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Abstract. In this paper we consider the application of an Ant Colony
Optimisation (ACO) metaheuristic on the Set Packing Problem (SPP)
which is a NP-hard optimisation problem. For the proposed algorithm,
two solution construction strategies based on exploration and exploita-
tion of solution space are designed. The main difference between both
strategies concerns the use of pheromones during the solution construc-
tion. The selection of one strategy is driven automatically by the search
process. A territory disturbance strategy is integrated in the algorithm
and is triggered when the convergence of the ACO stagnates. A set of
randomly generated numerical instances, involving from 100 to 1000 vari-
ables and 100 to 5000 constraints, was used to perform computational
experiments. To the best of our knowledge, only one other metaheuristic
(Greedy Randomized Adaptative Search Procedure, GRASP) has been
previously applied to the SPP. Consequently, we report and discuss the
effectiveness of ACO when compared to the best known solutions and
including those provided by GRASP. Optimal solutions obtained with
Cplex on the smaller instances (up to 200 variables) are indicated with
the calculation times. These experiments show that our ACO heuristic
outperforms the GRASP heuristic. It is remarkable that the ACO heuris-
tic is made up of simple search techniques whilst the considered GRASP
heuristic is more evolved.

1 Introduction

The set packing problem (SPP) is formulated as follows. Given a finite set I =
{1,...,n} of items and {T}},j € J ={1,...,m}, a collection of m subsets of I,
a packing is a subset P C I such that |T; N P| < 1,Vj € J. The set J can be
also seen as a set of exclusive constraints between some items of I. Each item
1 € I has a positive weight denoted by ¢; and the aim of the SPP is to calculate
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the packing which maximises the total weight. This problem can be formulated
by integer programming as follows:

Max z = E CiT;
iel

ti,jl'i < 1,Vj elJ
2 0

x; €{0,1} ,Viel
ti; € {071} ,Vie I, Vj € J_

In the above model, the variables are the x;’s with x; = 1 if item 7 € P, and
x; = 0 otherwise. The data ¢; ;,Vi € I,Vj € J, enable us to model the exclusive
constraints with ¢; ; = 1 if item 4 belongs to set T}, and ¢; ; = 0 otherwise.
Notice that the special case in which ). ;¢ ; = 2,Vj € J, is the node packing
problem.

el

The SPP is known to be strongly NP-Hard, according to Garey and John-
son [6]. The most efficient exact method known for solving this problem (as
suggested in [9]) is a Branch & Cut algorithm based on polyhedral theory and
the works of Padberg [12] to obtain facets. However, only small-sized instances
can be solved to optimality. To the best of our knowledge, and also according
to Osman and Laporte [10], few metaheuristics have been applied to the solu-
tion of the SPP. Besides, few applications have been reported in the literature.
Ronnqvist [13] worked on a cutting stock problem formulated as a SPP and
solved it using a lagrangian relaxation combined with subgradient optimisation.
Kim [7] modelled a ship scheduling problem as a SPP and used LINDO software
to solve it. Mingozzi et al. [8] used a SPP formulation to calculate bounds for a
resource constrained project scheduling problem. This SPP formulation is solved
by a greedy algorithm. At last, Rossi [14] modelled a ground holding problem as
a SPP and solved it with a Branch & Cut method.

The application of the SPP to a railway planning problem has been first studied
by Zwaneveld et al. [18]. Railway infrastructure managers now have to deal with
operators’ requests for increased capacity. Planning the construction or recon-
struction of infrastructures must be done very carefully due to the huge required
investments. Usually, assessing the capacity of one component of a rail system is
done by measuring the maximum number of trains that can be operated on this
component within a certain time period. Measuring the capacity of junctions is
a matter of solving an optimisation problem called the feasibility problem, and
which can be formulated as a SPP. Zwaneveld et al. proposed reduction tests
and a Branch & Cut method to solved it to optimality.

More recently, Delorme et al. have taken up again this application of the SPP
and proposed heuristic algorithms [1,3]. Among these heuristics, the most effi-
cient one is derived from the metaheuristic GRASP [2]. The designed algorithm
integrates advanced strategies like a path-relinking technique, a learning process
and a dynamic tuning of parameters. Besides, it should be noticed that basi-
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cally GRASP is not a population based heuristic since at each iteration of the
algorithm only one solution is considered.

In this paper, we consider an implementation of Ant Colony Optimisation

(ACO) principles on the SPP. ACO algorithms are population based heuristics in
which, at each iteration, ants build solutions by exploiting a common memory.
Henceforth, ACO algorithms have the capability of learning “good and bad”
decisions when building solutions. This motivated the design of the proposed
ACO heuristic for the SPP, in which taking a decision consists in choosing if a
given item belongs to a packing under construction. Since the last decade, ACO
algorithms become more and more used in the field of Operations Research ([4]).
Notably, they have been applied to the solution of the quadratic assignment
problem ([5]) and the traveling salesman problem ([16]).
The remainder of the paper is organised as follows. Section 2 is devoted to the
presentation of the designed ACO heuristic and its implementation. Section 3
deals with numericals experiments conducted on various kind of instances. Our
ACO heuristic is compared to the GRASP heuristic presented in [1,2] and to
Cplex solver applied on Model 1. We conclude this section and the paper by
providing an analysis of the behavior of our ACO heuristic.

2 The Ant Colony Optimisation algorithm for the SPP

The basic idea of ACO algorithms comes from the capability of ants to find
shortest paths from their nest to food locations. For combinatorial optimiza-
tion problems this means that ants search how to build good solutions. At each
iteration of this search, each ant builds a solution by applying a constructive
procedure which uses the common memory of the colony. This memory, referred
to as the pheromone matriz, corresponds to the pheromone trails for real ants.
Rougthly speaking, the pheromone matrix contains for a combinatorial optimi-
sation problem, the probabilities of building good solutions. Once a complete
solution has been computed, pheromone trails are updated according to the
quality of the best solution built. Hence, cooperation between ants is performed
by exploiting the pheromone matrix. In this paper we use some principles of
the ACO framework, denoted by SACO, proposed by Stuztle [15] and revised
successfuly by T’kindt et al. [17] for a scheduling problem. Basically, when con-
structing a solution, an ant iteratively takes decisions either in the exploration
mode or in the exploitation mode. In a basic ACO framework the choice of a
mode is done following a fixed known probability. However, in the SACO frame-
work we use an important feature of Simulated Annealing algorithms which is
to allow more diversification at the beginning of the solution process and more
intensification at the end. Henceforth, in the SACO framework the above men-
tionned probability evolved along the solution process. Besides, we also consider
that after having built a solution an ant applies on it a local search. A territory
disturance strategy is integrated in this framework. This strategy is inspired
from a warming up strategy, well-known for the simulated simulated annealing
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metaheuristic. We now describe more accurately the ACO heuristic designed for
the SPP.

Algorithm 1 The main procedure

--| Generate an initial solution using a greedy algorithm and a local search
elaborateSolutionGreedy( sol 1 )

localSearch( sol | )

copySolution( sol | , bestSolKnown 7 )

--] ACO Algorithm
initPheromones( ¢ T ); iter « 0
while not( isFinished?( iter | ) ) do
resetToZero( bestSollter T )
for ant in 1... maxAnt do
if isExploitation?(ant |, iter |, iterOnExploit |, maxIter | ) then
elaborateSolutionGreedyPhi( ¢ | , solution T )
else
elaborateSolutionSelectionMethod( ¢ | , solution 1)
end if
localSearch( sol | )
if performance( sol ) > performance( bestSollter ) then
copySolution( sol | , bestSollter 1)
if performance( sol ) > performance( bestSolKnown ) then
copySolution( sol | , bestSolKnown 1 )
end if
end if
end for
managePheromones( ¢ | , bestSolKnown | , bestSollter | )
iter++
end while

--| The best solution found
putLine( bestSolKnown | )

The general outline of the proposed ACO heuristic is given in Algorithm 1.
Initially, a greedy heuristic is applied to provide the initial best known solu-
tion. It works as follows (procedure elaborateSolutionGreedy, see Algorithm
2). Iteratively the candidate variable which involves a minimum number of con-
straints with a maximum value is selected. This process is repeated until there
is no more candidate variable available.

Algorithm 2 The elaborateSolutionGreedy procedure

Iy — I ; z;—0,Viel
valuation; «— c;/ ZjEJ ti g, Vi € It
while (I; # 0) do
i* «— bestValue(valuation;,i € I;)
zpe =1 5 I~ L \{i"} 5 I — I \{i:3j € Jitij+t,; > 1}
end while

The neighbourhood N used for the local search procedure is based on k — p
exchanges. The k — p exchange neighbourhood of a solution x is the set of
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solutions obtained from z by changing the value of k variables from 1 to 0,
and changing p variables from 0 to 1. Due to the combinatorial explosion of the
number of possible exchanges when k and p increase, we decided to implement
the 1 — 1 exchanges. This exchange is valuable only for weighted instances, i.e.
instances in which there exists, at least, ¢; and ¢; such that c¢; # ¢;. Consequently,
no local search is applied for unicost instances, i.e. those instances with ¢; = ¢;,
Vi, j € I. Moreover, the search procedure was implemented using a non-iterative
first-improving strategy (i.e. we selected the first neighbour whose value is better
than the current solution).

Algorithm 3 The elaborateSolutionSelectionMode procedure

Iy — 1 ; x;+—0,Viel
P «— logy(iter)/log,,(maxIter)
while (I; # 0) do
if ( randomValue(0,1) > P ) then
i* — rouletteWheel(¢;, 7 € It)
else
7% « bestValue(¢;,i € I;)
end if
Tix — 1
end while

; I — I\ {i*} ; I,,h]t\{i:3j6J7t¢1J+ti*yj>1}

Let ¢ be the pheromone matrix and ¢; be the probability of having item
i in a good packing for the SPP. Initially, the pheromones are initialized (rou-
tine initPheromones) by assigning ¢; < phiInit for all variables ¢ € I, with
philnit a given parameter. Each ant elaborates a feasible saturated solution
(i.e. a solution in which it is impossible to add one more variable without violat-
ing the constraints set) starting from the trivial feasible solution, z; = 0,Vi € I.
Some variable are set to 1, as long as the solution is maintained feasible. Changes
concern only one variable at each step and there is no more change when no vari-
able can be fixed to 1 without losing feasibility. The choice of a variable x; to be
set to 1 is done either in the exploration mode or the exploitation mode according
to the procedure elaborateSolutionSelectionMode described in Algorithm 3.
In the exploration mode a roulette wheel is applied on the set of candidate vari-
ables whilst in the exploitation mode the candidate variable with the greatest
value of pheromone is selected. The ceil probability P evolves along the solution
process following a logarithmic curve regurlarly restarted. This mechanism en-
ables the ants to periodically strongly diversify their search for a good solution.
Notice that for some ants when the predicate isExploitation? is true, a solu-
tion is built by applying the greedy strategy on the current level of pheromones
(like in procedure elaborateSolutionGreedy but with valuation; = ¢;). The
above predicate is true for each first ant of an iteration, every iterOnExploit
iterations.

After all ants have built a solution the best one for the current iteration is
retained and ewvaporation and deposition of pheromones is performed. It means
that we increase the pheromones ¢; corresponding to the items selected in the
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Algorithm 4 The managePheromones procedure

--| Pheromone evaporation

foriin 1 ... ncol do
¢i «— ¢i* rhoE
end for

- -| Pheromone deposition
for iin 1... ncol do
if (bestSollter.x[i] = 1) then
@i « ¢i+ rhoD
end if
end for

- -| Territory disturbance
if isStagnant?( bestSolution , iterStagnant )
and isExistsPhiNul?( ¢ )
and isRestartEnable?( iter , lastIterRestart , maxIteration ) then
--| Disturb the pheromones
for iin 1... ncol do
@i — @i * 0.95 % log10(iter) /logl0(maxIteration)
end for
for i in 1...random(0.0,0.1 x ncol) do
Prandom(1,ncol) < random(0.05, (1.0 — iter/maxIteration)  0.5)
end for
--] Offset on the pheromones with low level
for iin 1... ncol do
if ¢; < 0.1 then
¢i — ¢i + random(0.05, (1.0 — iter/maxIteration) x 0.5)
end if
end for
end if

best packing of the current iteration, whilst we decrease the other pheromones.
This process is described in the procedure managePheromones (Algorithm 4). Be-
sides a disturbance strategy has been integrated to this management procedure.
This strategy is triggered when three conditions are true: (1) the convergence
of the ACO is in stagnation (predicate isStagnant? is true), (2) at least one
pheromone has its level set to zero (predicate isExistsPhiNul? is true), and (3)
it remains enough iterations after the application of the disturbance to stabilize
the pheromones (predicate isRestartEnable? is true). Finally, the procedure is
stopped after a predefined number of iterations (predicate isFinished? is true).
The parameters used in the ACO heuristic are reported in Table 1.

maxIter 200 Number of iterations determined a priori

maxAnt 15 Number of ants for each iteration

philnit 1.0 Initial pheromone assigned to a variable

rhoE 0.8 Pheromone evaporation rate

rhoD philnit * (1.0 - rhoE) Pheromone deposition rate

phiNul 0.001 Level of pheromon considered as zero

iterOnExploit 0.750 Percentage of iterations when Exploitation
mode is activated

iterStagnant 8 Declare the procedure stagnant when no

improvement is observed
Table 1. The parameters
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3 Numerical Experiments and Analysis

This section presents the computational results obtained on all the randomly gen-
erated instances considered in our study. The solutions generated by GRASP and
our ACO implementation are included. Our implementation of ACO has been
performed with C language whilst GRASP has been developped with Ada Lan-
guage. The results were obtained on a PC Pentium IIT at 800 MHz for GRASP
and ACO. We also compare these heuristics to the optimal solutions calculated
by Cplex solver for instances with up to 200 variables. As Cplex was not capable
of solving all larger instances, we consider in this case the best known integer
solution which is compared to the two heuristics. Roughly speaking, this best
solution is taken, for a given instance, as the one returned by ACO, GRASP and
Cplex (when time limited) which yields the highest value of the total cost.
Characteristics of the instances and results provided by Cplex and the heuristics
are given in Tables 2 and 3. In each of these tables and for each instance, the
column #var contains the number of variables and the column #cst contains
the number of constraints. The Density column corresponds to the percentage
of non-null elements in the constraint matrix. The two remaining columns de-
scribing the characteristics of the instances are MaxzOne which provides the
maximum number of data ¢; ; different from 0, and Weight which indicates the
interval in which the costs ¢; are comprised. Notice that instances for which the
interval is [1 —1] are instances of the unicost SPP. For all the heuristics we report
the average objective function value (column Avgvalue) found over 16 runs. We
also give the maximum objective function value found (column Bestvalue) and
the average required CPU time (column CPUt).

All the tested instances are freely available on the Internet at the address
www3.inrets.fr/“delorme/Instances-fr.html.

We first focus on the behavior of the ACO heuristic on the instance pb500rnd15.
Figure 1 reports the evolution of the best solution calculated (BestGlobal curve)
as well as the best solution of each iteration (Bestlteration). It appears that
the evolution of the ceil probability P implies a quick convergence towards a
good global solution value. However, the best solution is obtained thanks to the
disturbance strategy. This is a typical behavior of the designed ACO.

Table 2 presents the results for instances with up to 200 variables. Cplex
solver was capable of solving all these instances to optimality. Henceforth, col-
umn 0/1solution reports, for each instance, the information about the optimal
solution value as well as the CPU time required by Cplex to calculate it. Notice
that on some instances this CPU time is prohibitive.

It appears that the ACO found in the best case the optimal solutions except
for one instance. Besides, the best solution found by ACO always outperforms
the best solution value obtained by GRASP. The comparison of average cal-
culated solution values of ACO and GRASP show that on instances with 100
variables GRASP slightly outperforms ACO, and only on unicost instances. On
instances with 200 variables ACO strictly outperforms GRASP 8 times whilst
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WSPP : pb_500rnd15 | seed : 0.50 | GR : 1059 | LS : 1110 | ACO : 1188
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Fig. 1. Behavior of the ACO heuristic on the instance pb500rnd15

the opposite situation occurs 6 times. On this problem size, the comparison of
the average values shows that ACO generally gives better results than GRASP.
Besides, ACO is dominated by GRASP on unicost instances whilst on weighted
instances the converse occurs.

The fact that on unicost instances ACO is slightly outperformed by GRASP is
due to the lack of a neighbourhood search applied on the solution calculated by
each ant.

Table 3 presents the results for instances with 500 and 1000 variables. As

Cplex solver was not capable of solving to optimality all the instances, we re-
port in column 0/1solution the best known solution. When this solution was not
shown optimal by Cplex solver, the best solution value indicated is marked by
an asterix.
As in Table 2, ACO often found in the best case the best known solution (except
for three instances). Besides, it always dominates the best solution value calcu-
lated by GRASP, except on the instance pb1000rnd400. The average value ob-
tained by ACO on the unicost instances is always lower than the one of GRASP,
except for two instances on which ACO slightly performs better than GRASP.
On the weighted instances, GRASP strictly outperforms ACO 6 times whilst the
opposite situation also occurs 6 times. From this viewpoint, the two algorithms
seem to be complementary. However, it should be noticed that when GRASP
provides better averaged results than ACO, it is always of at most 3 units. But
when ACO improves over GRASP, the gap between the two averaged values can
be up to 25 units.

Figure 2 provides a graphical overview of the performances of the ACO
heuristic on all the instances. This figure shows that ACO generally calculates
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Fig. 2. Comparison between ACO and the best known solution for all instances

good solutions even if, as expected, the gap between the average solution value
and the best solution value increases as the problem size increases.

The first conclusion of these experiments is that ACO is capable of finding the
best known solutions and providing, at least, similar results than those given
by GRASP heuristic. This is an interesting conclusion since the proposed ACO
heuristic has a simple structure and does not use evolved search mechanisms as,
for instance, the path-relinking process used in the GRASP heuristic. Hence-
forth, ACO is simpler than GRASP but provides similar or better results. A
drawback of ACO is related to the numerical “instability” of the output. In
fact, on some instances, when performing 16 runs of this heuristic on the same
instances it appears that the 16 returned solution values can be quite distinct.
This leads us to the conclusion that more iterations should be allowed to the
ACO heuristic to have a stronger convergence and increase the average calcu-
lated solution value. But, this would increase the required CPU time.

Besides, from the experiments we can derive that a local search should be ap-
plied in the ACO heuristic on unicost instances to provide as good results as on
the weighted instances.

The conducted experiments presented in this section clearly show that the
ACO heuristic proposed to solve the SPP performs well on the tested instances.
Incorporating evolved search mechanisms, as such used in the GRASP heuristic
with which we compared, may lead to a highly efficient ACO heuristic.
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