TRIANGULATION FOR SURFACE MODELLING
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Abstract—Surface reconstruction by means of trianglation of

point data leads to computational complex optimizabn

problems. Delaunay triangulation is a common methodor

domain triangulation. There are other algorithms for
triangulating a point set in two or three dimensiors, but all of
them are not suitable for surface modelling. In thé paper all
methods of triangulations are evaluated and their pplications
in visualization are discussed. Data dependent trigyulation

can optimise this problem. This type of triangulaton uses the
elevation of points and with these information carmodel the
surface better than other triangulation methods. Itrepresents
that data dependent triangulations can improve sigificantly

the quality of approximation.
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l. INTRODUCTION

Delaunay triangulation is common method for surface
representation. Triangulation produces a continsuiace.
Important problem in triangulation algorithm is éedency
dispersion of points. In Delaunay triangulationsulés are
repeatable and predictable, but other methods deperthe
starting point.

In Delaunay triangulation circum-circle of any trige
should not contain another point. These uniquedies are
independent from starting points or any other paters.
Logically for height interpolation nearest point shibe used,
therefore Delaunay triangulation try to connect rest
points. It is shown that in data dependent triaatuhs,
triangles are long and thin, which are traditiopaoided
[5]. Some data dependent criteria for optimizing a
triangulation are presented and compared to thaubaly
criterion.

Most important applications of triangulation are DT
generation, feature surface modelling, computemlgca
scientific visualization, robotic, computer visiolimage
synthesis, mathematic and natural science.

I NON DELAUNAY ALGORITHMS

There are a wide variety of algorithms availabldtid
a triangulation for a set of points. Some of thagrithms
are investigated here.

A. Greedy Triangulation

This algorithm is suitable for triangulation of gite
polygons. The objective is to minimize the totagedength
in the triangulation. This is achieved by an itiatrocess
that selects the shortest available internal diagah each
stage. Each of these edges must be tested fosentem
with the other edges in the triangulation. In therst case,
all O(n2) diagonals will be considered. This altfur needs
a big array of distance and did not show satisfgatesults

[4].

B. Garey and et.al. Triangulation

Garey method (1978) is suitable for the triangatatbdf
simple polygons. With respect to time complexithist
algorithm is more efficient than greedy method. The
algorithm proceeds by the first decomposing theygumh
into monotone polygons and then triangulating eafickthe
monotone polygons. Let us assume that monotongityith
respect to the y-axis and that no two differentives of the
polygon have the same y-coordinate. Stage 1 of the
algorithm decomposes the polygon into monotoneguouig.
This stage is essentially the regularization of plodygon.
Extra edges are added between vertices of the golgg
that :

- Edges only intersect at polygon vertices.

« Apart from the highest vertex, evry vertex is jalne
by a single edge to a higher vertex.

* Apart from the lowest vertex, every vertex is jalne
by a single edge to a lower vertex.

The triangulation procedure iterates over the westiof
the monotone polygon and runs in linear time [4].

C. Radial Sweep

This method was invented by Mirante and Weingairten
1982. In this algorithm, central point in set ofei points is
connected to other points radially (figure 1-a).the next
step triangles are formed as radial edges (figuog Then
convex hull of points is constructed (figure 1-Einally
points from their angles are arranged.

Some of these triangles may have not good conmactio
For optimization of these triangles, their neightiog
triangles that have a common edge are found. Then a



tetrahedral is formed from each two triangles msgdnals
are computed. Finally large diagonal is replaceth whe
short one. This procedure is repeated until no etigmges

—
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Figure 1. Radial sweep triangulation [1]

[ll.  DELAUNAY TRIANGULATION

Delaunay triangulation is discussed by Delaunaloa4.
Delaunay triangulation maximizes the minimum angles
triangles and avoids skinny triangles.

A Delaunay triangulation T of P is a triangulatiohP
such that the circum-circle of any triangle belmggio T
does not contain points of P in its interior. Theldunay
triangulation of a set P of points is unique preddhat no
four or more points of P are co-circular.

A. Properties of Delaunay triangulation

1- Local empty-circle property:

The circum-circle of any triangle in Delaunay
triangulation does not contain the vertex of theeotriangle
in its interior.

2- max-min angle property:

In Figure 2, PIPk satisfies the max-min angle priypié
PIPk is the diagonal of tetrahedral which maximizbe
minimum of the six internal angles associated whith of
the two possible triangulations of tetrahedral [1].

Figure 2. Angle criterion in Delaunay Triangulation [1]

3- Uniqueness:
There is a unique Delaunay triangulation from aafet
points.

4- Boundary property:
External edges of Delaunay triangulation make the
convex hull of the point set.

B. Déaunay Triangulation Algorithms

There are a wide variety of algorithms availabléotild
a Delaunay triangulation for a set of points. Sahéhese
algorithms have been presented.

1) Incremental Algorithms
The method of point insertion is very well knowhhas
been used, among others, by Lawson and Sloan &r ¢od
obtain an incremental algorithm that calculatesDe&aunay
triangulation of a set of points. This method isdzhon the
following:

Let T be a Delaunay triangulation (DT) of a giver of

points, S. Therefore, the insertion of one poﬁ)np S inside
the triangulated region, forming the new DﬂSp}, only
modifies the triangles of T whose circum-circle @ins the
point p [1].

The derived algorithm begins by generating a tileng
that contains all the points from which the DT che
obtained in order to guarantee that all the powilf lie
within the triangulation. The points are inserteithim the
triangulation one at a time; each inserted poinplies
making a series of changes in edges shared byriavigles,
until all the triangles that contain the inserteninp have
been updated. Lawson demonstrated that this iterati
process converges, after a finite number of stepg&rds the
new DT.

The bottleneck of incremental DT algorithm is tlearsh
for a triangle, into which the currently integratipoint falls.
Zalik and Kolingerova have transformed the probliento
finding the closest point, which takes less proogssme.

Three main steps of the algorithm are:
* Initialization

e Triangulation

»  Finalization

To make the algorithm work fast, the searchingcstme
has to be initialized.

The algorithm proceeds as follows:
e Add a point to the triangulation

« Find all existing triangles whose circum-circle
contains the new point (Figure 3).

First the triangle which contains the new poirg tabe

found, which is a proximity search taking tin%(mg n) for
a suitable data structure (e.g., quadtree/octrEegn the
neighbours of this triangle are searched and thweir t
neighbours, etc., until no more neighbours have e
point in their circum-circle. This takes, on averagime

o@) but in the worst case the circum-circles of all the
existing triangles contain the new point, takingetp(n) .

« Delete these triangles, which create (always) a
convex cavity.



» Join the new point to all the vertices on the baumd
of the cavity (Figure 3)

Figure 3. Building an Incremental Delaunay Triangulation

2) Step by step algorithm
The external edges in Delaunay triangulation form
Convex hull and therefore we can start delaunimafiom
these edges [4].

» The smallest edge in Convex hull is selected ag Bas
line,

» Third point that can form a Delaunay triangle is
found.

» The traingle is checked with a circle that passas f
these three points. If there are more than thréggo
in circle, the size of circle should be changed.

* Near points to bisector of base line are selected .

3) Filliping algorithm
This algorithm has two steps:

1- Construction of an arbitrary triangulation,

2- Optimization of the made triangulation to produe
Delaunay triangulation.

In the first step we build a triangulation with iemental
approach and in second step we swap every edgeothidn
diagonal of the tetrahedral that is not locallyimpl. We
iterate this process until not any other edge siwapeeded

[2].

4) Plane Sweep Algorithm
This algorithm is a gradual algorithm for Delaunay
triangulation. In this method we sweep all pointtva line.
The points behind of the line are triangulated. tAs line
sweeps other points new triangles are built. Thgsrahm
was introduced and developed for Voronoi diagram by
Fortune in 1987 [3].

Figure 5. plane sweep Triangulation

5) Divide and Conquer Algorithm

The divide-and-conquer algorithm subdivides theaare
into two partial areas, computes recursively thdaDeay
triangulation of the partial areas and merges lfinabth
triangulations. The difficult section in this algbm is to
merge the parts. Technique to increase the spedtiiof
algorithm should be used. Time complexity of tHgoathm
in the worst case is O(nlogn) [3].

6) Dewal Algorithm
This algorithm presented by Cignonient in 1998tHis
algorithm a vertical line divide the points to righnd left
sections. Then, triangulation starts from the botiof this
line. Time complexity for this method is O(nlogrfrigure 6
display this method.

Figure 6. Dewall Triangulation

IV. DATA DEPENDENTTRIANGULATION

Notice that all the above mentioned optimal
triangulations for use in interpolating z =f(x,yd ahot take
the data values into account. This may not be aeasirsince
some shape information “encoded" in the data vahes
great influence on the quality of the interpolatibmgeneral,

a data dependent criteria is one that takes intouat more
than just the locations of the vertices [7].

There are many methods of data-dependent triangulat
for reconstructing a surface from irregularly sphaata.
Various numerical experiments demonstrate the
improvement in the quality of the approximation whe
certain data dependent triangulations are used [6].

This method introduced by Dyn, Levin, and Rippa and
has proven capable of producing more pleasing
reconstructions than axis aligned methods [8].

Given a set of distinct (and not all collinear) msi
V={(xi, yi)} in the x—y plane. A convex hull triangation of



V that's a set T} of non degenerate triangles that
satisfies the following conditions:

» Every triangle vertex is an element of V, and every
element of V is a triangle vertex.

» Every edge of a triangle in T contains exactly two
points from V.

*  The union of all triangles in T is the convex hoil
V.

* The intersection of any two different trianglesTiis
either empty, or is a shared edge or a sharedxverte

A convex hull triangulation proves the simplest way
produce a piecewise linear continuous surface
Interpolates a set of data points. If each pointyx also has
a z coordinate zi, then any surface z = f(x, y)vibich f(xi,
yi)=zi is called an interpolating surface of f(x, yhus, any
triangulation of V whose vertices move from (xi, §) to (xi,
yi, i) is a piecewise linear interpolating surf§8g

that

Dyn et al. proposed numerous cost functions foa dat
dependent triangulation. The four NC1 cost functidom
Dyn et al. are as follows:

1- Angle Between Normals (ABN):

This cost function is the cosine of the 3D angleveen
normals. Figure 7 shows the normal vector for gaahngle
and angle between normals.
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Figure 7. Angle between normal
.n
Cosf = Inna|
Infin (4.2)

2- Jump in Normal Derivatives (JND):

This is given by
Coo(8,6) = (8 ~3,)n, = (b,~b,)n,| w2

where (nx, ny) is a unit vector in the (x, y) plane
orthogonal to the projection of edge ei in the )phane.

3- Deviations from Linear Polynomials (DLP):

This expresses how well Q1 predicts the value oapd
similarly, how well Q2 predicts the value of pl. BPLis
given by C where

Cop(Ai€) = (‘QI(XZ’ Y2) _22‘ ’ +‘Q2 (%,¥1) = 21‘ p)E 4.9

4- Distances from planes (DFP):

This measures the distance from pl to the plan@2f
and from P2 to the plane of Q1. This distance \emiby C
where

dist(Q,, p,
Corp (A,8) =
dist(Q,, p, (4.4)
dist(Q, p ) =[Q(%. ) - z[/(a® +b%+1)*

Figure 8 shows a sample Delaunay and ABN
triangulation.
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Figure 8. A: Delaunay Triangulation, B: ABN Triangulation

V. 5 CONCLUSIONS

In this article different algorithms for triangutath were
investigated and compared together from the vieintpmf
accuracy. It was showed that Delaunay triangulatsothe
most practical algorithm as it provides uniquengiles in
different  performances. Furthermore, Non-Delaunay
triangulation algorithms are weak in surface madg)land
they are affected by starting point and densitypoints.



These procedures are not repeatable and predictable
Therefore their use is not recommended.

Delaunay triangulation algorithms are accurate and
reliable. The only shortcoming of these algorithimsthat
they do not take into account the height of posustheir
robustness is not certain. In that respect an ivgato
Delaunay triangulation that make use of points Hiteig
surface modelling is recommended data dependent
triangulation.

Data dependent triangulation can model any surface
better than Delaunay triangulation. Optimally tgatated
surfaces are the basis for many practical appdinatiABN
method tested for three types of terrain(smooth waittd
various topography). Results shows that this methedte a
better triangulation and contour line with resgeddelaunay
triangulation.
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