A POSTERIORI ERROR CONTROL for

PDE'’s.
PART 2

S. Repin
V.A. Steklov Institute of Mathematics in St.-Petersburg

May 3, 2007



Lecture goal

In the lecture, we present Functional A Posteriori
Estimate for the several elliptic problem starting with

Au+f=0 Q u=00Q.

We discuss their meaning, principal features and
practical implementation.
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FUNCTIONAL A POSTERIORI ERROR ESTIMATES.
FIRST GLANCE
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Functional A Posteriori Estimates

Functional A Posteriori Estimate is a computable majorant of
the difference between exact solution u and any conforming
approximation v having the general form:

®(u—v) <M(D,v) Yv e V! (1)

D is the data set (coefficients, domain, parameters, etc.),
® :V — R, is a given functional.
M must be computable and continuous in the sense that

M(D,v) — 0, ifv—u
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Types of ¢

= Energy norm d(u—v)=|lu—v|o
= Local norm d(u—v)=|u—v,
m Goal-oriented quantity ®d(u—v)=(Lu—v)

Functional a posteriori estimate gives complete solution of
the error control problem from the viewpoint of the
MATHEMATICAL THEORY of PDE’s
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METHODS OF THE DERIVATION.

These estimates are derived by purely functional methods:
using the the duality theory in the calculus of variations
or
analysis of integral identities.
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Variational method 96’-97":

Exploits variational structure of the original First publications:

[8, 9, 10, 11, 12, (13, [19] .

A systematic exposition of the variational approach to deriving
Functional a Posteriori Estimates can be found in

P. Neittaanmaki and S. Repin. Elsevier, NY, 2004

Nonvariational method 2000’:

Derives a posteriori estimates by certain transformations of integral
identities. Basic idea of the method is presented in S. R. (2001)
116}
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Let us consider both methods in application to our basic
problem
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Variational Method

Let u be a (generalized) solution of the problem
Au+f=0 Q u=0092.

As we have seen in Lecture 1, this problem is equivalent to the
following variational problem:

Problem P. Find u € Vg := H!(Q) such that
J(u) = inf J(v),

veVy

where
1 2
Iw) = SIVVIP = (f,v).

By the reasons that we discussed earlier this problem has a unique
solution.
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Lagrangian

Note that
1
J(v) =supL(Vv,y), L(Vv,y)= / <VV Y- |Y|2—fv> dx
yey Q 2

where Y = L2(Q,R"). Indeed, the value of the above supremum
cannot exceed the one we obtain if for almost all x € € solve the
pointwise problems

sup (VW)(x) -y(x) ~ 5ly()?  x€Q

y(x)

whose upper bound is attained if set y(x) = (Vv)(x). Since

Vv € Y, we observe that the respective maximizer belongs to Y
and, therefore

sup L(Vv,y) = L(Vv, Vv) = J(v).
yey
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Minimax Formulations

Then, the original problem comes in the minimax form:

(P) inf sup L(Vv,y)

VEV() ye

If the order of inf and sup is changed, then we arrive at the
so-called dual problem

(PY) sup inf L(Vv,y)
yey VeV

Note that

Vlen\iu/ﬂ (Vv-y— ;|y|2—fv>dx = _;Hszijien\ﬁo/g(vv'y_fv)dx _
:{ _%HYHZ ifye Qf:={yeY|divy+f=0}
—00 ify ¢ Qs
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Thus, we observe that the dual problem has the form: find p € Qs

such that
—1"(p) = sup —I"(y)
yeQs
where
1
I(q) = =||ql?
(a) = 5l

How are these two problems related?

First, we establish one relation that holds regardless of the
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SupInf and InfSup

Lemma

Let L(x,y) be a functional defined on the elements of two
nonempty sets X and Y. Then

sup inf L(x,y) < inf sup L(x,y). (2)
er xeX xeX yEY

It is easy to see that

L > inf L vxe X, ycv.
(x,y)_ggx (&y), vxeX, y

Taking the supremum over y € Y, we obtain
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sup L(x,y) > sup |nf L(&,y), VxeX.
yeY yey §€X

The left-hand side depends on x, while the right-hand side is a
number. Thus, we may take infimum over x € X and obtain the
inequality

inf supL(x,y) > SUP |nf L(&,y).
xeXyey

|
Therefore, we always have




Duality relations

However, in our case we have a stronger relation, namely

|
sup P* = inf P

To prove this fact, we note that

/ Vu-Vvdx = / fvdx Vv e V.
Q Q
Therefore p = Vu € Q¢ and

. 1 1 1
1 (p) =~ |VulP = /Q (5190~ [VuP)dx= /Q (51Vu? — fu)dx = J(u).
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Let us recall the estimate established in Part 1:
1 2
S IV(u =)l < J(v) = J(u).
Since J(u) = —1*(p), we have

V-2 < I +1(P) I + 1) Va<Qr

Reform this estimate by using the fact that q € Qs.

. 1 1
JW) +1(a )75||Vv||2—<f,v)+§||q||2
1
§||Vv||2 + 3 lal? — (Vv,q) =
= 2Ivv—al?
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Now, we have
V(v —u)] < [[Vv—da| Vae Qs
Take arbitrary y € L2(R2). Then,

[V(v—u)|| < [[Vv—y|+ inf [ly—q].
qeQy

How to estimate the above infimum?
Various methods give one and the same answer:

inf |ly — q|| < [divy + f] y € L%(Q), (3)
qeQ¢

inf [ly — al| < Col/divy +f| y € H(Q,div), (4)
qeQr
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Proof

To prove these estimates we consider an auxiliary problem

An+fidivy=0Q n=0 09.

/ Vn - dex:/ (fw —y - Vw)dx
Q Q
g

—
/(Vn+y)-dex:/ fwdx VYw eV
Q Q

Thus, § € Qf !N
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Since m is a solution of the boundary—value problem with
right—hand side divy + f € H™1, we have

[Vnl < Tdivy +f],
Then
inf [ly —ql <lly—all =[Vn| < [divy +f].
qeQs
Here

) Jo (¥ - Vw — fw)dx
divy +f] = sup
Ly 0L = 2 ™ o
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y € H(2, div)

If y has a square summable divergence, then we have

di fiwd
[divy +f] = sup fﬂ( vy + fwdx

< CQ| divy—i—f”,
= A— |

where Cgq is the constant in the Friederichs—Steklov inequality for
the domain €2. We observe that

a "noncomputable” negative norm has been estimated by a
” computable” one without an attraction of Galerkin
orthogonality and local (mesh—dependent) constants.
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Thus, for any y € H(£2, div) we obtain
V(v —u)]| < [[Vv—y[+ inf [ly —q <
qeQ¢
Vv —y|| + Cql/divy + f].

Above presented modus operandi can be viewed as a simplest
version of the variational approach to the derivation of Functional
Error Majorants.
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Nonvariational method in the simplest case

Let us expose its simplest version adapted to our model problem.
We have

/Q V(u—v)Vwdx = /Q (fw — Vv - Vw) dx

In order to get an upper bound of ||V (u — v)|| we use the relation

/ (divyw + Vw -y)dx=0  Yw e V)
Q

valid for any y € H(£2, div).
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We have

/ (Vv-Vw — fw)dx =

Q

/ (Vv-Vw — fw — (divyw + Vw - y))dx =
Q

/Q (Vv —y) - Vw — (f + divy)w)dx <

Vv = y[[[Vwl| + [[f + divy]|[lw]| <
< (Vv =yl + Callf + divy|)) | Vw]|.
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Setw=u—v.
/Q IV(u—v)|Pdx < (|[Vv — y| + Ca||f + divyl|)||V(u — v)]|.

Thus, we find that

IV(u—v)[ <[[Vv -yl + Cq[f + divy]|.
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Functional error estimate. Meaning and properties

For the problem
Au+f=0, u=00n0Q

we have obtained the estimate

IV(u—v)| <[[Vv—y[ + Calldivy +f[||  (5)

The estimate is valid for any v € Vg and y € H(Q, div)
Two terms in the right—hand side have a clear sense: they present
measures of the errors in two basic relations

p=Vu, divp+f=0 inQ

that jointly form the equation.
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The estimate is sharp

If set v=0 and y = 0, we obtain the energy estimate for the
generalized solution

[Vul| < Callf].

Therefore, no constant less than Cq can be stated in the second
term.

If set y = Vu, than the inequality holds as the equality.

Thus, we see that the estimate (5) is sharp in the sense that the
multipliers of both terms cannot be taken smaller and in the set
of admissible y there exists a function that makes the
inequality hold as equality.
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The estimate as a quadratic functional

By means of the algebraic Young's inequality
2, 1.5
2ab < (3a +Bb, B>0

we rewrite this estimate in the form

IV (u = v)|? < (6)

1+ B
<@+P)IVv -y +
B
For any 3 the right—hand side is a quadratic functional. This

property makes it possible to apply well known methods for the
minimization with respect to y.

C3 || divy + f||2
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Deviation Majorant

|
Denote the right—hand side of (6) by Mg, i.e.,

1
Mg(v.y,B.Cq.f):= (1+8)|Vv—y|? +%ﬂ

This functional provides an upper bound for the norm of the
deviation of v from u. Therefore, it is natural to call it the
Deviation Majorant.

C2 || divy+ f||2.
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BVP Au + f = 0 has another variational formulation

inf M@(V,y,,@,CQ,f)

veVy,
ﬁ>07
yeH(Q,div),

® Minimum of this functional is zero;
m it is attained if and only if v=u and y = AVu |;

m Mg contains only one global constant Cgq, which is problem
independent;
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HOW TO USE FUNCTIONAL A POSTERIORI ERROR
ESTIMATES?
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In principle, one can select certain sequences of subspaces
{Vihk} € Vo and {Yn} € H(R,div) and minimize the Error
Majorant with respect to these subspaces

inf M@(V,y,ﬁ,CQ,f)

VvEV i,
B>07
YEYhk,

If the subspaces are limit dense, then we would obtain a
sequence of approximate solutions (v, yk) and the sequence
of numbers

= inf Co,f 0
Yk g;oMGB(vk’yk"B’ Q, )_>
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Using Majorants in practice

Consider CONFORMING FEM APPROXIMATIONS.

We have 3 basic ways to use the deviation estimate:

(a) Direct (via flux averaging on the mesh 7j);

(b) One step delay (via flux averaging on the mesh hyes);
(c) Minimization (minimization via y).
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(a) Use recovered gradients

Let up € Vy, then
ph = Vup, € Ly(2,RY),  pp & H(RQ, div).

Use an averaging operator G, : L(,R9) — H(Q, div) and have
a directly computable estimate

[V(u = un)|| < [|[Vun — Ghpal| + Co [[divGhp, + ]|
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(b) Use recovered gradients from 7,

ref

Let ug, uy, ..., u, ... be a sequence of approximations on meshes
Th,. Compute pi := Vuy, average it by Gk and for ux_1 use the
estimate

Ju—u 1] <[|[Vue1—-Gipil + Co [|divGipi+f]|

This estimate gives
a quantitative form of the Runge’s rule.
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(c) Minimize Mg with respect to y.

Select a certain subspace Y, in H(R2,div). Generally, Y may be
constructed on another mesh 7. and with help of different
trial functions. Then

[V(u—un)| < inf {[[Vun—ynll + Cq [divy, +f[|}
Yh€Yh

The wider Yy, C H(£2,div) the sharper is the upper bound.
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Quadratic type functional

From the technical point of view it is better to square both parts
of the estimate and apply minimization to a quadratic functional,
namely

IV(u—un)* < inf {(1+B)]IVun—yal +
Yh€Yh

1 .
+Ca (14 ) vy, +112}

Here, the positive parameter 3 can be also used to minimize the
right—hand side.
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Simple 1-D problem

(a(x)u') = f(x),
u(a)=0, u(b)=u,.
It is equivalent to the variational problem

b

J(v) = / <;a(x) V2 +f(x)v> dx.

a

Assume that the coefficient a belongs to € L* and bounded from
below by a positive constant. Now

Vo +ug = {veH(a,b) | v(a) =0, v(b) = up}.
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Deviation Majorant

b C2 A b
Mag(v, B,y) = (1+8) / av-y P dcr =50 / y 2 | dx.
a a

(7)

In this simple model, u can be presented in the form

u(x) = / a:t) / () dzdt + . <u,,— / bazt) / tf(z)dzdt).

what gives an opportunity to verify how error estimation methods work.
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Approximations

Let V}, be made of piecewise—P! continuous functions on uniform
splittings of the interval and consider approximations of the
following types:

m Galerkin approximations;

m Approximations very close to Galerkin (sharp);

m Approximations which are "good” but not Galerkin;
m Coarse (rough) approximations.

|
Our aim is to show that the Deviation Majorant can be

effectively used as an error estimation instrument in all the
above cases.
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Computation of the Majorant

To find a sharp upper bound, we minimize Mg with respect to y
and 3 starting from the function yg = G(v’), where G is a simple
averaging operator, e.g, defined by the relations

G(V')(x) = %(v’(xi —0)+V'(x; +0)),

By the quantity

f‘M’ ) b) b
dnf) o(v, B, yo)

we obtain a coarse upper bound of the error. It is further improved
by minimizing Mgy with respect to y.
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Example

Let a(x)=1,f(x)=c,a=0,b=1, u, =1, e.g., we consider the
problem

u’"=2, u(0)=0,ul)=1.
In this case, C(5 ) = 1/7 and

g)x7 W =cx+1- S

u:Ex2+(l— >

2

Take a rough approximation v = x. Then

1
l(u—v)|? = / (x — 0.5)%dx — /12 ~ 0.083c%,
0
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1.2 T

08 | 7

06 - -

Exact solution and an approximation.
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Various y give different upper bounds

(a) Take y = v/ =1, then the first term in

1 1
1
Mao(v.B.y) = (1+0) | [Iv-y Pdxt gz [ly—c? | ax.
0 0

vanishes and we have Mg — c2/7r2 ~ 0.101c?; as B — +o0.
We see that this upper bound overestimates true error. Note that

in this case, all sensible averagings of v/ = 1 give exactly the same
function: G(1) =1 ! Therefore,

G(V) - Vv =0

and formally averaging based indicator ” does not see the error”.
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For the choice y = v/ the Majorant give a certain upper bound of
the error (which is not so bad), but the integrand cannot indicate
the distribution of local errors. Indeed, we have

M —l/lczdx
EB_ﬂ_z 0 :

Hence, the integrand of the Majorant is a constant function, but
the error is distributed in accordance with a parabolic law:

(u—v) =c(x—0.5)2
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(b). Takey =cx+1—c¢/2. Then, y' = c and the second term of
the majorant vanishes. We have (for 8 = 0)

1
Mg = / c(x — 1/2)%dx = c2/12.
0

We observe that both the global error and the error distribution are
exactly reproduced. In real life computations such an "ideal” function y
may be unattainable. However, using direct minimization procedures we
make the Majorant close to the exact error. In this elementary example,
we have minimized the Majorant on a uniform mesh with 20 intervals
using piecewise affine approximations of y. The elementwise error
distribution obtained as the result of this procedure is exposed on the
next picture.
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0.004 T

0.002 =

0 0.5 1

0

True errors and those computed by the Majorant.
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To give further illustrations, we consider the functions
us = u+ o,

where ¢ is a number and ¢ is a certain function (perturbation).
Approximate solutions (whose errors are measured) are
piecewise affine continuous interpolants of u; defined on a
uniform mesh with 20 subintervals. We take ¢ = xsin(mx)
and ¢ = 0.1, 0.01, 0.001, and 0.

Table:

0 S 2M@ 2./\/1@ ieﬁ‘ iesh
0.1 0.019692 0.019743 0.019683 1.003 1.018
0.01 0.001022 0.001025 0.001013 1.003 1.011

0.001 0.000835 0.000839 0.000827 1.005 1.002

0 0.000833 0.000836 0.000825 1.004 1.002

In this experiment the Majorant was computed for 3 |le||.
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Error estimation for 6 = 0.1

0.008

0.006

0.004

Errors

DEM ——




Functions u, v and igg for 6 = 0.1
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Error estimation for 6 = 0.01

A more precise approximation.

8e-05

4e-05
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Functions e(y), 8 and iee for 6 = 0.1
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Error estimation for 6 = 0.01

A more precise approximation.
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Functions e(y), 8 and iee for 6 = 0.01




Error estimation for 6 = 0.001

Sharp approximation.
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Functions e(y), 0 and ieg for § = 0.001




Error estimation for 6 = 0

Interpolant of the exact solution.

Errors
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Functions e(y), 8 and ieg for 6 =0
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A POSTERIORI ERROR ESTIMATES FOR A DIFFUSION
TYPE PROBLEM.
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Elliptic problem with a lower term

For elliptic problems with lower terms it is easy to obtain
estimates without Cg,.

AU_QU—’_f:Ou Q>0?
u=ug on 0.

Such estimates can be derived by both variational and

non-variational method. Let w € Vg := H(Q). We have

/QV(u—v)-dex—l—g/Q(u—v)wdx:

:/(fw—Vv-Vw)dx—g/ vw dx.
Q

Q
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Use the integral identity for y € H(2, div):
|

Jo (Vw -y + wdivy)dx =0 VYw € V.

/QV(u—v)'deang/ﬂ(u—v)wdx:

/(f+divy—gv)wdx+/(y—Vv)~Vw)dx§
Q Q

< [If + divy — ov||[lw]| + [Vv — y[[[[ Vw]].
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Set w = u — v and note that

I + divy — ovl|[lu — v + [[Vv —y[[[[V(u —v)| =

1 :
= EHf + divy — ovl|oflu — v[| + [Vv — y[|[|[V(u = v)|| <

1 1/2
< (Qz||f+divy o+ Vv - y\"’) Ju—v]

where

lu—vi*= /Q (IV(u—v)? + olu — v[*)dx.

V.A. Steklov Institute of Mathematics in St.-Petersburg




Then, we obtain the estimate
2 1 . 2 2
u—v|°< ?Ilf + divy — ov||* + [|[Vv —y]|

By the variational method this estimate was derived in [8].
Also, it readily follows from the general variational method (see
[13]) of a posteriori error estimation that we discuss later.

This estimate has no Cq. However, in practice, it may give big
overestimation if ¢ is small due to large penalty at the first term.
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A POSTERIORI ERROR ESTIMATES THE A MAXWELL'’s
PROBLEM.
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A simple version of the Maxwell’s system

Quite analogously functional a posteriori estimate can be derived
for the elliptic problem

1

curly™ “curlu + k?u="f

uxrv=20 onT

This equation with k > 0 arises if the evolutionary Maxwell
problem is solved by a semidiscrete scheme.
If k = o0 than we have the simplest magnetostatic problem.
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Here v denotes the unit outward normal to 9Q2. By V() we
denote the Hilbert space H(S2, curl) defined as the closure of
smooth functions with respect to the norm

1/
Wlewn = (Iw[i3 + [lcurl w|3)
Let
Vo(R2) :={w e H(Q,curl) jlw x v =0 on 0Q}

and

(w) ::/Q j-wdx.
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Literature comments

Approximation methods for the Maxwell's equation were
investigated by many authors

see, e.g., G. Haase, M. Kuhn, U. Langer [5],

R. Hiptmair [6],

P. Monk [7].

A posteriori estimates (residual approach) can be found in

R. Beck, R. Hiptmaier, R. Hoppe, and B. WohImuth [1]

S. Cochez-Dhondt and S. Nicaise [3]

and equilibrated residual approach in D. Braess and J. Schoberl
[2].

By the functional approach a posteriori estimates were derived in
S. R. [17]. Below the arguments of the paper are shortly
reproduced.
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Case |.

Assume that k > 0. Integral identity is as follows:

/ (,ufl curlu - curlw + k?u - w)dx ={(w) VYw e Vy(8)
Q

Let v € Vp(2). Then from (8) it follows that

/Q (,u,_lcurl (u—v) - (curlw) + k*(u — v) - w) dx =

= /Q (j -w — (curlv) - (curlw) — k?v - w) dx VYw € Vo(Q),




Let y € V(2). By (9) we obtain

/gz (M—lcurl (u—v) - (curlw) + k2(u —v)- w) dx —
— /ﬂ ((J —k?v —curly) -w + (y — " teurlv) - curl w) dx (10)

Set w = u — v. We have

fu—v 2= /Q (,rly curl (u —v)| 2+ K2|u — v\z) dx =

= /Q ((_] — K%v — curly) - (u —v)+

1

+(y — p “curlv) - curl (u — v)) dx.
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Thus,

1.
mu—VWSHEU—k%—CWWW%@—VW+

+ 2y — pt

curlv)|[||~2curl (u —v)].

From the above relation, it follows that

2
[u—vi"<

1 . _
<ME(v.y) = i (= kv —curly) |2+ | p!2(y = p~ teurlv) 2
(11)
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It is easy to see that

inf Mg(v,y) =0
veVy,
yeH(LQ, curl)

and the exact lower bound is attained if and only if

curly + k’v =j a.e.in Q

y=pu teurlv a.e.in Q.
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By assumption, v x v = 0 on 09Q. Therefore, (12) and (13) mean
that v coincides with the exact solution u and y with ¢ tcurlu.
For any y € Vj the quantity Mé(v,y) gives an upper bound of the
error. It is easy to observe that

yien\ﬁ0 MgB(v,y) < MgB(v,,u_lcurlu) =

1 2 2
| 1*=

1
= ”E (j — k2v — curl Leurlu) || + ||~ Y ?curl (u — v)

= [[k(u = v)|2 + |~ 2eurl (u —v) > = u—v |*.

Therefore, the upper bound is sharp.
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Lower bound

lu—v?> M2 (v,w) :=
= / (2j -w—p " eurlw|2 —k2|w|2 =2, Teurly - curlw —2k?v - w) dx.
Q
(14)

For any w € V the quantity Mze(v,w) gives a lower bound of the
error. Certainly, the sharpest bound is given by

sup M2 (v, w).
weVy

It is not difficult to prove that this quantity coincides with the
squared error (to prove that it suffices to set w = u — v).

V.A. Steklov Institute of Mathematics in St.-Petersburg




Practically computable two—sided bounds of the error can be
determined if M2 (v,y) is minimized over a finite dimensional
subspace Vi C V() and M2 (v, w) is maximized over a finite
dimensional subspace Vg, C Vg, dimVg,, = m. Then, finding the
quantities

sup MZ(v,w) and inf MZ(v,y)
weVon, yEVm

requires solving quadratic type problems.
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Case Il. If k = 0 then an additional compatibility condition
divj=0 in Q, j-v=0 onoQ (15)

is necessary to have a well-posed problem. In this case, the
respective generalized solution is defined by the integral identity

/ g leurlu - curlwdx = 4(w) Yw e Vy.  (16)
Q
Since curl Vi = 0, the solution should be understood as an

element of the factor space where the functions are equivalent if
their difference is a gradient field.
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To ensure the uniqueness of a solution the Coulomb gauge
condition

ueVy:= {V eV | /QV -Vodx =0 Vo E\R/%(Q)}(]j)

is usually attracted.
First, we recall one result in the theory of functions in H(, curl)
(see, e.g., V. Girault and M. Raviart [4], P. Monk [7]).

Lemma

Let Q be a Lipschitz simply connected bounded domain and
divw = 0 in Q. There exist a constant Cq such that

lw|lo < Cq|lcurlw|q Yw e Vp. (18)

Lemma shows that the seminorm |[ ]| := ||curl || is a norm on the
subspace of solenoidal functions in Vj.
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Functional a posteriori estimate. Case II.

We have the following upper bound of the error:
lu— ]| < Callj - curlyllg + lcurlv — yllg.  (19)

Note that in (19) v appears only as the argument of the operator
curl. Therefore, it should be understood as an estimate of the
factor—norm for the functions in the factor space equivalent up to a
gradient field.
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FUNCTIONAL A POSTERIORI ESTIMATES FOR LINEAR
ELLIPTIC PROBLEMS IN GENERAL FORM.
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" Nonvariational” method in the general form

Below we discuss the general approach to deriving two-sided
functional estimates of the deviations from exact solutions of
linear elliptic type problems having the operator form

NAAu+ £=10

where A and A are linear bounded operators and
A is symmetric and positive definite.
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Abstract elliptic problem

Many problems can be presented in the following form: find u € Vg + ug
such that

(AAu, Aw) + (£, w) =0 Yw € V. (20)

Here Vj is a subspace of a reflexive Banach space V,

eg., V=H! Vo =H.

A :V — U is a bounded linear operator, e.g. A= V.

U is a Hilbert space with scalar product (-,-) and norm || - ||,

eg., U= L2,

£ €V, is a linear functional in the dual space, e.g., in H~1. In general,
we may assume that

(£, w) = (f,w) + (g, Aw).

A € L(U,U) is a self-adjoint operator.
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Assumptions

We assume that
V  is compactly embedded in U (21)
and the operators A and A satisfy the relations

allyl® < (Ay,y) < ellyl’,  Vyeu, (22)
[Aw|| > es3llwlly, VYw € Vo, (23)
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For our analysis, it is convenient to introduce two more norms:

Iy ll:= (Ay. )2y b= (A, 0)Y2

where A71:U - U

is the operator inverse to A. The respective spaces Y and Y*
contain elements of U equipped with the norms || - || and || - |,
respectively.

Let A* be the operator conjugate to A, i.e.,

(y,Aw) = (N'y, w), Yw € Vj. (24)

V.A. Steklov Institute of Mathematics in St.-Petersburg




A general method of the derivation of a posteriori estimates by
transformation of integral identities was suggested in
S. R. (2001) [16]. We follow the lines of this paper.

Let v € Vg + ug be an approximation.
(AN (u —v),Aw) + (€,w) + (AAv,Aw) =0  Vw €V,
Setw=u—v.
I A —v) I2=] (€.u—v) + (AN, A(u—v)) | .
By (y, Aw) = (A*y, w) we obtain

I Aw—=v) I2=] (€.u—v) + (AW —y,A(u—V)) + (Ny,u—v)) | .
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Therefore, we find that

I ACu—v) 2 <[ (€+Ny,u=v) | + | (AAv—y,Au—v)) | <
<STL+NY] [ Aw=v) || + [ AAv =y [l [ A(u=v) |,

where

(p, w)
[ul == sup o———=
wevo | Aw ||

denotes the norm of the functional 1 : Vg — R.
To prove that the value of | £+ A*y | is finite we note that

€+ Ny, w) < [[€]lvg lwllv + [lyll[|Aw] < (e5[[€llv; + lIyll) [1Aw]| <
—1/2 _
<2 (3t ellvs + Nyl ) | Aw |-
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General estimate

As a result we obtain the general form of a functional a posteriori
estimate for an elliptic type problem:

[A(w—v)l[< T€+Nyl+ | AAv —y . . (25)
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Denote

D(y1,y2) == (Ayl y1) + 5 (A y2,¥2) — (y1,y2) =

1
LAy — Aly2) oy — Aly) = 5 lyi— Aty =

N[ = M\

_ 1
(A Y (y2 — Ay1),y2 — Ay1) = > I y2 — Ay1 ||?
Then
| AAv —y ||?= 2D(Av, y)

and we obtain
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[ A(b—v)lI< T€+ Nyl + V2D(Av,y).

Square both sides and use Young's inequality
I A=v) [P< (14+3) [e+A'yI* +2(1+5)D(Av, y)(26)

This estimate holds for any y € Y* and 3 > 0. Denote its
right—hand side by 2 Mg (v, 3,y)
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2Mg(v,B,y) is a sharp upper bound

For any 3 > 0 there exists y € Y* such that

2Mg (B, v,y) =[| A(u—v) || .

Proof. Set y; = ﬁ(p + BAAv) where p = AAu. Note that
(£+Ny1,w) = (=p+y1,Aw).

] (y1 —p,Aw)
[£+Ny1 ] = sup =0 =
wevg [ Aw ||
(AN(v — u), Aw)

weVy
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Similarly
D(AV,y1) = yigp | Alv—u) || .

Therefore,
(1+2) 16+ Ay > +2(1 + B)D(Avy) =

(142) (2 AW ) 1) 201+ 8) (e I A u) I2) =
= 12 I —u) 12 4525 | A = u) 2= A — ) 2.
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We replace | £+ A*y] by the norm in a Hilbert space U provided
that £ belongs to a narrower set. Assume that

£ € UcC Vg,
ye Q' :={z" e Y| N'z" € U}.

Note that Q* can be endowed with the norm
Iylig- = IlylIZ + [|A*y[I-

If £ € U, then Q* contains the exact solution p of the dual
problem! This fact is important for the proof of the
sharpness of the Majorant.
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Then

N £+ Ny w) 1€+ A*y| [|w]]
[£+Ny] = sup " < sup ———— =" <
wevg | Aw | wevg [ Aw ]

< e+ Ayllet sup AL

-1 *
<cy lelig A
Sup Jaw] = 1 G I AL

2_ -2 -2
Denote ¢ = ¢; (o
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General form of the computable Majorant

Now, the Majorant Mg is replaced by Mg, namely we arrive at
the estimate

1
5 I Alv —u) I< Mg (v, B,y) :=

— (14 8)D(Av.y) + 1P

* 112
S22 Nyl (21
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Relationships with other methods

M@(V,IB, y)

involves an arbitrary function y. We are aimed to show that some
special choices of it lead to known error estimates.

We assume that (€, w) = (g,w), where g € U, so that
p<c Q" CQjand

Q={ycQ |(Ny+gw)=0, VwecVp}
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Let us first define the function

yo = AAv. (28)

A variety of options comes from the relation

y = Myo, (29)

where I is a certain continuous mapping.
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Residual based estimate

If M is the identity mapping, i.e., y = yg :== AAv, then

D(Av,yy) = 0.

Take the majorant with such a y:
1 1+ X
2 1A —u) IP< (14 B)D(Av.y) + =521 £+ Ay ]

Now, it contains only the second term, which after the
minimization with respect to 3 gives

I A= u) I [+ A ARV ] =
(£, w) + (AAv, Aw)
su . (30
e T Aw] (30)
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If v is obtained by FEM and v = u, € V}, := Vi + ug, then we
arrive at the following estimate:

I ACun —u) |< T €+ A Ahu, | =
(£, w —wy) + (AAup, A(w — wy,))
sup
weVg I Aw ||

We find an upper bound of the right—hand side by the arguments
accepted in the classical residual method.
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Conclusion

If in the functional a posteriori error estimate is applied to a FEM
solution uy, then we may select the variable y in the simplest way as

y = Auy,.

Then, if uy is a Galerkin approximation, we can use this fact and

obtain at an upper bound given by the residual type a posteriori

error estimate that involves integral terms associated with finite
elements and interelement jumps.
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Estimates using post—processing of the dual variable

In Mg(v, 3,y) the best choice is y = p € Q*. Therefore, if
yo € Q* then its mapping Q* could be a better approximation of
p. Let us denote such a mapping by NMy. We obtain

y1 =Ty € Q (31)
and the quantity Mg(v, 3,y1), which leads to the error majorant

MO () = ﬁ@ﬂ{+{(1+ﬁ)n(/\v, M (AAV))+

1+
243

+ 22 | 4+ A My (AAV) H?}. (32)
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Particular case

In the simplest case associated with the problem

Au+f=0, u=ug ondR

we have
M (up) =
1+ 8)C

23
If My is a gradient averaging operator, then the first term in the
right—hand side is the difference between the original and
averaged gradient, i.e. it coincides with a gradient averaging
indicator. However, as we have seen in previous lectures, such an
indicator cannot provide a reliable upper bound of the error. The
second term in the right-hand side shows what is necessary to add
in order to provide the reliability.

o _ 2 . 2
= inf {(145) [V~ (V) 2+ |-+ dlivITy (V) 2}
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Estimates based on the " equilibration” of the dual variable

Let My maps Y* to the set Qj. Define
y2 = My € Q;. (33)
Then,
Ny, +£=0,
so that the Majorant has only the first term:
M (v) = D(Av. y2).

M5 is natural to call an equilibration operator. In general, it is
rather difficult to construct an "exact mapping” > to Q. One
may use an operator ﬁz, which provides an approximate
"equilibration”. In this case, the second term of the Majorant
does not vanish and should be taken into account.
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Various choices of the dual variable lead to certain a posteriori methods

/ Problem P
(primal )

SPACE

SPACE

Problem P*
(dual)
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A priori projection type error estimates

As an exercise, we now will derive classical a priori projection type error
estimates from a functional a posteriori estimate. Let u, € V, be a
Galerkin approximation of u. We have

||A(uuh)|||2s2(1+mn(/\uh,y)+(1+;) [Ay+£]?

Set here y = AAvy, where vy, is an arbitrary element of V,. Then,

INy+£] = sup V"~ =
wevg | Aw ||
(AAN(vp — u), Aw)
= sup <[ Alva —u) || -
wevo Il Aw ]

V.A. Steklov Institute of Mathematics in St.-Petersburg




It is easy to see that
D(I\uh,A/\vh) = J(Vh) - J(Uh).
Indeed,

D(l\uh, .A/\Vh) = %(A/\Vh, /\Vh) + <£, Vh>—

1
- E(AAUh, Aup) — (£, up)+
+ (A/\Uh, I\(uh — Vh)) + <£, up — Vh>.

Since up, € Vy, is a Galerkin approximation, the last two terms
vanish and we obtain the relation.
We know that

| Aun — u) 7= 2(3(un) — J(w)),
| A(vh — u) 1= 2(3(vn) — I(u)).
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Therefore,

2D(Aup, AAvp) = 2(J(vi) — J(u)) — 2(J(up) — J(u)) =
=l AQvn —u) [I> = || A(un —u) |

Now, the error estimate comes in the form

A un) 12 (18 A — ) |2 — | A —u) [2) +
n (1+;) I Avn —u) I2.

Thus, we obtain

(2+5) | Au— up) |2<

<(L48) | Awn—u) P + (1 n ;) 0 Avn — u) 2.
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We see that

I A ) 125 (14 550 ) 1A= w) 12

Since (3 is an arbitrary positive number, we arrive at the projection
type error estimate

I ACu—un) [[< inf || A(u—vn) || -
VhEV)
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Diffusion equation

Let A is produced by a matrix A = {a;;} = {a;i}, V = H}(Q),
where Q is a Lipschitz domain, U = L?(Q,R"), and Aw = Vw.
Let the entries of A be bounded at almost all points of Q and such
that

a1lé)? < aj&& < elél?,  VEERM (34)

Then, the spaces Y and Y* have the norms

Iy = /Q Ay ydx, |y |2= /Q Aly.ydx.
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Dirichlet boundary conditions

We begin with the problem

divAVu = f in Q, (35)
u=ug on 0. (36)

In this case, Vg = H1(R) and u meets the integral identity
/ AVu-Vwdx + (f,w) =0, Yw € Vp. (37)
Q
The relation (y, Aw) = (A*y, w) has the form

/ y-Vwdx = (—divy,w),
Q

where A* = —div and divy is in H"1(Q).
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The operator A satisfies the required inequality

cal Vwll > [w],  vw e Hi(Q).
Upper estimates of || v — u || for an approximation v € Vg + ug

follow from the general estimate presented in Lecture 5. We have

where

2/QAV(VU)~V(VU)dX<M@( B.y)

1+5/ v— A~ y)~(AVv—y)dx+1+'6

2
o 2
23 sz y—f|

(38)
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Mixed boundary conditions

Let 02 consist of two measurable nonintersecting parts 912 and
022, on which different boundary conditions are given:

u=uy on 019,

v-AVu+F=0 on 0.

Set
Vo = {v ceHY{(Q)|v=0 on 8152}

and
(Ny,w) = / y - Vwdx, Yw € V.
Q
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Assume that
fcl?(Q), Fecl?a9).
and y possesses an extra regularity, namely,
y€Q(Q) = {y cY*|divy € LA(Q), y-v € L2(82§2)} .

Then, for any w C Vj, we have

€+ Nyw) = |

(divy — fjwdx + /(y - v + F)wds,
Q

0

Note that p € Q*(Q)!
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Now, we obtain

[(€+ Ny, w)| < | divy — f[2.0[w|2.0+
+lly - v+ Fllz.0,0wl2,0,0-
Let v and ~, be two numbers such that v > 1, v > 1,

% + % = 1. Use the algebraic inequality

1 1
abmgmm.

. 1/2
(4 Ay.w) < (Aldivy—f3g vyt Fl3ae ) x

(1
X | —|lw
~

Then

) 1 ) 1/2
\2,Q+,YHW”2,329> .
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Since (Friederichs type inequality)
Iwl3e < CR(Q)|Vwl3q,  VYw e Vo,
and (trace inequality)
HWH%,azsz < Ctzr(97829)Hw”%,2,97 Vw € Vy,

we find that

1,2
“lwl3e + = w3 o0 <
S W20+ 2 20,9

*

1 1
<c22 2, 2 1
< CE_IvwiP+Ch (

* )<

1 1
<c2 ol = (1 +C2 )) Vw3 g.

*
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Therefore, there exist a positive constant C., such that

fﬂ AVw - Vw dx
C2

5 weVo %HWH%,QJF %HWH%,azﬂ

The value of this constant can be estimated numerically by
minimizing the above quotient on a sufficiently representative finite
dimensional subspace. Besides, if Cg and C;, are estimated, then

. 1 1
c2<C’:= <c,%7 +C2(1+ C'%)v) c !,

*

so that an upper bound ofC, is directly computed. Now,

[(€+ Ny, w)| <

A . 2 2 1/2
<€, (vlidivy —fl g +.ly- v+ Fl3p0) I VW
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From this estimate, we obtain
* A . i
[£+Ay 12 < C(yldivy —fl3q+ T ly v +FlBag)
Consider first the case, in which we simply set v = ~* = 2. Then

~ 1
Cty) = C2:§<C%+C (1+C2))Cl ;

[ e+ Ny [? < 2C3(ldivy — 3o+ ly v+ Fl3a0).

and we find that
1
Mg(v, 3 + 1+p / — A ly). (AVv — y)dx+

1+ ﬁ
23
This Majorant gives an upper bound of the deviation for any
veVy+ug, yeQF and 3> 0.

C3(lldivy — Fl3.0 + Iy + Fl}ae). (39)
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For the generalized diffusion equation it is as follows:

| V(u—v) [2< v/D(Vv,y) + C(2, A)| divy +f]

where
InlP= [ AVy-Vyx
Q
D(Vv,y) := / (AVv-Vv+A~ly.y —2Vv.y)dx =
Q

= / (AVv —y) - (Vv — A" ly)dx,
Q
lwll < C(QA) [ Vw .
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General a posteriori method for convex variational
problems

V.A. Steklov Institute of Mathematics in St.-Petersburg




R. Beck, R. Hiptmaier, R. Hoppe, and B. WohImuth. Residual
based a posteriori error estimators for eddy current
computation, RAIRO — Mat. Model. Numer. Anal. 34(2000),
159-182.

D. Braess and J. Schoberl. Equilibrated residual error
estimator for Maxwell's equations. Preprint Radon Inst.
Comput. Appl. Math. 2006-19.

S. Cochez—Dhondt and S. Nicaise. Robust a posteriori error
estimation for the Maxwell equations. Comput. Meth. Appl.
Math. Engrg. 196(2007), 2583-2595.

A V. Girault and P. A. Raviart. Finite element approximation of
the Navier-Stokes equations. Springer-Verlag, Berlin, 1986.

H G. Haase, M. Kuhn, U. Langer. Paraller multigrid 3D Maxwell
solvers. Parallel compiting, 27 (2001), 761-775.

V.A. Steklov Institute of Mathematics in St.-Petersburg




@ R. Hiptmaier. Multigrid method for Maxwell's equations.
SIAM J. Numer. Anal. 36(1999), 204-225.

P. Monk. Finite element methods for Maxwell's equations.
Clarendon Press, Oxford 2003.

B S. Repin, A posteriori estimates for approximate solutions of
variational problems with strongly convex functionals,
Problems of Mathematical Analysis, 17 (1997), pp. 199-226.
(in Russian, translated in J. Math. Sci, (New York),
97(1999), pp. 4, 4311-4328).

El S. Repin A posteriori error estimation for nonlinear variational
problems by duality theory, Zapiski Nauchnych Seminarov
POMI, 243(1997), pp. 201-214.

il S. Repin A posteriori error estimation for variational problems
with power growth functionals based on duality theory,

V.A. Steklov Institute of Mathematics in St.-Petersburg




Zapiski Nauchnych Seminarov POMI, 249(1997), pp. 244-255.

S. Repin A posteriori error estimates for approximate solutions
of variational problems, Proc. 2nd European Conference on
Numerical Mathematics and Advanced Applications,
(Heidelberg) 1997, World Sci, Publishing, River Edge, New
York, 1998, pp. 524-531.

i¥ S. Repin A unified approach to a posteriori error estimation
based on duality error majorants, Mathematics and
Computers in Simulation, 50(1999), pp. 313-329.

i€ S. Repin A posteriori error estimation for variational problems
with uniformly convex functionals, Math. Comput., 69(230),
pp. 2000, 481-500.

i@ S. Repin Estimates of deviation from exact solutions of
initial-boundary value problems for the heat equation, Rend.
Mat. Acc. Lincei, 13(2002), pp. 121-133.

V.A. Steklov Institute of Mathematics in St.-Petersburg




iE S. Repin Estimates of deviations from exact solutions of
elliptic variational inequalities, Zapiski Nauchn, Semin, V.A.
Steklov Mathematical Institute in St.-Petersburg (POMI),
271(2000), pp. 188-203.

i S.Repin. Two-sided estimates of deviation from exact
solutions of uniformly elliptic equations, Proc. St. Petersburg
Math. Society, IX(2001), pp. 143-171, translation in Amer.
Math. Soc. Transl. Ser. 2, 209, Amer. Math. Soc.,
Providence, RI, 2003.

S. Repin. Functional a posteriori estimates for Maxwell's
equation. J. Math. Sci. New York, 142(2007), 1, 1821-1827.

iE S. Repin and S. Sauter, Functional A Posteriori Estimates for
the Reaction-Diffusion Problem, C. R. Acad. Sci. Paris, Ser.
1, 343(2006), 349-354.

V.A. Steklov Institute of Mathematics in St.-Petersburg




iE S. |I. Repin and L. S. Xanthis, A posteriori error estimation for
elasto-plastic problems based on duality theory, Comput.
Methods Appl. Mech. Engrg. 138(1996), pp. 317-339.

V.A. Steklov Institute of Mathematics in St.-Petersburg




