variety X C F¢(4) with w = [4231]
and v = [2143]. A flag F = (F' C F? C F? C F* = k*) belongs to the Schubert
variety X, if and only if F? meets (eq, es).

Since w = $182838281 is a reduced decomposition, the Bott-Samelson variety
Z12301 desingularizes X,,. An element of Z12327 is a gallery

1,2 .3 .2 1
Fean—F1—Fo—F3—Fy—F5.
A flag G belongs to the opposite Schubert variety XV if and only if G* C (ea, e3,€4)
and G® D (ey4).
Similarly, wov = s2515352 is a reduced decomposition, so the Bott-Samelson

variety Zagi2(Fopcan) desingularizes the opposite Schubert variety X¥. An element
of Z2132(Fopcan) is a gallery

Fopean— G~ Gr~ GG,
Therefore, an element of the variety ['123212312 has the form
v = (FcaniFllFQiFSiF4iFSiG6iG7iGSiFOpcan)~
The projection
prs v — F5 =G5
maps I'193212312 birationally to X,.
v

There are only two singular points on X, namely e, and e,. Their fibres
prgl(ew) and prgl(ev) are 1-dimensional. Indeed, given a gallery v € I';, let V; be
the i;-th component of pr;(y). Since prj_l(*y)z—j pr;(7), we know pr;(v) as soon as

we know pr;_;(v) and V;. Thus, a gallery can be given by the sequence V1,. .., Vj.
With this description, a gallery in the fibre of e,, is then given by

<€2>, <€2363>7 <€2,63764>, <62764>a <64>7 <64,I62—|—y€3>7 <62a63764>a <64>7 <63a€4>7
with [z : y] € PL.

Similarly, the fibre of e, is given by
<$€1 +y€2>a <€1,€2>, <€1,€2,€3>, <61,€2>, <€2>7 <€2,64>, <€2,€3,€4>, <€4>, <€3,€4>,

with [z : y] € PL.

2. BACKGROUND ON SMT FOR BOTT-SAMELSON VARIETIES

In this section, we recall from [28] the main definitions and results about Stan-
dard Monomial Theory for Bott-Samelson varieties.

Definitions 2.1. A tableau is a sequence T' =ty ...t, with ¢; € [n]. HT =1t1...¢,
and T =t ...t,, are two tableaux, then the concatenation T +T" is the tableau
ti...tpty...t;,. We denote by () the empty tableau, so that T+ =0T =T.

A column K of size i is a tableau kK = t1...t; with 1 <t; < --- <t; < n. The
set of all columns of size i is denoted by I;,,. The Bruhat order on I;,, is defined
by

kK=ty... ., <K =t).. .t = t1 <), ..., t; <.
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The symmetric group S,, acts on [; ,: if w € S, and K = ¢;...t; € I; 5, then wxk
is the column obtained by rearranging the tableau w(t1)...w(¢;) in an increasing
sequence.

For i € [n], the fundamental weight column w; is the sequence 12...4.

We shall be interested in a particular type of tableau, called standard.

Definitions 2.2. Let i =i1...¢,, and m =my...m, € Z%,. A tableau of shape
(i,m) is a tableau of the form

R11 % ¥ Rlmy ¥ K21 ¥ % Romy ¥ 0ok Kpp % 0ok Ky

where kg, is a column of size iy for every k,m. (If my = 0, there is no column in
the corresponding position of 7'.)
A lifting of T is a sequence of subwords of i

JuuD D Jimy, DJor D DJamy, D DJp1 D Dy,

such that Jg,, N [k] is a reduced subword of i and w(i(Jgm N [k]))wi, = Kkm- If
such a lifting exists, then the tableau T is said to be standard.

Remark 2.3. The last equality in the definition of a lifting may be viewed ge-
ometrically as follows. If J C [r] and j € [r], then pr; : Z; — F{(n) maps
Zj C Zj onto a Schubert variety X,, C F¥(n) (cf. Proof of Proposition [1.3). In
the notations of Section [1} the images of T-fixed points of Z; under pr; are of the
form pr; (ex) = €uy..u; = Cw(i(KN[]) with K running over all subsets of .J, hence
W = Wiax (1(JN[;])). In turn, the image of pr;(Z;) by the projection F'¢(n) — G, n
is equal to the Schubert variety X, : for J = Jg,, in the above lifting, this pro-
jection is therefore equal to X We shall follow up on this point of view in
Remark

Notation 2.4. Each column & € I; ,, identifies with a weight of GL(n), in such a
way that the fundamental weight column w; corresponds to the ith fundamental
weight of GL(n). Therefore, we also denote by w; this fundamental weight.

Kkm*

We recall the Pliicker embedding: given an i-subspace V of k™, choose a basis
v1,...,v; of V, and let M be the matrix of the vectors v1, ..., v; written in the basis
(e1,...,en). We associate to each column k = t;...¢; the minor p,(V) of M on
rows t1,...,t;. Then the map p: V — [po(V) | k € I, ] is the Pliicker embedding.

Let m; : F4(n) — G be the natural projection. We denote by L., the line
bundle (p o m;)*O(1).

Now consider the tensor product ngl R ® L%’TL on FY(n)", and denote by
L; m its restriction to Z; C F4(n)".

Definition 2.5. To a tableau T' = K11 % -+ % Ky, % -+ % Kp1 % -+« % Ky, ODE
associates the section pr = pu,, ® - ®pry,,, @ QP @+ Qpy,,,, Of Lim. UT
is standard of shape (i, m), then pr is called a standard monomial of shape (i, m).

Theorem 2.6 ([28]).
(1) The standard monomials of shape (i, m) form a basis of the space of sections
H(Zi, Li mn).-
(2) Fori >0, H(Z;, Lim) = 0.
(8) The variety Z; is projectively normal for any embedding induced by a very
ample line bundle L m,.
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3. LINEAR INDEPENDENCE

Example 3.1. We want to see on Example how one may construct an SMT
for the varieties I';.

Consider the line bundle L; y, on Z; where i = 123212312 and m = 200010111.
We consider the restriction map H°(Z;, Li m) — H°(Ti, Lim), and a natural idea
to get a basis of HO(I‘i,Li,m) is to take all the standard monomials that do not
belong to its kernel.

So let T = K11 * K12 * K51 * K71 * Ks1 * Kg1 be a tableau of shape (i,m). The
monomial pr does not vanish identically on T if and only if k11,k12 € {1,2},
ks1 # 1, k1 = 234, kg1 = 4, kg1 = 34.

One may check (by computer) that there are 708 standard tableaux. Among
these tableaux, 9 do not vanish identically:

Ti=2+2+0x0+x0x4x0x234%x4%x34 Ty=2%1x0x0xDx4+0*234%4%34
To =2%2+0x D+ 0 x3%x0%x234%x4%x34 T5=2%1x0*x0xDx3+0*234%4%34
T3 =2+2+x0+x0x0x2+x0%234%4%34 Teg=2x1x0xD+xDx2xDx234x4x34

Tr=1%x1x0xD*x0x4dxP*234x4x34
Te =110 +x0xPx3+x0 %234 x4x34
To=1+1+0xDxP+x2*xPx234%x4 %34

Moreover, the tableaux T; admit the following liftings (J7, )
Jh=1{1,2,3,4,5,6,7,8,9}

Jh=1{1,2,3,456,789} JI,=1{2,3,4,5,6,7,8,9}

Jh=1{1,23456,789} Js={ 23,456,789} JI=1{2,345,6,7.89}
Jh={ 3456789} Ji={ 23456789} JI=1{2,345,6,7.89}
Jh=1{ 3,456,789} Jh=1{ 234,506,789} JL=1{2345,6,78,9}
Jh={ 34567, 9} Ji={ 234567, 9} JL=1{2,3456,7, 9}
Jh=1{ 34567, 9 Jy=1 234567 } J=1{23456,7 }

J121: {1327374a57677a839} Ji51: {1a2737475367778a9} ‘]181: {273347576a75879}

J3=1{1,2,3456,789} Jy={ 23456,789} J§=1{2,3,45,6,7,8,9}
J3=1{123, 56,789} J=1{ 23, 56,789} J&={2,3, 5,6,7,.8,9}
J3=1{1,23, 56, 89} Ji={ 23, 56,789} J%=1{23, 56,789}
J3=1{123, 56, 89} JH=1{ 23, 56,789} J&=1{2,3, 5,6,7,8,9}
Jh=1{123, 56, 8 } Jy=1{ 23, 56,7,8 } J§=1{2,3, 56,7,8 }

Jf’l: {1,2,3,4,57677,8,9}
ngz {1327374a57677a839}

J3=1{1,2,34, 6,789}
J3=1{1,2,3 4, 8,9}
J3=1{1,2,34, 8,9}
Jg={1,2,34, 8,9}

J{il: {172737475a6777879}
JH=1 2,3,45,6,7,8,9}

ngz { 37 536,77839}
J’?lz { 37 5a6777879}
‘]5?1: { 37 5767778a9}

ngz { 37 516777879}

J)=1{2,3,4,5,6,7,8,9}
J3=1{2,3,4,5,6,7,8,9}
J2={ 3, 56,7,8,9}
J9=1 3, 56,7,89}
JH=1 3, 5,6,7,8,9}
Jh=1{ 3, 56,7,8,9}
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These liftings have the following property: wmax(i(J},,)) = wo for each k,m. We
then say that T; is wg-standard. It can be checked that the standard tableaux that
are not wg-standard vanish identically on T7.

To see that the remaining monomials p7, are linearly independent, we may work
on an open affine set. There exists an open set 2 of Z; such that I'; N€2 is isomorphic
to the affine space k® (see Definition and Proposition . Here, we have

@:(1.73/72)'_) (Vlv"'7v9)7

for
Vi = (ze1 + ea) Vo = (ze1 + eq, —zye; + e3)
Vs = (xe1 + ea, —xye; +es,eq) Vi = (ze; + ey, —xyzes + zes + eq)
Vs = (yzea + ze3 + ey) Vo = (yzea + zeg + eq, yea + e3)
Vi = (e2, e3,€4) Vs = (ea)
Vo = (e3, eq)

We denote again by pr the polynomial ¢* ((pr))n). We then have

— _ _ 2
by, = L, Py, = 7, P, =27,

— — 2
P, = 2, P1s = T2, Py = 2%,

P = Y2, P1s = TYZ, PTy = z?yz.
It is clear that these monomials are linearly independent in k[, y, z].

Definitions (3.2 below will generalize the behaviour of the liftings (J},,) observed
in this example.

Definitions 3.2. Let T be a standard tableau of shape (i, m). We say that T (or
the monomial pr) is wg-standard if there exists a lifting (Jg,,) of T such that each
subword J,, contains a reduced expression of wy.

More generally, if J C [r] contains a reduced expression for wyg, then I'j =
Z;NT; # 0, and we say that T (or pr) is wo-standard on T'j if there exists a
lifting (Jgm) of T such that for every k,m, J O Jgm and Ji,, contains a reduced
expression of wy.

Similarly, T (or pr) is said to be wg-standard on a union T' =T 7 U---UT,, if
T is wo-standard on at least one of the components I'y,,...,I';,. We then denote
by S(T") the set of all wg-standard tableaux on I'.

We need some results about positroid varieties. References for these varieties
can be found in [21].

Let m; be the canonical projection F'¢(n) — G, . In general, the projection of
a Richardson variety X" C F¥(n) is no longer a Richardson variety. But m;(X7)
is still defined inside the Grassmannian G;, by the vanishing of some Pliicker
coordinates. More precisely, consider the set M = {x € I, ,, | e, € m(X)}. Then

D=m(X,)={VeGin|k¢EM = p.(V)=0}

The poset M is a positroid (see the paragraph following Lemma 3.20 in [21]), and
the variety II is called a positroid variety.

Lemma 3.3. With the notation above,

M = {H € Ii,n | Ju c [v,w}, utw; = /{}_
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Proof. Let u € [v,w] and k = uw;. Then e, € X, so e, = m;(e,) € II. Hence
Kk € M.

Conversely, let kK € M. The fibre 7, e} in XY is a non-empty T-stable variety,
hence, by Borel’s fixed point theorem, this variety has a T-fixed point e, u € S,,.
It follows that u € [v, w] and ww; = k. O

Theorem 3.4. For every subword Jy,...,J; containing a reduced expression of
wo, the wo-standard monomials on the union I' = 'y, U --- UT';, are linearly
independent.

Proof. We imitate the proof of the corresponding proposition for Bott-Samelson
varieties appearing in [28 Section 3.2]. Let 7 be a non-empty subset of S(T"), and
assume that we are given a linear relation among monomials pp for T in 7:

(*) D arpr(y)=0 VyeTl.
TeT

Moreover, we may assume that the coefficients appearing in this relation are all
non-zero. We shall proceed by induction on the length of tableaux, that is, on
M =357 m.

If M =1, then m has the form 0...1...0, that is, we have m, = 1 for some
e, and m; = 0 for all i # e. The tableaux T that appear in relation (x) are
of the form T' = k., where ke € I;, n. If v = (Fean, Fi1,..., Fr = Fopcan) € T
then pr(y) = px.(Fe). Thus, we have a linear relation of Pliicker coordinates in
a union of Richardson varieties in F4(n), hence a linear relation on one of these
Richardson varieties. But Standard Monomial Theory for Richardson varieties (cf.
[25], Theorem 32) shows that such a relation cannot exist.

Now assume that M > 1, and m = 0...0m,...m, with m, > 0. Here, we
denote by Iﬁ:k the columns of a tableau T Con81der an element £ minimal among
the first columns of the tableaux of 7, that is,

k€min{xl, | T € T}.

We consider the set ’T(n) of tableaux T in T with k1, = k. For every T € 7 (k),
fix a maximal lifting J4 - D JI  containing a reduced expression of wy and
with JZ contained in one of the subwords Ji,...,Jg, so that I' D FJTl # (). Thus,
we can restrict the relation (x ) on

= U g

TeT (x)
If T eT(k), then T =k« T’, and T" is a wp-standard tableau on T'(x) of shape
(i,0...0me—1...m,).
If T ¢ S(k), then kI, £ K, so p,r, vanishes identically on the Schubert vari-
ety Xi C Gi.n, hence on each Schubert variety X,, sy for S € T(k). In
particular, p,z vanishes on I'(x), and pr as well.

Restrict relation (*) to I'(k):
Z arpr(v) =0 VyeT'(k).
TET(K)

This product vanishes on each irreducible I';z (T" € 7(x)). Now, p, does not
vanish identically on T'(J% ). Indeed, we know by Pr0p051t10n.that pr.(T(J})) is
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the Richardson variety X7 with y = w(i(J})) > z. Since k = yw;,, by Lemma
P does not vanish identically on X, hence does not vanish identically on I'(J;; ).
So we may simplify by p, on the irreducible I" I hence a linear relation between

wo-standard monomials on I'(k) of shape (i,0. .. Ome—1... m,.). By induction over
M, ar =0for all T € T(k): a contradiction. [J

4. STANDARD MONOMIALS THAT DO NOT VANISH ON I';j ARE wy-STANDARD

In this section, we shall prove that the standard monomials that do not vanish
identically on I'y are wp-standard, provided certain assumptions over m, which
cover the regular case (i.e. m; > 0 for every ).

Lemma 4.1 (Lifting Property [3, Proposition 2.2.7]). Let s be a simple transposi-
tion, and u < w in Sy,.

o Ifu < su and w > sw, then u < sw and su < w.
o Ifu> su and w > sw, then su < sw.
o Ifu < su and w < sw, then su < sw. O

We may represent these situations by the pictures below

w w sSw

Definition 4.2. Let z,y € S,,. The Demazure product z xy is the unique maximal
element of the poset D(z,y) = {uv | u < z,v < y}.

Proposition 4.3 ([37,[18]). Let z,y € S,. The double coset B(xxy)B is the unique
B x B-double coset that is open in BxByB. In particular, * is associative. U

Lemma 4.4. Let s be a simple transposition, and x € S,,. Then x+s = max(x, zs).
Similarly, s * x = max(x, sx).

Proof. We shall prove that x * s = max(z,xs), the proof of s * x = max(z, sx)
being similar.

o Case 1: z > zs. Let u < z. If us < u, then us < z. If us > u, then by
Lemma we have us < z. Hence every element of D(z, s) is less than or
equal to z, S0 = * s = & = max(x, xs).

e Case 2: x < xs. Let u < z. If us < u, then us < zs. If us > u, then by
Lemma us < xs. Thus, every element of D(z, s) is less than or equal
to xs, s0 x x s = xs = max(x, xs). O

Lemma 4.5. Let J be a subword of i. For every k € [r],

Winaz (1(7)) = Winaa (i(.] N [k])) * Wonae (i O [k + 1,7)).
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Proof. Let

(i(1))
(i(J N [K]))
Y =Wina (i(J O [k + 1,7))

Each element uv of D(z,y) has a decomposition of the form w(i(K1))w(i(K2))
with K7 € JN[k] and Ko C JN[k+ 1,r]. Hence,

uy = w(i(K1 U Kz)) < w,

W =Wmax

T =Wpax (1

so x*xy < w.
Conversely, let K/ C J be such that w(i(K’)) = w is a reduced decomposition.
Since

w=w(i(K' N[k))w(i(K N[k+1,7]),
we have w € D(x,y), hence w < z *xy. O
Lemma 4.6 ([I7, 2.2.(4)]). If2' <z andy <y, thena' xy' <z x*y.
Proof. By Proposition [£.3] we have
B(2' xy')B C BeB ByB C BxByB = B(z xy)B,

hence =’ xy' < xxy. O

Let T be a standard tableau of shape (i, m), and e be the least integer such that
me#0,som=0...0m...m,. We give the construction of a particular type of
liftings of T' (called optimal), in light of the following

Remark 4.7. Let (Kgy,) be an arbitrary lifting of 7' and set
Whm = w(i(Kkm n [k’])),

so that wgy, @y = Kgm. By Remark pri(Zk,..) = Xw,,,, with the following
consequences.

o For each k, Ki1 D -+ D Ki,, yields wg1 > - > Wi, -
o Let [ be the least integer such that { > k and m; # 0. Then Ky, D K;1

yields pr;(Zk, ,) C pri(Zk,.,, ), hence

w(i(KM N [l])) < wmax(i(K;m,c N [l]))

By Lemma [1.5
wmax(i(-[(km;C N [l])) = w(i(Kk,mk N [k])) * wmax(i(Kk,mk N [k + 17 l]))

So

w1 < Wk, my, * Wmax (i(Kk,mk N [k +1, l]))

‘We shall also need a result due to V. Deodhar:
Notation 4.8. Let s € I;,, and w € S,,. We set
E(w,k) ={v e S, |v<w, vw; =k}

Lemma 4.9 (27, Lemma 11]). Let & € I, ,,, and w € S,,. If E(w, k) # 0, then it
admits a unique mazximal element. O
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Remark 4.10. The above lemma admits the following geometric interpretation. Let
g be the restriction to X,, of the canonical projection F¢(n) — G;,. Since ¢ is
B-equivariant, ¢~!(X,) is a union of Schubert varieties, namely

q_l(Xf{) = U Xv'

veE(x,K)

By Lemma we conclude that ¢~1(X,) is a single Schubert variety.

There exists a dual version of the lemma: if ww; > k, then the set
{ves,|v>w, v, =k}

admits a unique minimal element. Hence, ¢~1(X"*) is a single opposite Schubert
variety.

We now construct elements vy, € S, inductively, as follows. At the first step,
consider the set
E(Wmax (i1 -+ - Ge), Kel)-
Since it contains we;, it is nonempty, so it has a maximal element v.;, which is
unique thanks to Lemma [£.9] Now assume that vy, > wg, has already been

constructed. We then proceed in the same way to construct v 41 (if m < my) or
vr,1 (if m = my, and [ > k is the least integer such that m; # 0):

o If m < my, then the set E(vk m,kk,m+1) is nonempty (since it contains
Wk,m+1), S0 let v i1 be its unique maximal element.

e If m = my, then let vam = Uk,m * Wiax (Z’kJr] . il). By Lemma
Wk, m * Wmax (i(Kk,m N [k +1, ZD) < U;c,m'

Thus, by Remark the set £(v}, ,,,, k1,1) contains wy 1, so it is non-empty.
Let v;,; be its unique maximal element.

Remark 4.11. Although the existence of the vg,, depends on that of the wy, (i.e.
on the existence of a lifting of the tableau T'), the values of the v, only depend
on the tableau T itself.

Next, we construct subsets Fy,, C [k], again inductively. Since

Vel S wmax(il .. ie)v

choose FE¢; C {i1...i.} such that ve; admits a reduced expression of the form
i(Ee1). If Eg . such that vg ., = w(i(Ek’m)) has already been constructed, then
define Ey 41 (if m < my) or Ej 1 (if m = my,) as follows:
o If m < my, then vgmy1 < Vgm = w(i(Ek,m)), so choose Eimi1 C Epm
such that vk ,,+1 admits a reduced expression of the form i(Ek ,+1).
e If m = my, then by Lemma

V11 < Vg = Winax ({(Brm, U{E+1,...,1})),

so choose Ej 1 C Egpm, U {k + 1,...,1} such that v;; admits a reduced
expression of the form i(E; ).

Definition 4.12. With the above notation, set Jy,, = Egm U [k + 1, 7] for each
k,m. We will call (Jg,) an optimal lifting of the tableau T
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Remark 4.13. The optimal lifting is not unique. However, while it depends on the
choice of reduced expressions for the vy, it is still independent on the choice of
the initial lifting (Kkm,)-

Example 4.14. Consider the tableau T = 123 % 13 * 3 % 134 % 24 x 124 of shape
(3213233213,1111110000). This tableau is standard, and we shall construct an
optimal lifting of T

v11 = max &
V91 = max &
v31 = max &
V41 = max €&
v51 = max &
vg1 = max &

s3,123) =e.

e * 89,13) = 5.

So % §1,3) = $281.

S§981 * 83, 134) = 598183.
§98183 * Sa, 24) — S§18382.
518382 * S3,124) = s153.

NN N N N

Hence
Jii={2,3,4,5,6,7,8,9,10}
Jo1={2,3,4,5,6,7,8,9,10}
J31={2,3,4,5,6,7,8,9,10}
Jun={2,3,4,5,6,7,8,9,10}
Js1=1 3,4,5,6,7,8,9,10}
Joi={ 3,4, 78,910}
is an optimal lifting of T'. Another optimal lifting of T is

Ji1={2,3,4,5,6,7,8,9,10}
J5=1{2,3,4,5,6,7,8,9,10}
Jt=1{2,3,4,5,6,7,8,9,10}
Ji={2,3,4,5,6,7,8,9,10}
Jh={ 3,4,5,6,7,8,9,10}
Jy=1{ 3, 6,7,89,10}

Lemma 4.15. Let w € S, and k € I;,, be such that E(w, k) # 0. Consider a
simple transposition s such that sw < w.

(1) If sk > K, then max &(w, k) = max &(sw, k).
(2) If sk < Kk, then max &(w, k) = s * max &(sw, $k).

Proof. Let u = max&(w, k).

e Case 1: assume that su > u. Then, by Lemma [{.1]

w

N
N
N
N
N

sw su

N
N
N
N
N

u
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we have u < sw and su < w. Hence sk > k, but by maximality of w,
su ¢ E(w, k), hence sk > k. Since u < sw, u € E(sw, k), SO

u < max &(sw, k) < max &(w, k) = u.

This proves the part (1) of the lemma.

e Case 2: su < u. Then sk < k, and by Lemma

we have su < sw, so su € E(sw, sk), hence su < v = max&(sw, sk). We
distinguish two subcases:

— Subcase 1: sk < k. Then sv > v. Since we also have su < u, it follows
from Lemma[4.1] that v < su. Similarly, sv > v, together with sw < w
imply that sv < w, so sv € £(w, k), hence sv < u. By Lemma we
have v < su. So v = su, or equivalently

u = sv = max(v, sv) = § * v.

— Subcase 2: sk = k.
* If u < sw, then u € E(sw, k), so u <v. But v <wu, so u=wv.
« If u £ sw, then su € E(sw, k), so su < v < u. In other words,
v € {u, su}.
In each of these two situations, we have u = v or u = sv. But, if
sv > v then u # v (since su < u), so u = sv = max(v, sv) = s*v. If
sv < v, then u # sv, so

u=v=sxv. 1

Let w = s;, ... s;; be a reduced expression. The lemma above gives an algorithm
to find a reduced expression of u = max &(w, k), say u = w(i(J)), with J C [j]: let
5 = s;,, and compare sk with &.

o If sk > K, then u = max &(sw, k).
o If sk < k, then u = s * max &(sw, sk).
We then compute max € (sw, sk) or max E(sw, k) in the same way, using the de-

composition sw = s;, ... s;,.

Example 4.16. In S;, take w = [4231] = s182838251 and k = 13. We shall
compute v = max & (w, k) with the previous algorithm. Note that k < 24 = wwa,
hence &(w, k) # 0.

e s1k =23 > K, S0 u = max &(s2535251, K),

e sok =12 < k, 0 u = s x max E(s38251, 12),

e 53(12) =12, so u = s * s3 * max £(s251, 12),

e 59(12) =13 > 12, s0 u = s9 * s3 * max E(s1, 12),

e 51(12) =12, S0 u = s9 * s3 * 51 *x max &(e, 12).
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Now, max(e, 12) = e, S0 u = S * S3 * S1 = Sa8351 = [3142].

Lemma 4.17 ([3, Proposition 2.4.4]). Let k € I, ,,. The set {v € S, | vw; = K}
admits a unique minimal element u. Moreover, if v € S,, satisfies vow; = K, then
v admits a unique factorization v = wv' with v'w; = w;. This factorization is
length-additive, in the sense that [(v) = l(u) +1(v). O

Remark 4.18. Lemmas Definition [£.2] and Proposition [4.3] are true for

every Weyl group. Lemmas|[£.9] and Remark [4.10]are also true if we replace S,
by a Weyl group W, I; ,, by the set W of minimal representatives of the quotient

W/Wp, Wp a parabolic subgroup of W, and vw; = k by v =k mod Wp.
Lemma 4.19. Denote by ug the minimal permutation such that ugwg = wowy.

Let w > u, and x a column of arbitrary size i < n such that £(w, k) # . Assume
that © = max E(w, k) > u. Then

Yo >u, E(v,k) #0 = max&(v,k) > u.

Proof. Since v > u, we have vy = wowg, hence by Lemma .17} v = uv’ with v’
in the stabilizer of wy. Moreover, this decomposition is length-additive, so if u =
Siy - .- 8;; and v = Si;.1 - - - 8i), are reduced expressions, then s;, ...8;;8;, ., ..., is
a reduced expression of v. Similarly, we decompose x = uz’ with 2'w,; = wgq. We
then obtain

T> 5L > > 8 ... 8T =1,
hence
K28 K=> Zs,»]....silfi.
Now, we apply the procedure described after Lemma [£.15] for the decomposition
U = 8 ...8;8i;,, -5, The above inequalities show that max&(v, ) is of the
form s;, * -+ * s;; * z. But, by Lemma we have
Siy Kok S KZ 2 Sy ke kS,
Z Siq e Sij
>qu. O

Notation 4.20. For k € [n — 1], let ji be the greatest integer such that i;, = k.

Theorem 4.21. Assume that for every k, mj, > 0. Then the standard monomials
pr of shape (i,m) that do not vanish identically on Ty are wg-standard.

Proof. Consider an optimal lifting (Jy,) of T. Let (Fean, Fi,...,Fy) € T be a

gallery such that pr(Fean, Fi,...,F,) # 0. By definition of ji, the flags F;, and
F,p can share the same k-subspace, which then is the T-fixed point (e, ..., ep—k+1).
Hence, Kj,,1 =+ = Kj, m;, = WoWk-

Arrange the integers ji,...,j,—1 in an increasing sequence: j;, < --- < j, _,.

We shall prove that if & > j;, then vk, > w;. Since pr(Fean, F1,..., F.) #0, we
have p,,,. (Fx) # 0, hence p,;,, does not vanish identically on the Richardson variety
XY, where w = Wpax (i1 - .. ix) and v = wo(Wmax(ik+1 - - - %))~ 1. This means that
Dry,, does not vanish identically on the positroid variety m(X), where 7 : F¢(n) —
Gi.n- By Lemma there exists u € [v, w] such that uwo;, = Kgm. It follows that
the maximal element x; of £(w, Kgpm) is greater than u. But, since k > j;, a reduced
expression of wov~! consists of letters taken from sy ...i,, where no [ appears.
Thus, wov~'w; = w;, so vw; = wow;, that is, v > w;. Hence 1 > u > v > u;. We
then conclude with Lemma 419
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Now, we consider subwords Ji,, with k < j;,. In this case, k < j; (t > 1), so we
have the inequalities w(i(thl N []t])) < Wmax (i(ka)), hence

Winax (I(Jkm)) @ > w(i(Tj, 1 O [Je])) e = Kj, 1 = wowwr,
i.e. wmax(i(ka))wt = wowy. SO wmax(i(ka)) = wg.
If i, < k < ji,,,, then we have, in one hand, wmax(i(ka)) > w(i(lepyl)) for
every p > t+ 1, so wmax(i(ka))wlp > Ki,,1 = wowy,, hence wmax(i(ka))wlp =
wowy,. On the other hand, wmax(i(ka)) > Ugm > uy, for every ¢ < t, hence

Winax (i(ka))wlq = wowy,. It follows that wyax (i(ka)) = wp. O

Remark 4.22. The assumption m;, > 0 for every k is necessary: recall the tableau
T = 123%13+3%134%24x124 of Example It is standard of shape (3213233213, 1111110000),
and one may check that pr does not vanish identically on I';. However, an optimal
lifting of T is given by
Jii={2,3,4,5,6,7,8,9,10}
Jo1={2,3,4,5,6,7,8,9,10}
J31={2,3,4,5,6,7,8,9,10}
Jun={2,3,4,5,6,7,8,9,10}
Js1=1 3,4,5,6,7,8,9,10}
Joo={ 3, 6,7,8,9,10}

and we have wipax(i(Js1)) = s183825183 = [4231] # wy, hence T is not wp-standard.

5. Basis oF HO(Ty, Lim)

Assume that m is regular. We shall prove that the wg-standard monomials of
shape (i,m) form a basis of the space of sections H(T';, Li m). By Theorems
and we just have to show that the restriction map

H(Zi, Lim) — H°(Ts, Lim)
is surjective. The idea is to find a sequence of varieties (Yi"t), parametrized by
u; € Sy, such that

o V" =Z; and V"N =Ty,

e V""" is a hypersurface in V",

e cach restriction map HO(Y,"""", Li yn) — H°(Y;"*, Li,m) is surjective.
Example 5.1. Let n = 4 and i = 123212312. Consider the following reduced
expression

Wo = 515251535251 = SagSas - - - Sayr»

and set

ug = €,
Upr1 = Sq, ug VE>0.

The sequence (u;) is increasing, and ug = wg. Thus, we obtain a sequence of
opposite Schubert varieties

Fin)=X"">X"“" > D X" ={F,pcan}-
Let FF = (F'C F? C F3 C F* = k%) be a flag.
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e We have the equivalence
F e X% « F'c (e es,e4)
— pi(F)=0.
So X! is defined inside X™° by the vanishing of p; = py,.
e Assume F € X%, Then
F e X2 < F' ¢ (e3,e4)
< po(F) =0, since we already know that p;(F) = 0.

Hence X2 is defined inside X™“! by the vanishing of ps = py, .
e Similarly, X“3 is defined inside X“2 by the vanishing of p3 = py,.
e The opposite Schubert variety X"4 is defined inside X*“3 by the vanishing

of P14 = P,;-
o X" is defined inside X™“* by the vanishing of pos = py,.
o X"¢ is defined inside X™5 by the vanishing of pi34 = py,.
We then set Y = pry ' (X%). Thus, Y;* = Z;, ¥;“¢ = I';. Moreover, Y;""*" is
defined inside Y;"* by the vanishing of p,,, where we view r; as a tableau of shape
(123212312, a}), where

al, = al, = al, = 000000010, a/, = a}, = 000000001, a/, = 000000100.
This example leads us to work with the following varieties. Consider the last
projection pr, : Z; — F¢(n). Fix u € S,, and a reduced decomposition
WU = Sk, Sky_, - - - Sk -
Consider the opposite Schubert variety X* C F/¢(n) and set
Y =pr, Y(XY) C Z;.
In particular, Y;* = Z; and Y;"° =T}.
Proposition 5.2. The variety Y;* is irreducible, and if ' = i1...43,.k1... ki, then
the projection FU(n)™t — Fé(n)" onto the r first factors restricts to a morphism
p:ly =Y

that is birational, hence surjective.

Proof. Recall that a flag F' lies in X* if and only if it can be connected to Fop can
by a gallery of type k; ...k&;. Hence Y;* consists of all galleries

Fean—F > ... *"F,
that can be extended to a gallery of the form
i1 i k ky
Fean—F1—= ... -“Fo ...~ Fopcan-

Thus, ¢ indeed takes values in Y;* and is surjective. The irreducibility of ¥;* follows.
Moreover, in the diagram

I'v =7%; X Fe(n) Zkl.“kl (Fopcan) —_— Zkl..‘kl (Fopcan)

Zi F((n),
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pr, is an isomorphism over C*, and the morphism id x (pr; ! o pr,.) from pr; 1 (C*) C
Y{" to Zi X Zy,..k, (Fopcan) i an inverse of ¢ over pr, *(C*), hence ¢ is birational. O

Corollary 5.3. Take the notations of the previous proposition, and consider the
Jth projection pr; : Zy — FL(n). Then pr;(Y;*) is the Richardson variety X for

1
Y = Winaz(i1 - .- 45) and ¥ = WoWmaz(ijs1 - .- irky .. k)7L,

Proof. Note that pr;(Y;") = pr;(¢(T'y)) = pr;(T'y) since j € [r]. Proposition
leads to the result. [J

Notations 5.4. As in Example[5.1] consider the reduced decomposition

wo = $1(8281) - .. (Sp—1...81) = Say - - Sass

and set u; = Sq, ... 51, Up = €.
Consider the sequence of columns k¢ defined in the following way.

e The n — 1 first columns are kg =1, kK1 =2,..., kp_os=n—1.

e The n — 2 next columns are 1 xn, 2*n,..., n—2%n.

e The n — 3 next ones are of size 3: 1 * wows, 2 * wWows, ..., N — 3 * WoTWa.
e We proceed in the same way for the other columns until we get Ky_1 =

1% WoWp—2.

We denote by b; the size of ki, so that k; = ucop,. We set k), = upp1wp, .
In the sequel, we say that a variety Y is defined in X by the vanishing of f if
yeY < ye X and f(y) =0.

This does not necessarily mean that f generates the ideal of Y in the coordinate
ring of X.

Lemma 5.5. For every t € [0, N —1], the opposite Schubert variety X+ C F{(n)
is defined inside X"t by the vanishing of py, .

Proof. We begin by proving the following

Claim For every t, the opposite Schubert variety X“t+1%% C G}, ,, is defined
inside X"*® = X"t by the vanishing of p,,.

Indeed, recall that a b;-space V belongs to the opposite Schubert variety X"t if
and only if for every k # ki, px(V) = 0, and similarly for Xt Thus, we have to
describe the set

Ey={r # K, | k> K}
We distinguish two cases.

e Case 1: byy1 = b;. Then K, = ugp1@p, = Ker1- But kg is of the form
Pk wowop,—1, and kep1 = (p+ 1) x wowop, —1. So Kk < K}, hence k; € Ey. Let
Kk € E; with K # k;. Then Kk > K, S0 K > K¢y1: a contradiction. Hence,
the claim is proved in this case.

e Case 2: byp1 = bi+1. Then k) = upp1wp, = wotop, = (R—be+1) xwowwp,—1,
and ky = (n — by) * wowop, —1. Again, k¢ € E;. If k € E; and k > Ky, then
K = wowp,: a contradiction. This proves the claim.

Now, let ¢ be the restriction to X“* of the canonical projection F¥(n) — Gy, ».
We have to show that XUt+1 = q_l(X"“i). since uywp, # K, Upg1 1S a minimal
element of the poset {u > u;, uws,, = K}}, so by Remark g N (X)) = Xt O
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Notation 5.6. For every ¢t € [0, N — 1], we set l; = jp,, that is the largest integer
J such that i; = b,.

Corollary 5.7. With the notation of Lemma the variety Y;"'*" is defined inside
Y;"* by the vanishing of pr, where T = () % - % kg % --- % () is a tableau of shape
(1,0...1...0), the 1 being at position ;.

Proof. Write k = k;. Let v be a gallery

i1 i by
FonFy 2. " Fpy— - —F,

in Y;"*. This gallery belongs to Y;""™" if and only if F, € X%+, Since we already
know that F, € X** we have

Y eV = pu(F) =0 <= pu(m,F) =0,

where the first equivalence follows from Lemma [5.5] and the second from the fact
that » is of size b;. By definition of /s, no adjacency after F}, is an b;-adjacency,
hence my, F};, = mp, Fj,41 = - -+ = m, Fy, and therefore,

Pe(Fr) =0 <= p(F},) =0 < pr(y) =0,

where T =0 % -+ % k% - - - % ) with x in position ;. I

Notations 5.8. We fix an a = a3 ...a, with a; > 0 for every i. The associated
line bundle L; 5 is very ample, so it induces an embedding of Z; in some projective
space P,. We denote by R, the homogeneous coordinate ring of ¥;"* viewed as a
subvariety of P,.

Remark 5.9. For the rest of this section, if a notion depends on an embedding, such
as projective normality, or the homogeneous coordinate ring of a variety, it will be
implicitly understood that we work with the line bundle L; 5.

The ring R;1 is a quotient R;/I;, and we shall determine the ideal I;. We begin
by computing the equations of ¥;*** in an affine open set of Y;"¢.

Definition 5.10. We shall define an affine open set Q of Z;, isomorphic to the
affine space k”. This construction is taken from [I5].
First, we define inductively a sequence of permutations (o;) with o = wo:

{ oy = ¢€,
0j4+1 =0y *SijJrl V_] > 0.

Moreover, we set v; 1 = U;lgj+1 € {e,si,,, )

Next, consider the 1-parameter unipotent subgroup Ug associated to a root S,
with its standard parametrization eg : k — Upg (i.e. the matrix eg(z) has 1s on
the diagonal, the entry corresponding to 8 equal to z, and 0Os elsewhere). We also
denote by o, ..., ap—; the simple roots and by P; the minimal parabolic subgroup
associated to oy, i.e. the subgroup generated by B and by U_;.

We set 3; = v;(—a;;) and consider the morphism

kKT o— PIZP“XP“
(x17"'7x7") = (A17"'7AT‘)

with Aj = Gﬁj (l’j)’()j. Set Bj = A1 NN Aj.
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Finally, let
P kW — Z
(1, xr) = (YY)
for v; = BjFcan.
The image of ¢ is denoted by €: it is an open set in Z;, and ¢ : k" — Q is an
isomorphism.

Notation 5.11. Let x = k;...k; and 7 = t1...t; be two columns of the same
size. Given a matrix M, we denote by M|k, 7] the determinant of the submatrix
of M obtained by taking the rows ki,...,k; and the columns ¢4, ...,t;. Moreover,
M]k, [i]] is simply denoted by M|x, 1.

Example 5.12. We work on Example where i = 123212312, and we set a =
111111111. The sequence (o;) is given by

oo = [1234], oy = [2134], oy = [2314],
o3 = [2341], o4 = [2431], o5 = [4231],
o6 = [4321],

07 = 08 = 09 = 0g.
and the sequence (v;) is

v1 = S1, V2 = S2, V3 = 83,
V4 = 82, VUs = S1, Vg = S2,
VU7 = Vg = Vg = €.

Let To = 2% 23 %234 % 24 x 4 % 34 % 234 * 4 x 34. It can be shown that 2 is exactly
the open set {y € Z; | pr, (v) # 0}.

Now, direct computations show that the affine variety ¥;** N Q C k% is defined
by the equation

Q(Zl, e ,iL’g) = l’g(.’ﬂll'ﬁ + ZL'Q) —+ I1Ts5 —+ XXy —+ T3 — 0

Since Y;** N is irreducible (as an open set of the irreducible Y;™ ), this equation is
also irreducible and generates the ideal of ¥;** NQ. Thus, if f is a linear combination
of monomials pp with T' of shape (i, m) such that f vanishes identically on ¥;>,
then Tio € k[z1,..., 29| vanishes on ¥;** N Q, hence

f
= € Qklx1,...,x9].
T Qklz1, ..., 2]
But we know that each coordinate z; is a quotient f;/ T¥ of degree 0 for an fi €
Ry = k[Zi], and also that

xg(2106 + T2) + 125 + Toxy + 23 = P )
Pry
where T) = 2 % 23 % 234 x 24 x 4 % 34 x 234 x 1 « 34. It follows that f is a multiple of
pry, hence f € pyH(Z;, L; o) where a’ = 111111101.
Hence, the ideal I; of ¥;"* in Ry is leO(Zi,LLa/). We shall generalize this
computation below.

Lemma 5.13. For every j,

Uﬁlvl...UngjZUglUgl(ﬁZ)...UU B;)0; CBO’j.

j—1(
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Proof. The equality follows from the formula
O'U,g = Ua(g)a, Vo € 5,.
For the inclusion, we proceed by induction over j. Since 1 = (i1,41 + 1) and
V1 = Sy, Uglvl C Bvy = Boq.
Assume that the property holds for j > 1, that is Ug,v1 ... Ug,v; C Boj.
Ifojsi;, <oj,thenojiy =05, vj41 =€ Bj41 = (ij41+1,4541), and 0 (Bj41) =
(051541 +1),05(i541))-
0jSi;ia <0; O—j(ij+1) > Jj(ij+1 + ].)
<~ Uaj(ﬁjﬂ) C B.
It follows that
Uﬁl’l)l e UﬁjUjU/@j+1/Uj+1 - B(TjUgj+1
C BUUJ(BHl)Uj
C BUj+1.
Similarly, if o;s;,,, > o0}, then 0j11 = 0;8;,,,, vjy1 = 8;; and Bj11 = ;-
Hence
Uglﬂl . UngjUngij C BUjU5j+18ij
C BUs,;p,,,955i;
C BO’j+1. O
Notation 5.14. Let x be a column of size i. We set O, = {F € Fl(n) | px(F) # 0}.
Proposition 5.15. Letw € S,, and k = ww; € I; ,,. Then X,,NO,, = Hvef(w,n) Cy.

Proof. Let g be the restriction to X,, of the canonical projection F¢(n) — G p.
Then we have X, NO, = ¢~ 1(X.N¢q(O,)). It is well known that X, Nq(O,) = C..
But we have the equality

¢'C)= J] ¢.O
veE(w,K)
Proposition 5.16. There ezists a tableau Ty of shape (i,a) such that
Q={y€ Z|pn(v) #0}

In particular, ¢ induces an isomorphism p* : (RO)(pTO) — klx1,..., 2], where
(Ro)(pr,) 18 the subring of elements of degree 0 in the localized ring (Ro)py, , i-e.

(o)) = | {5

f € Ry is homogeneous of degree d} .
d>0 To

Proof. Let Ty = (o1w04, )*™ % (02w;,)* "2 * - - - x (0,w;, )**. Then
,
(7€ 2| pry(7) # 0} = [T o1 (O, )
j=1

We know that

pr; () = U, v1 ... Up,vjFean-
Thus, by Lemma pr;(Q) C BojFean = Cy;. But if F' € Cy,, then its i;-th
constituent F**7 belongs to C’ij,ij, SO

pajwij (F) = pajwij (FZJ) 7é 0.
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This proves the inclusion

T
QC I_Iprj_1 (Oojwij) .
j=1

For the opposite inclusion, we proceed by induction over 7.
If » =1, then Q = {Fean} X U, v1Fcan, With v1 = s;, and 81 = «;,. Hence
Q= {Fean} x Cs, . By Lemma|5.15} X, N Os, w, =Cs, ,s0

prl_l(Oo'lwil) = {Fcani*lF1 | Fle Csil}'
Thus = prfl(Oglwil).

T
Let r > 1 and assume that the property holds for r—1. Let v € H pr;1 (Ogjwij> .
j=1
By induction, there exist Ay, ..., A1 such that A; € Ug,vj and v; = Ay ... AjFean

for j <r—1. Since *y,«_li—rfyr, there exists p € P;_ such that A; ... A, _1pFean = 7.
Now, P; Fean is a T-stable curve and we have
PiTFcan == U—Olir Fcan U {Sichan} = Uair siTFcan U {Fcan}-

If v, = e, then 0, = 0,1 and B, = —c;,. By Lemma[5.13} v, € Bo,_1pFean. If
PFean = 8;i. Fean, then v, € Cy_s . But by Lemma v, belongs to a Schubert
cell Cy, with vw; = o,w;, . Since o,w;, # o,s,w;,., we have a contradiction. Hence
PFean € U—q;, Fean- So we may choose p in Ug,, which proves that v € Q.

If v, = s;,, we prove similarly that pFean # Fan, so we may choose pin Uy, s, =
Us,vr, thus v € Q. O
Remark 5.17. Consider an arbitrary tableau T of shape (i,a). Then we may com-

pute ©* (zZ:TTO) in the following way. Write

T =FKi1* - *Kig, ¥ ¥ Kpp ¥+ % Kpgq,.,

then

QD* (;i:) (xla s 7:7]7“) = Bl[ﬁllail] . '~Bl[nlalai1] <. 'BT[HT17iT] .. ~Br[’€rarair
0

Proposition 5.18. Denote by Q;; € k[z1,...,z,| the entries of By:

Qi1 Q21 -+ - Quo1a 1

; : 1 0

5 0 0
Qn-11 1 : :

1 0 o .. 0 0

The polynomials Q;; all have distinct linear parts.
Proof. Tt suffices to prove that B,wy € B, but this follows from Lemma [5.13
B, € Ug,v1...Ug vy Fean C Bo, = Buwy.
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We may obtain the linear part of the Q;; by derivating B,. From the expression
B, =€, (x1)v1 ... €5, (2, )y, we see that

0B,
o, (0) = Eaj—l(ﬁj)wo'

This already proves that the linear parts of the @);; are distinct. We shall now prove
that every elementary matrix Ej; occurs as a derivative of B,., that is, each pair
(,7+ 1) equals some o;_1(B;), or equivalently, Us, Uy, ... Uy, _,5, = U (where U
is the unipotent part of B). Since pr,.(Q2) = Cy,, we have

Ugl Ugl(ﬁz) e Uar,l(ﬁr)Fcan = Uglvl “ee Uﬁ,,.Uchan = UwOFcan~

Since the stabilizer of wgFean in U is trivial, we conclude that Ug, Uy, 8, ... Uy, 18, =
U.O

Proposition 5.19. The ideal of Y,""" N in the coordinate ring of Y;"* N Q is
generated by Qy,, b,, where k4 s the first entry of the column k¢. Moreover,

« [ PT,
Qm1,bt = (pT:,)

where Ty is the tableau obtained from Ty by replacing its last column of size by by
K.
Moreover, the varieties Y;"* N are isomorphic to affine spaces.

Proof. We alredady know that ¥;""*" is defined inside Y;"* by the vanishing of
Dr,: given a gallery v = (Fcanz—lFlz—g. . .Z—TFT) in Y{**, we know by Corollary
that v € Y;**" if and only if p,, (F},) = 0.

In Q, this corresponds to the vanishing of By, [0, wp,,b:]. Now, as in the proof
of Lemma [5.13

Br = Bltble_l e U

for some b € U. The jth column of By, b is then a linear combination of the columns
1,...,j5of B;,. So

(Bltb)[o-ltwbgy bt] = Blt [O'ltwbm bt].
Moreover, by definition of I/, the permutation v, ., ... v, stabilizes the fundamen-
tal weight column w;,, so B;,b and B, have the same first b, columns up to a
permutation, hence

By, (o1, @b, bi] = £B:[o1, @y, bt].
A straightforward computation shows that this determinant is £Q,, », -

To prove that ¢* (PTt> = +Qy,, b,, note that

P,

« [ PTy . .
%) <T) = By[o1wi,,i1] ... Bj,[0j, @b, b¢] . .. Brloyww, ,ir).
Pry

Now, by Lemma Bj = bjo; for some b; € B. So, for j # i,
Bj [Jjwi].,ij] = :tb] [ijij,ijz'j] = +1.
Hence Y;“*' N is defined by the equation Q,,, 5, = 0. But this polynomial is
of the form z,, — Q' for some variable z,, € {z1,...,2,}, so we may substitute z,,
by @' in the coordinate ring of ¥;"* N2 to obtain the coordinate ring of ¥;“** N Q.

Thus, by induction over ¢, we see that the coordinate ring of ¥;“**' N is isomorphic
to k[x; | ¢ # po,...,p). In particular, this ring is a Unique Factorization Domain.
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Therefore, the irreducible polynomial Q,,, », generates the ideal of ¥;“'*' in the
coordinate ring of ¥;**. O

Notations 5.20. We set a; =0...—1...0, the —1 again being at position I;. Let
St be the Ri-graded module associated to the coherent sheaf L; o/, that is,

“+o0
St = @ HO(}/iUt ) Li,da—&-a; )

d=0
N-1
Assumption 5.21. We assume that a + Z a) is regular.
t=0

Corollary 5.22. Denote by Oy.u: the structural sheaf of Y;** and assume that Y;"*
is projectively normal. Then the sequence of Ri-modules

(%) 0—5 >R — Ry1—0

1s exact, where the first map is the multiplication by p,, and the second is the natural
projection.
The exact sequence (x) induces an exact sequence of sheaves of Oyt -modules

0— Li,m+a; - Li,m - (Li,m)‘y'“url — 0
and a long exact sequence in cohomology

(**) 0 —> HO(}/’iut7Li,m+aé) - HO(Yiut;Li,m) - o HO(}/}ut+17Li,m) )
L) Hl(YviutaLi,m+ai) - o ...

.. S Hi—l(yut+1’Li7m) )

1

<—> Hi(Yim,Li,era;) S Hi(Yivai,m) Hi(YiutH L'7

<_> HH_l(YiW, Li,m—i—ag) - ...

Proof. Since Y;"* is projectively normal, we know that

+oo
R =@ H (V" Liga),
=0

hence the sequence

0 St - Rt g Rt+1 0
is well defined. Moreover, we already know by Corollary that go = 0.
Let f be an homogeneous element of degree d in R;, and suppose that ¢(f) = 0,

that is, f vanishes identically on ¥;“***. Then p% vanishes identically on ¥;“** NQ,
To
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hence ¢* <pf;) € klx1,...,x,] is a multiple of Qy,, », = ¢* (%). It follows that
Ty 0
f is a multiple pr,, hence f € p,, St = u(St).
If we consider the coherent sheaves associated to these R;-modules and tensor

them by L; m, then we get the exact sequence of sheaves of Oy-u:-modules
0= Lim+a; = Lim — (Li,m)|y“t+1 — 0,
which gives the long exact sequence (xx). O

Theorem 5.23.
(1); For every t, the variety Y;"* is projectively normal.
(2)¢ For every i > 0, and every m such that my = m+ aj +--- + aj_, is regular,
HY(Y", Lim) = 0. In particular, H'(Y;"*, Li 4a) = 0 for every d € Z>y.
(3): If t > 0 and my4q is regular, then the restriction map HO(Yi“",Li,m) —
HOY""™, Ly m) is surjective.
Proof. We proceed by induction over ¢.
Fort =0, Y, = Z;. By Theorem Z; is projectively normal, and H*(Z;, Li m) =
0 for ¢ > 0. Assume now that m; = m + aj, is regular. Since Z; is projectively
normal, by Corollary we have the exact sequence
0 — H%(Zi, Lijm,) = H*(Z, Lim) — H*(Y;"", Lim) — H'(Z, Li m, ).

Since H'(Zi, Lim,) = 0, the restriction map HY(Zi, Lim) — H°(Y;"*, Lim) is
surjective.
Assume that the theorem is true for a t > 0.

We shall prove that (1);41 is true. By induction, ¥;"* is projectively normal, so
the sequence
0 — H(Y", Limtag) — H (V" Lijm) — HO (V" Lim) — H'(Y", Li mea;)

is exact. Moreover, for d € Zx¢, by (2); we have H'(Y{", L; 4a) = 0, hence an
exact sequence
0— S — Ry — @ H (V" Liga) — 0.
d>0
Since the sequence
0—>St—>Rt—>Rt+1—>O
is also exact, we have R;y1 = EBHO(Y}M“,LL@), that is, Y;"*"" is projectively

d>0
normal.

We now prove that (2);11 is true. Let m be such that m;;, is regular. Note that
m; is also regular. Since Y;"* is projectively normal, we have the exact sequence

H (", Lim) = H' (", Lim) = H (", Limyag)-
Now, by (2),

my regular = H(Y{"*,Lim) =0,
m;,; regular — H"‘*'l(Yi"f7 Li7m+a£) =0.

Thus, H*(Y;*"**, Li.m) = 0.
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Finally, we prove (3)¢+1. Since Y;“'** is projectively normal, we have the exact
sequence

0— HO(YiMH,Li,era;H) . HO(Y*iutJrl’Li’m) N HO(Y’iut+27Li’m) — H! (YiMHaLi,era;H)

Since my5 is regular, we have by (2);1; that H*'(¥;**", Li’m+a;+1) = 0, hence the
restriction map HO(Y;"""", Li m) — H°(Y,"""*, Lim) is surjective. O

N-1

Corollary 5.24. If my = m + Z a, is reqular, then a basis of H°(T;, Li m) is
t=0

given by the wo-standard monomials of shape (i, m).

Proof. Since the restriction HY(Z;, Lim) — H°(Ts, Li m) is surjective, the stan-
dard monomials pr that do not vanish identically on I'; form a generating set.
By Theorem these monomials are exactly the wg-standard monomials. By
Theorem these monomials are linearly independent. [J

Proposition 5.25. Let pr be a standard monomial of shape (i, m), with m arbi-
trary. Then pr decomposes as a linear combination of wg-standard monomials on
T;.

Proof. With the notation of Theorem the result is true if my is regular. If
this is not the case, then we set b = by ...b, with

b — N if j =; for some t,
771 0 otherwise,

and m’ = m + b. Now, m’ satisfies the assumption of Theorem We multiply
pr by pNN1 ...pfgvnfl to obtain a new monomial p/., where k; = wow;. So pf is of
shape (i, m’) and does not vanish identically on I';. Now, p/» may be non standard,

so we decompose it as a linear combination of wg-standard monomials of shape
(i,m’) on T, thanks to Corollary

Pr(Pny - Do) =P =Y agw pro.
TI/

Since a wg-standard monomial does not vanish identically on T'j, the columns k
that are in position j in a tableau T” are maximal, i.e. equal to wgwy. Hence
we may factor this linear combination by (p, -..px,_,)Y, so that pr is a linear
combination of wy-standard monomials. [J

Corollary 5.26. A basis of H°(T';, Lim) is given by the wo-standard monomials
of shape (i,m). O

Remark 5.27. In the regular case (m; > 0 for every i), the basis given by standard
monomials is compatible with T'y: this is no longer the case if m is not regular, see
Remark [4.22)
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